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4(0,2), B(1,0), A1, 0), DO, 0), E2, 1,
H=2,-2),G3, -1), H-1, 1)
4x + 3y = 4(4) + 3(6)
=16+ 18
=34
z?2 = 3y = (-=10)* — 3(6)
=100-18
=82
y—z=6-(-10)
=6+ 10
=16
2045 _ 24)+5
vz 6x(-10)
— _8+5
T 60
—_13
T 60
3x—6=6
3x=12
x=4
S5x+7=-3

5¢=-3-7=-10
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WORKED SOLUTIONS

b A
16
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5 a (x+4)(x+5)=x2+5x+4x+20

=x2+9x + 20

b (x—Dx—-3)=x2-3x—x+3
=x*—4x+3

c (x+5)x—-4)=x>—4x+5x—-20
=x*+x-20

Investigation - handshakes

() Represents one person. ——— Represents one
handshake

v

So 4 people require 6 handshakes.

b | Number of people | Number of handshakes
2 1
3
6
10
15
21
28
36
10 45
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WORKED SOLUTIONS

[ o8 )/ [ o3 Ayn
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o 45 !
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= by !
235 ' Al 1IN
'g 1
225 ' N
5 i
215 | %
g -2 —1\1Q .)/ 4
= 5 - 1
»
» n 1
0 2 4 6 8 10*
Number of people
1
d H=5n(n-1) d

Exercise 1A
1 a Function. All x values are different
b Function. All x values are different

¢ Relation. The domain contains more

e
than one 4
d Relation. The domain contains two ones
e Relation. The domain contains two —4s
and two —3s
f Function. All x values are different.
2 a Thedomainis {0, 1,2, 3, 4} ) .
. Relation. Crosses twice
The range is {0, 1, 2}
It is a function because the domain has f ; A o
exactly one of each value. ; :
b The domainis {-1,0, 1,2, 3} E - i >
The range is {-1, 0, 1, 2} | .
Not a function as domain contains two —1s. i i
3 It is a function because the domain has exactly : i
one of each value. )
Function. Crosses only once
Exercise 1B g )

1 a % /'é/

°

<Y

Relation. Crosses twice

h A

Function. Crosses only once

b Y

w

N
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Function. Crosses only once
Function. Crosses only once
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Function. Crosses only once

2 a y=x
4
3
2
1
2 -1 2 3
1
ko)
b y=x+2
%
3
2
1
3 - _,0 4%
=1
2
c y=2x-3
4
2
1
2 10 y 4%
=1
2
3
d y=4
%
5
4
3
2
1
2 10 2 3
%
2

e Yes. A vertical line will only cross them once.

f No, vertical lines such as x = 3 are not functions.

3 b/

2
9

Lo}

1
I

21

W N e

Not a function as a vertical line crosses the region
in many places
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WORKED SOLUTIONS

4 Manipulate the equation to make y the subject:

YV =4—x y=tJd—x°
There are two possible values of y for any given x.
For example, Whenx =1, y = J3 , —/3. The same

value in the domain has two possible values in the
range. Therefore x> + y? = 4 is not a function.

Exercise 1C
1 y=0

»=

f(x) = 3
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5 y=2,x=1.
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6 y=0,x=-3,x=3.
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Exercise 1D

1 [Itis a function. Domain of {2, 3,4, 5,6, 7, 8,9,
10} has no value repeated.
Range {1, 3, 6, 10, 15, 21, 28, 36, 45}.

2 Note that domain and range can be expressed in
many ways.

a Domain {x:-4<x <4}, Range {y:0< y<4}
b Domain {x:—1<x <5}, Range {y:0< y <4}
¢ Domain {x: —co<x<o} Range {y:0<y<oo}
d Domain{x:-2>x>2}, Range {y:32>2y >4}

e Domain{x:-5<x <5}, Range {y:-3<y<4}
f  Domain {x: —o<x<o} Range {y: -1<y<1}

Domain{x:-2<x<2}, Range {y :-2< y<2}

>

Domain{x :—o < x <o}, Range {y:—w < y <o}

DomainxeR, x# 1, Rangey e R, y # 0.

w
[]
<

(==

O B ®» 00 DO N

1

1
N ’\JO
R

.
>

Domain x € R, Range y e R
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4 2 0o 2 af

Domain x e R, Range y = (

A
20
\y=x24 5x|+ 6 i5 /
/
\ 1/
\ 5
NLla 5
6 | 4 2|0 2%

Domain x € R, Range y = -0.25

%

10
1o

=3_4/
5 /
2 | 1/0 2 | X
_//
5
”
7 10
@ 15
Domain x e R, Range y e R
7
10
8
A yl=x
6
4
2

0 20 40 60 80 100 *
Domain x>0, Range y = 0
Y

1.0
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100 80 60 40 20 0

Domain x <4, Range y > 0

Worked solutions: Chapter 1
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B

DomainxeR, x# 0,RangeyeR, y# 0

b/
8
; /
6 yien/
5
; /
3
2
1
.// -
2 1 0 1 2 X
Domain x € R, Range y > 0
! Y
10
84,1
6 X2
4
K
86120 2 4 6
4
6
8
10
Domainx e R, x#-2,RangeyeR, y #0
] 7
10
8 ‘ _y+A
6 \ y_X—2
o\
PN
T~
-10 |, 10 |2 | X
4
6
8
10
Domainx e R, x#2, Range yeR, y # 1
k 7
4] 29
-
3 10 E 7(

o]

DomainxeR, x# -3, Range ye R, y # -6
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5-4-32-1012 3 456%

Domainxe R, Range 0 <y <2

Exercise 1E

1 a

i f()=7-2=5
i f(-3)=-3-2=-5
i f()=1-2=-1;
iv f(0)=0-2=-2
v fla=a-2

i f3)=3(7)=21
i f(-3)=3(-3)=-9
i f(3)=33)=1;
iv f(0)=3(0)=0

v f(a)=3(a)=3a

i f(7)=%><7:%
i f(-3)=;x-3=-2
i f(3)=3%5 75

iv f(O)=i><0=0

v f(a):ixazg

i f(D=27)+5=19
i f(-3)=2(3)+5=-1
i f(%):Z(%)+5:6
iv £(0)=20)+5=5

v f@=2@)+5=2a+5
i f(D)=7+2=51

i f(-3)=(3+2=11
il f(3)= (3P +2=25
iv £(0)=(0p+2=2

v f@=@P+2=a+2
f(-a)=(-ay-4=a-4
fla@a+5=(@+52?-4=a>+10a+25-4

=a*+ 10a + 21
fla-1)=(@-1?-4=a*-2a+1-4
=ag*-2a-3
f@-2)=(@-2P-4=a"-4a*+4-4
= a*-4a°
f(5-a)=0G-a?-4=25-10a + a*>-4
=ad’—10a + 21
gx)=3,s04x-5=3
4x=8
x=2

Worked solutions: Chapter 1




b A(x)=-15
7-2x=-15
2x =22
x=11
c gx)=h(x),s04x-5=T7-2x
4x+2x=T7+5
6x=12
x=2
_ 1 1
b x =6, as the denominator is zero and /(x) is
undefined.

5 a f(5)=5=125

The volume of a cube of side 5

i g(0)=201-1- 05

i g(1.9)=2H_ 67 __¢67

iv g(1.99)=3((1f~9999))_+21= 697 __

_3(1.999)+1_ 6997 _
v g(1.999)=TL 0= S =—6997

. _3(1.9999)+1 _ 69997 _
vi 2(1.9999)= (1.9999)-2 ~ -0.0001 69997

¢ The value of g(x) is getting increasingly
smaller as x approaches 2.

d 2 because the denominator equals zero when
x = 2. Division by zero is undefined.

e b/

0
\")

jol 1\

0

10 \
10

i
(S}
N

>

sl
\v)

There is a vertical asymptote at x = 2, as
x = 2 makes the denominator zero and
2(x) is undefined.
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WORKED SOLUTIONS

7 a The initial velocity occurs when ¢ = 0.
V(0) = (02~ 9) ms~' = -9 ms!
b V4)=(4*-9)ms'=7ms!
V(10) = (10— 9) ms™ = 91 ms™
The particle comes to rest when V(#) = 0.
’-9=0=1=9=1t=3s.
8 a f(2+h):((2+h)+z)—(2+h)=2+h+z_2_h:%:1
b f(3+h):((3+h)+};)—(3+h))=3+h+z_3_h:%=1
Exercise 1F
1 a (fog)(3)=3(3+1)=12
b (fog)(0)=3(0+1)=3
c (fog)(-6)=3(-6+1)=-15
d (fog)(x)=3(x+1)=3x+3
e (gof)(4)=(3(4))+1=13
f (g°f)(5)=(3(5))+1=16
g (gof)(-6)=(3(-6))+1=-17
(gof)(x)=(3(x))+1=3x+1
i (foh)(2)=3((2) +2)=18
i (hef)(2)=(3(2)) +2=38
k (foh)(x)=3((x)"+2)=3+"+6
U (ko f)(x)=(3(x)) +2=9x"+2
m (goh)(3)=((3)" +2)+1=12
n (hog)(3)=(3+1)+2=18
o (goh)(x)=((x) +2)+1=x"+3
p (hog)(x)=(x+1)+2=x2+2x+3
2 a (gof)(1)=3-((1)"-1)=3
b (go/)(2)=3-((2)-1)=4-2"=0
¢ (go/)(4)=3-((4)-1)=-12
d (fo2)(3)=(3-(3)) ~1=-1
e (go/)(3)=3-((3)"-1)=-5
F (fog)(-4)=(3-(-4))" -1=48
g (fog)(x+1)=(3=(x+1)) -1=2-»*-1
=(@4-2x+x)-1=3-2x+x?
h (fog)(x+2)=(3-(x+2)) ~1=(1-%?-1

=(1-2x+x%)-1=x*-2x

Worked solutions: Chapter 1




3 a (fog)(x):(x+2)2:x2+4x+4
b (fo2)(3)=((3)+2)' =25
4 a (fog)(x):S(x2+1):5x2+5
b (gof)(x)=(5%) +1=25x2+1
5 a (goh)(x)=(x—4) +3=x-8x+19
b (hog)(x):(x2+3)—4:x2—l
c x2-8x+19=x2-1
—8x+19=-1
—-8x=-20
x=2.5

(=]

(ros)(x) :(x)2 —4=x-4

Domain x € R, Range y > -4

Exercise 1G
1 The following have inverse functions. b, c.

a No inverse function. Horizontal line crosses
the graph twice.

14

A3 a0 15

b Has an inverse function. Any horizontal line
crosses the graph once only.

¢ Has an inverse function. Any horizontal line
crosses the graph once only.
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WORKED SOLUTIONS

No inverse function. Horizontal line crosses
the graph more than once.
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Exercise 1H

1 a i

(fog)1)

g1)=2(1)-4=-2and
:(2(1)—4)+4:

—2+4:1

2

2

i f(—3)=‘3+4=1 and

(g25)(-3)=2(=
i (fog)(x)=

3+4

iv (gof)(x)= 2(x+4) 4=x

b they are inverses of each other

2 a x=3y-1 b x=y'-2
x+1=3y x+2=y3
xHl_

3 Ix+2=y
_ 1
f l(x):% gl (x)=Rx+2
c x=iy+5 d x=3y-3
x—S:iy x+3=3y
4(x-5)=y (x+3)3:y
=43 e (43
e x:%—Z f x=2y3+3
-3=2y3
x+2=1 j:_3 4
y 72_)/3
_1 2
) NERE
gi=—"1 ’
x+2 h_l(x)_3x 3
- -2y
g =3, P
(3+¥) x(5-y)=2y
3x+xy=y Sx—xy=2y
3x=y—xy Sx=2y+xy
3x=y(1-x) Sx=y(2+x)
3x _ Sx _
g 24x 7
-1 1 —
Sx)= S7() m

3 a x=1-y
y+x=1
y=1—x
S =1-x

b x=y
) =x

j 4= 2[] 4=-3

WORKED SOLUTIONS

_1
c x=-—
y
xy=1
_1
YTy
W=
4 a f(x)=6-—x
x=6-y
x—6=-y
6-x=y
Sl =6-x
fO)=6-5=1

b f()=—1s

10

y+7
y+7——

y=22-1
f0=2-7
[®=9-7==5

c =2

2

4y-3
4y—3:%

4y=3+3

it

f‘l(x):Z(;+3)

A(5)=1(243)1, 17 17
f (5)_Z(§+3)_4 520

5 f( ) x+1
:L”

y-2
x(y—-2)=y+1
xy—2x=y+1
xy—y=2x+1
y(x-1)=2x+1

_2x+1
x—1

f 1( ) 2x+1

6 |x -3 -2 | -1

f(x) 10.125 [0.25 | 0.5

=Y
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WORKED SOLUTIONS

d f(x). Domain x € R, Range y > 0 2 Changing the x-coefficient alters the gradient of
f7'(x). Domain x >0, Range y e R. the line.
7 g(x)= Jx has domain x = 0. N
First, find g '(x): :
x= \/; ,x=0 /
x2=y9,x20 /
gl =x%,x20 7/ 0 >
The graph of g~!(x) is shown below. /-2

Y,

3 y= |x+ k| is a translation of —/ along the x-axis
g1 y=|x-3| 7yk y=|x+2]

0 K} 5

3 yrlx]
You can see that g7'(x) has domain x > 0 R
range g7'(x) = 0. 5 -3 -101 3 5 X
Now, the graph of f(x) = x? is shown below:

y 4 The negative sign reflects the graph in the x-axis.
Increasing the value of @ means the graph
increases more steeply.

f(x)

N

0 e A\ /

O W B
—~—

il

You can see that f(x) has domain x e R
range f(x) = 0.

3 2 - 0 X
Hence, f(x) and g !(x) are different. t
8 Letf(x)=mx+c / : \
x=my+c -
x—c=my
r_° _ .
mom Y Exercise 11
fa=_tx-L 1 a
For graphs of f{x) and f'(x) to be perpendicular,
mx L should be —1 bur mx L = 1.
m m
Investigation - functions 8 *
1 Changing the constant term translates y = x along
the y-axis. b
%
o 8 X
s X

N

~
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WORKED SOLUTIONS

c Y, a 2f(x—5)is a horizontal translation of 5,
followed by a vertical stretch of scale
factor 2.
7
8-
6_
4
d 24
-'g.gz/-z-'gjg RERE
2f (x—5) has domain -1 < x < 7, and has range
-4 <2f(x-5)<6.
e b —f(2x) + 3 is a horizontal stretch of scale factor
% followed by reflection in the
x-axis, followed by a vertical translation of 3.
Y,
f y
10
8
4 X
2_
-I -I -I 0 T T hd T X
/A Zj: tes —f(2x) + 3 has domain -3 < x < 1, and has
M range 0 < y < 5.
81 5 a f(x+1)isahorizontal translation of f(x) by —1
g ey‘ units.
. A
i N
8-6/4120 246 8"
4 J\ A

2 gis a vertical translation of 2 units, so
g =f(x) +2.
h is is a vertical translation of —4 units, so
h(x) = f (x) - 4.

q is a horizontal stretch of scale factor 2, so

) =/(3%
q 27 b f(x) + 1is a vertical translation of
3 qis a horizontal translation of —4 and a vertical f(x) by +1 unit.

translation of -2, so g(x) = f(x + 4) -2

s is a horizontal translation of —4, so !
() = f(x + 4). “
t is a horizontal translation of 2, so #(x) = f(x— 2). 2 \\NA
4 y
34 2 40X
ol

\CI(
14
~
U
N 4

b

N =)
N 4
>

This is the graph of f(x). It has domain 6 < x < 2
Ithasrange -2 <f(x) <3
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WORKED SOLUTIONS

¢ f(—x)is a reflection of f(x) in the y-axis. 3 a flx)= 3x;17 b o(x)=5x—4

. 3T x=5y"-4
2 x+4=>5y3
2x=3y+17 x+4_ y3
2x—17=3y 5
2x—17 N x+4 _
=21 g =
d 1
4 f(x)= -5 -1
S
x=-2y 1
=_1
x+1= 4
=> =S(x+D)=y
4 —5Sx—-5=y
f i (x)==5x-5
7
e f(x—2)+ 3is ahorizontal translation of f(x) 6 i
by 2 units, followed by a vertical translation 3 ;
of 3 units. \\ N
K -1\
4 k A \21 - 6
g ¢ 29\ A 2 R
4 ) )z 46 810" -4
4 s
6 a Reflection in the x-axis. 5 a f(x)=3x+5 b f(x)=3Yx+2
b Horizontal translation of 3 units. x=3y+5 5
=3[y+2
c A vertical stretch of scale factor 2 followed by x—5=3y x3 Y
a reflection in the x-axis and then a vertical X5, X =y+2
translation of 5 units. 3 s ¥ -2=y
1 _x-
7 A S (x)_T fx)=x"-2
4 ! 6 Reflect each graph in the line y = x
,3) a Y b 4
b/ |4 o~y 3 /
4 g 210 123 4% <<2—Y7;7 ? e B
g(x) is a horizontal translation of f(x) by —3 units, ) v % el . I
followed by a vertical translation of —2 units. T\ ) 7 *
f 2
X Review exercise LA 3
IN 1 a g(a—2)=4(a—2)—5=4a—8—5 7 a DomalnxeR,RangeyZO
=4q-13. b DomainxeR,x# 3, RangeyeR,y#0
b h(l—x)zH(l_") _2-x 8 a Reflectin the y-axis. f(x) = —x
I-(-%  x Vertical stretch scale factor 2. f(x) = —2x

2 a f(x-3)=2(x—-3*-3(x-3)+1
=2x>—-12x+18-3x+9+1
=2x2-15x+ 28
b

(fog)(x)=2(1-x")+7=2-2x" +7=-2x"+9

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

Horizontal stretch scale factor é f(x) =-2(3x)
Translate 3 units left. f(x) = -2(3x + 3)
Translate 2 units up. f(x) = -2(3x + 3) + 2
Expand and simplify. f(x) = —-6x—4 = -2(3x +2)

Worked solutions: Chapter 1




b Reflect in the x axis. f(x) = —(x?)
Stretch vertically by scale factor i.

f(x)=—3x)

Stretch horizontally scale factor 3.

f&=(5%]

1(1
4\3

2
Translate 5 units right. f(x)= —%Gx —5)

2
Translate 1 unit down. f (x)=—i[éx—5] -1

The graph of an inverse function is the
reflection of the graph of the original function
in the line y = x.

b Graph a line with a y-intercept of 3 and slope
of 2. Draw the line y = x. To graph its inverse,
sketch the mirror image of the original line.

%

8 y=2+3 =X
6
W/
Lo y=—X——
/

8 -6 -4 ) . 3 X
4

L .
=0

AR

10 a g(0)=3(0)-2=-2
b (fog)(0)=2(-2)+3=-16+3=-13

c f(x)=2x*+3

11 a f(-x)is a reflection of f(x) in the line x = 0.

%

PN\ W B~ o

4 -3 10 2 X

b gx)= % f(x— 1) describes the transformation:
Horizontal translation by 1 unit, followed by

vertical stretch, scale factor % soPis(4, 1)
12 a (foeg)(x)=3x+2)=3x+6
b fl(x)=7andg'(x)=x-2
f1a2)=2=4
gl(12)=12-2=10
f(12)+¢g'(12) =4+ 10
f(12)+g'(12) =14

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

32x— 6x—3
13a (109 ()= 5= s
b 6x-3 _
2x-3
6x-3=0
6x=3
_1
2

Review exercise

1 Domain: x = -2 Range: y > 0
2

)/
164
144
124
104
8-
6_
44

2
SRR N VRN
_4

Domain: x e R Range: y = -4

3 N
124
10+
8_
6_

4 a Y,

b x-intercept —1.5, y-intercept 3.
5 a 4
6
4

% 4 20 5 4 6%
b 0
¢ Domain: xeR, x # 0. Range: y > 0.

Worked solutions: Chapter 1




[}
1)
R
Il
|
»
<
Il
.[\.)

f

r T T T T l:
12 8 -4 0/ 4 g 12%

)i

c (2.5,0),(0,-2.5)
7 a 3
6_
44
T T é’x
b

8 a f(x)=x-3
x=y"-3
x+3 =y
y=¥x+3

) =x+3

b %
N
//”———‘
| S
o [of X
— 2 T
c 1.67
9 Y,
20
i NI,
\] 1/
y=0 |
-5 A4 -32-10 X
Vio
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WORKED SOLUTIONS

f(x)=3x-2
x=3y-2

(g'°f)(®)=Bx—2)+3=3x+1

g ) (=32 _x-1
(flog)="5"=7

3
(flog)x)=(g"ef)(x),s0

xT—1=3x+1
x—1=3Bx+1)
x—1=9x+3
8x=-4
x=_1
2
4
124
10 !
1Y ;
8 1
SN
ye3lgd =
-
N
6420214 6 8 *
=4 :
x=3,y=3

Worked solutions: Chapter 1




WORKED SOLUTIONS

Quadratic functions and
equations

2— =
Answers d x*-25=0
R x+5x=-5=0
Skills check r= 45
1 a 3a-5=a+7 e xX+2x—-48=0
2a=12 ¥+ 8x— 6x— 48 =0
“:26 Xx+8)—6(x+8)=0
b 4x"+1=21 _
o0 (x+8) (x—6)=0
x2=5 x=-8o0rx=6
x=%/5 f b2+6b+9=0
c 3(n—-4)=5n+2) b2+3b+36+9=0
3n—12=5n+ 10 bb+3)+3(b+3)=0
2n=-22 (b+37=0
n=-—11 b= —3
2 a 2kk-5) o
b 742+ 3a—T7) 2 a 6x2+5x 4=0
c 2x°+4xy+3x+6y 6x*+8x—3x—-4=0
2x(x+2y)+3(x+2y) 2xB3x+4) - 13x+4)=0
(2x+3)(x+2y) Bx+42x—1)=0
d 5a2—10a—ab+2b x:—%orx:%
5a(a—2)-b(a-2)
(5a—b)(a-2) b 5¢*+6c—-8=0
e (n+1n+3) 5¢2+10c—4c-8=0
f 2x—3)x+1) Sc(c+2)—4(c+2)=0
g (m+6)(m—06) (c+2)(5c—4)=0
h (5x+9)(5x—9) c=—20rc:§
Exercise 2A c 2n*-3h-5=0

1 a x2=-3x+2=0 2h?—=5h+2h—-5=0

X—x=2x+2=0 h(2h —5) + 12k - 5) =0
HMx—1)—-2x—1)=0 (h+1)(2h-5)=0
(x—Dx-2)=0 h=-1orh=>
¥=lorx=2 d 4x2—16x-9=0

b a’+a-56=0 Ax? = 18x+ 24— 9 = 0
a’+8a="7a-56=0 2x(2x—9) + 1(2x—9) = 0
aa+8-Ta+8=0 Qx+1)(2x—9)=0
(a+8)a—7=0 x=lory=?
a=-8ora=17

c m*—11lm+30=0 e 3t2+14tr+8=0
m?—=5m—6m+30=0 3t2+ 12t +2t+8=0
m(m—15)—6(m—75)=0 3t(t+4)+2t+4)=0
(m—=5)(m-6)=0 t+4)@Br+2)=0
m=50rm=6 t=—dort=-2

3
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f 6x2+x—-12=0
6x2+9x—8x—12=0
3x2x+3)—-4Q2x+3)=0
2x+3)(Bx—4)=0

3 4

== xX=—
X 5 or 3

Exercise 2B

1 a x?+2x—7=13+x
x24+x-20=0
x>+ 5x—4x-20=0
x(x+5)—4x+5) =0
x+5x-4=0
x=-50orx=4

b 2n?’+11ln=3n-n*—4

n?+8n+4=0
3n?+6n+2n+4=0
3n(n+2)+2n+2)=0
(n+2)Bn+2)=0
n=—20rn=—§

c 3224+ 12z=-z2-9
4z 4+ 12z+9=0
4z2+ 6z+6z+9=0
222z +3)+3Q2z+3)=0
2z+3)(2z+3)=0

3
z=-=
2

d 23¢?>-50=2la
2a>=21a-50=0
2a%2—25a+4a-50=0
a2a—25)+2Q2a-25=0
(@a+2)(2a-25=0

25

a=-2 ora==

e x2+5x=236
x2+5x-36=0
x2+9x—4x-36=0
x(x+9)—-4x+9)=0
x+Hx—-4)=0
x=-9orx =4

f 4x?—-2x=x+1
42 -3x-1=0
42 —4x+x-1=0
dx(x— 1)+ 1(x-1)=0
Ax+1)x-1)=0
xz—ioerI

2 x2-x=12
x2=x-12=0
x> —4x+3x—-12=0
x(x—4)+3x—-4)=0
x+3)x—4)=0
x=-3orx=4
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WORKED SOLUTIONS

3 (x+2)2+(5x—3)2={Ax+1)2

x2+4x+4+25x2-30x+9=16x2+8x+ 1
10x2=34x+12=0

2(5x2=17x+6) =0

2(5x2—15x—2x+6) =0
2(5x(x—3)—2(x—3)=0
20x—=2)(x—3)=0

x=3

If ng, the leg 5x — 3 would have a negative length.
Therefore, the only answer is x = 3.

Investigation - perfect square trinomials

1 x>+ 10x+25=0—>(x+5)(x+5=(x+5)?2=0
x=-5
2 x2+6x+9=0>(@x+3)(x+3)=(x+3)2=0
x=-3
3 ¥+ 14x+49=0>x+7N(x+7=x+7)?2=0
x=-7
4 x*-8x+16=0>(x—-4)(x—4)=k—-4)?°=0
x=4
5 x2=-18x+81=0>(x—-NEx—-9=x-92=0
x=9
6 x2—-20x+100=0— (x—10) (x—10)
=(x-10)2=0
x=10
Exercise 2C
1 x*+8+16=3+16
(x+4)2=19
x+4:i\/ﬁ
x=—4i\/ﬁ
2 P -5x+2=3+2
4 4
5Y_37
(x_z)_4
5_4 [T _ 237
*¥=27 5y 2
x:Sijﬁ
3 x2—-6x=-1
¥ =6x+9=-14+9
(x—3)2=8
x-3=1/8=+22
x=3+22
4 x’+7x=4
5 49 49
x*+Tx+ =4+
2
(-2
x+%=i %=i\é5
x=—74_r\/5




5 x2-2x=6
x2-2x+1=6+1
x—-1D2=7
x—lzixﬁ

leiﬁ

Exercise 2D

1 x2+6x=3
x2+6x+9=3+9
(x+3)?=12
x+3:i\/ﬁzi2\/§
x=—3iZ\/§

2 x2-2x=1
x2=2x+1=1+1
x—-12%2=2
x—lzi\/i
lei\/z

3 5(x"—2x)=-2
x?—2x=-2

5
x2—2x+1=_§+1

(x—l)2 :g

x—lzi\g

3
5

R
Il
—_
I+
w

S
N
N/
x
)

+
N W
®
~——
I
w

x®
+
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1 49 7
—— =4 |==x=
* 4 “N16 4
1,7
= -+ -
* 4 4
—_32
X = 2

2.1
2 L L, =2
X +5x 5
2 11,1
2 o == —
Xt =t s
2
n_2
(’H'E)_so
1 27 _ 33 _+3J6
S=t Lo =
e N AT
_2+3J6
10
Exercise 2E
ot (97 —4(4)(-7) _ -9+ B1+112
a 2(4) - 8
-9 + /193
X=—"
8
o= 22 -4(3)(-8) _ 24496 _ -2£4100
2(3) 6 6
4 = 2%10
6
4
x:—Zg

o6t (6) —4(5)(1) _ -6+36-20 _ -6+ 16

2(5) 10 10
_ —6+4
ST
=_1-1
x=-1, 5
x*—6x+4=0
5= 6EV(6) -4(D() _ 6£436-16 _ 6120
2(1) 2 2
=6 J_rzzx/g _3+.5

x*=x+3=0

1+ V(D" -4MG) _1+41-12 _1++-11
2(1) 2 )
no solution since v/—11 is undefined.

3x2+10x—-5=0
U (10)°-4(3)(-5) _ ~10 £100+60 _ ~10= 160
6

X =

2(3) 6

x=—10¢4m_—5¢2m
6 - 3
2%*=3x—-1=0
_3+(=37-4(2)(-1D)  3+9+8

X = =

2(2) 4
o= 3517

4




8 2x*-9x—4=0
o= 9V —4(2)(4) _ 9% 81+ 32
2(2) 4

9+ V113
4

9 6—2x>=9x
2x2+9x—-6=0
P JOY —4(2)(—6) _ -9+ .,[81+48
N 2(2) B 4

-9 + 4129
X = 7

10 (5x—2)(x)=(x+3)(x+1)

567 —2x=x"+4x+3

4x* —6x-3=0
= 6EV(6 ~4(4)(-3) _ 6+/36+48
2(4) N 8
xzéiﬂzéizﬂ_si\/ﬁ
8 8§ 4
Exercise 2F

1 Let the two numbers be x and y.
x+y=50—->y=50—-x«
xy =576 —> x(50 — x) = 576
50x — x> =576 - x> — 50x2+ 576 = 0
(x—18)(x—-32)=0
The possible values for x are 18 and 32.

Since y = 50 — x, the two numbers
are 18 and 32.

This quadratic equation could also be solved using
completing the square or the quadratic formula.

2 Let/represent the length, and w represent
the width.

204 2w=70 > [+w=35—>1=35-w
Iw =264 — (35 — wyw =264
35w—w?=264 > w?—35w+264=0
w—1D)(w—-24)=0

The dimensions are 24 m and 11 m.

3 (x+6)2+ (3x)?=(4x— 6)
x2+4 12x + 36 + 9x2 = 16x% — 48x + 36
6x2—-60x=0
6x(x—10)=0
x = 10 (we cannot have x = 0, since this would
mean one side has zero length).

4 (23 -x)(16 +x) =378
368+ 7x—x?2=378 5 x?—=Tx+10=0
x=5x-2)=0
x=2,5
The dimensions are 18 cm and 21 cm.
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5 h=2+14r—4.9¢
The ball hits the ground when z = 0.

0

=2+ 14r—4.9¢*

polE (14)" —4(-4.9)(2) _ 14442352

2(—4.9) 9.8

approximately 2.99 seconds. We cannot have
‘negative time’, so we take only the positive value.

Investigation - roots of quadratic

equations
1 a xoB8EV(8-406) _8:0 _8_4
2(1) T2 T2
b x= 28712 -4(@(9) _ 1260 _12_3
2(4) ] 8 2
¢ yol0% (10)°-4(25)(1) _ -10+0 _-10_ 1
2(25) T 50 5
2 a yo= 5V -4(14) _ 5+BI_ 549
2(D 2 2
x==72
by 88 —4B®)@) _ 8+ a0 _8+2/10
2(3) 6 6
=4 ism
c g3t V(=3)' - 4(5)(-4) _ 3+ 89
2(5) 10
3 _ =353 —4((6) _ -3 +-15
a x= =
2(1) 2
no solution
b =4 +y(—4)’ -4(2)(5) _ 4+J24
- 2(2) T4
no solution
c y=2t% VO -4 _ 2 ++-12
2(4) N 8
no solution
Exercise 2G
1 a A=52-4(1)(-3)=37
two different real roots
b A=42-412)(1)=8
two different real roots
c A=(-12-44)(5)=-79
no real roots
d A=(8)?—-4(1)(16)=0
two equal real roots
e A=(-3)?-4(1)(8)=-23
no real roots
f A=(-20)*-4(12)(25)=-800
no real roots
2 a #-40)(p >0
16 > 4p
p<4
b 3-4(p)2)>0
25> 8p
25
p< r}

Worked solutions: Chapter 2




c P-41)@B)>0
72>32= p<—/32 or p>+/32, 50

|p|>+32
p|>42

d (Gpy—-4(1)(1)>0
>4
p>2 p<Zorp>2,s0
9= 3 3’

2
21>3

3 a 100-4(1)k)=0
100 = 4k
k=25

b (-372-4(2)(k) =0
9=8k

kzg

c (-2k7-4(3)(5)=0
4k? = 60
k=15
k=15

d (—4k2 — 4(1)(=3k) =0
16k2 + 12k) = 0
4k(4k +3) = 0
k:Q—%

4 a (-6-4(1)(m)<0
36 <4dm
m>9

b (5m)*—4(1)225)<0
25m* < 100
m? < 4
-2<m<2

c (-8 —4(3m)(1)<0
64 < 12m

16
>7
">

d 6—-4(1)(m-3)<0
36 <4dm— 12
48 < 4m
m>12

5 (49 - 495 -9 <0
16¢ — 20g + 4¢* < 0
20g% —20g<0
20¢9(g—1) <0
0<g<l1
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Investigation - graphs of quadratic
functions

a A=(-32-41)(-5)=29

Y,

\ /.
v,

b A=(-6)—-4(3)4) =-12

A

0 X

c A=(Q2P - 41)7)=-24

Y,

\

0 X

d A=(Q3)-44)05) =71

\

¥\

0 X

e A=(-6)7-4(1)9) =0

A




WORKED SOLUTIONS

f A=(-47°-42)2)=0 3 a f(x)=x2+10x—-6=(x2+10x+25)—-6—25
y f(x)=(x+5)y-31
‘ )

\_

\\ . (0,6 X

(=]

g A=(5?—-4(-1)2)=33 (-5,-31)
b f()=x—5x+2=(>—5x+625+2-625
i F() = (x—2.52 425

N y

x 0,2)
0 X
(2.5,-4.25)
h A=(7)?%-4(1)3) =37 c f()=3x2—6x+7=3(x>-2x)+7
, =3x?-2x+1)+7-3
fx)=3x-17%+4
)/
©0,7)
X
\/ o
o x
Exercise 2H d f(x)=—-2x2+8x—3=-2(x*—4x)— 3
N =—2x*-4x+4)-3+38
1 a x=55=-40) F)=-20(x—272+5
__6 _n. _ Y,
b x-W—S, (0, -3) 1 2.5)
_-10_ 4.
c X ﬁ 1, (0, 6)
-10 -10 _ 5, —
d 2(-3) " -6 3 ©,9) ¢ g
(0,-3)
2 a vertex (7, -2)
y=(x—7)?%—-2=x"— 14x + 47 — y-intercept
0, 47 :
©. 47 Exercise 2l

b vertex (-5, 1)

y=(x+ 50 +1=x+10x+ 26— yintercept @ ¥intercepts (=3, 0) and (7, 0)

f@=E+3)(x—7)=x*—4x-21

2
(0, 26) y-intercept (0, —21)
c Veftex {, 6)2 e _ b xintercepts (4, 0) and (5, 0)
y=4(x— 1)+ 6 = 4x* — 8x + 10 — y-intercept Fx) =2(x — 4) (x = 5) = 2x* — 18x + 40
(0, 10) y-intercept (0, 40)
d vertex (-2, -7) ¢ x-intercepts (-2, 0) and (-1, 0)
y=3@x+22-T7=32+12x+5— fx)=-3x+2)(x+1)=-3x2—-9x— 6
y-intercept (0, 5) y-intercept (0, —6)
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WORKED SOLUTIONS

d xintercepts (—6, 0) and (2, 0) 3 a y=x+8(xx—-2)
f(x) =50+ 6)(x—2)=>5x*+20x— 60 y=x2+6x—16=(x2+6x+9)—16-9
y-intercept (0, —60) =(x+3y2-25
2 a y=(x-8)x+1) g
Y, (-8,0) (2,0)
0 X
(-1,0) (8,0)
X (0,-16)
(0,-8) (-3,-25)
b y=—(@*+4x-21)=—-(x+7)(x—3)
y=—x?—4x+21 =—-(x*+4x+4)+21+4

=—(x+2P+25
b y=-3)(x-5) ( )
y
% (-2,25)
(0,21)
(0,15)
(-7,0) (3,0)
@3lo\ /5,0 0 X
L -

c y=-2x*+5x-2x+5
x(—2x+5)+1(-2x+5)
=(x+1)(-2x+5) ==0.5(x - 1)(x—6)
-2(x+1)(x—2.5) y=-0.5x*+35x—-3
=—-0.5(x2-"7x+12.25) -3 + 6.125
=—-0.5(x— 3.5)?+ 3.125

1
c y=—5(x2—7x+6)

y
(0,5)
Y,

(3.5,3.125)

(-10) (2.5,0) m«w)’
> 5 / -
0 X
/ \ (O, _3)

d y=5x*+10x—4x- 38
=5x(x+2)—4(x+2)
= (5x— 4) (x + 2)
=5(x—-0.8)(x+2)

Y

d y=0@Ax—-2)(x—4)=4(x—0.5)(x—4)

y =4(x*—4.5x + 5.0625) + 8 — 20.25
=4(x—2.25)*-12.25

7

(0,8)
(-2,0)

(0.5,0) \ (4.0
0 “x

(2.25,-12.25)
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4 a i

and a ii

f(x) =2x%*— 12x =2x(x — 6)
function crosses x-axis at 0 and 6
12 _ 12 _

T202)  a
c  We know that the axis of
symmetry passes through

the vertex. So, to find the
y-co-ordinates of the vertex,

the vertex could
also be found by
writing the equation
in turning-point

evaluate f(x) at x = 3. form.
f(3)=2(3)? - 12(3)
=18-36=-18
vertex at (3, —18)
5 a (feg)=(x—-2)+3
2, 3)
c hx)=((x—2)—-5?2+3-2=(x-72+1
=x>— 14x+ 50
d (0,50
Exercise 2J
1 y=alx—-2) +1
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5=a(0-2P%+1—>4a=4—a=1
y=1lx—-2l+1=x"-4x+5
y=a(x+ 2)(x - 6)
-12=a(0+2)0-6) > —-12a=-12—>a=1
y=1(x+2)(x—6)=x>—4x— 12
y=alx+1)2+8

5=a(0+1)2+86a:—3
y==3(+1)?+8=-3x ~6x+5

y=a(x+ 1)(x - 6) 1
-5=a4+1)4-6)>-10a=-5—>a=3

1 1 2_5 _
y=5,x+Dx-6)=_x"— x-3

at (4, 8), a(—4)?>+ b(—4) + c=16a—4b +c =8
at (0, 4), a(0)>+ b(0) + c=4

at(1,13), a()2+b(1)+c=a+b+c=13
using GDC,a=2,b=7,c=4
y=2x2+"7Tx+4

at (5, 30), a(5)2 + b(5) + c=25a + 5b + ¢ = 30
at (15, 30), a(15)? + b(15) + ¢ = 225a + 156 + ¢ = 30
at (20, 0), a(20)? + 520) + ¢ =400a + 206+ c=0
using GDC,a=-04,6=8,c=0

y=-0.4x% + 8x

y=alx—2)*+25
0=a(7-2)>+25—>25a=-25—>a=-1
y=—(x—2)2+25=—-x2+4x+ 21
Alternatively,

y=alx+3)x=17)

25=a(2+3)(2—-7) — —25a=25

a=-1

y==1x+3)(x-7)=—x2+4x+21

WORKED SOLUTIONS

8 y=a(x—0.5)?

3=q(1-05)2—>025a=3—>a=12
y=12(x—0.5)2=12x2— 12x + 3

Exercise 2K

1

a Graphy=15x—4.9x? + 3, and find
the maximum point (vertex).

7y

(1.53,14.48)

/° \
maximum height is approximately
14.5 meters.

b 12=15-49+3
492-15t+9=0
t=0.82,2.24
approximately 1.42 seconds.

252 = 32x — x2

x?2—=32x+252=0

(x—14)(x—-18)=0

14 cm, 18 cm

a The perimeter of square of sides x cm is
4x cm.
The perimeter of the other square is
40 — 4x cm,

So it has sides of length =10—x

40 - 4x
4
b A=x?+(10—-x)?=x?+ 100 — 20x + x2
=2x2—20x+ 100

¢ graph y = 2x2— 20x + 100, and find
minimum point (vertex)

\

B O O O

S O O O D _
-~
K
a
<

o

>

8 10X

L)
o

4 6

L
[«

minimum combined area is 50 cm?

Let x be the width of the frame. We will subtract
the area of the smaller rectangle from the area of
the larger one.

(50 + 2x)(70 + 2x) — (50)(70) = (50)(70)
3500 + 240x + 4x? — 3500 = 3500

4x* + 240x — 3500 =0

approximately 12.1cm

Worked solutions: Chapter 2
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[=3w-=5
w=@w-5w=3w?-5w=782
3w2—=5w—-782=0

w=17

17m, 46 m

x2+ (x+ 27+ (x+4)> =251
x2+x?2+4x+4+ x>+ 8x+ 16 =251
3x2+12x—-231=0

x=17

7,9, 11

Let x = AB.

Then PB = AB — PB

=x-1

. AB BC

S1nceE—ﬁ,

x_ 1

1 x-1

x*=—x-1=0

1+J§
X =

2

Let x represent the width of the deck,
and y represent the area of the deck.
y=x(15 - 2x) = 15x — 2x?

.75,28.125)

N

BN W A

O O O O <
—
w

\

-2 2 4 ¢ \ 10'X

1
Eav

maximum area is 28.125 m?

Let x represent the average speed of the bus.

360, 140 _ g

x x+10
14

360 + 2 = 8y
x+10

360x + 3600 + 140x = 8x? + 80x

8x? —420x — 3600 = 0

x =60

bus 60km/h, train 70km/h

Let x represent the time it takes John to
clean the house.

1, 1 1

¥ x-2 24
X X
Y
x*-2x
x—24+x=
2.4

48x—48=x*—2x

x> —68x+48=0

x=6

It takes John 6 hours to clean the house.

WORKED SOLUTIONS

Review exercise
a x+2=+J/16 =4

x=-2%4
x=-6,2
x—8y=0
x=38

3x2+7x—3x—7=0
xBx+7)-1B8x+7)=0
x—-1DBx+7)=0

7
x=--,1
3

x=3)x—-4)=0
x=3,4
x2+2x=12
x2+2x+1=12+1
(x+1)=13
x+1=i\/ﬁ
x=-1++13

_ 7@’ -4(3)(3) _ 7413

* 203) 7%

-4
S =(x+4)(x-1)
-4, 1

=3

2

-5,1

10=a(0 +5)(0-1)
10 = —5a

a=-2

(=3,-6)
2=a(l1+3)?-6

8 =16a

f(3):§(3+3)2—6=18—6
f3)=12

(k)2 — 41)3) =0
4k2 =12

k2=3

k=13

6 a f(X)=2(x*+6x+9)+5-18

fG)=2(x+3)2— 13

b vertex of fis (=3, —13).

shift 4 to the right, and 8 up, vertex
of gis (1, —5)

Worked solutions: Chapter 2




7 y=alx+4)(x—6)
-12=a(2+4)2 - 6)
—12 = -24a
.=
y=%(x+4)(x—6)=%x2—x—12

@ Review exercise

1 a
b
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x=-0.907, 2.57
2x2+8x—-3=0
x=—-4.35,0.345
x=QQx— 1)(x+3)
x=2x*+5x—-3
2x2+4x—-3=0
x=-2.58,0.581

pe
x+2
x+2+x=5x2+ 10x

5x2+8x—-2=0
x=-1.82,0.220

Initially, £ = 0, so

h(0) = 15(0) + 20 — 4.9(0)* = 20
20m

graph y = 15x + 20 — 4.9x2

for question 1, the
equations may be
solved using polynomial
equation solver on

the GDC, or by using
completing the square
or the quadratic
formula.

1+ =5x

(1.58,31.48)

\

S O D
NS

= N W B

[«

0 2 x
-2 11(} K 4\‘
31.5m

WORKED SOLUTIONS

c 20=15¢+20-4.97

492 -15t=0
t=0,r=3.06
3.06s

d The stone hits the water when 2 =0
0=15¢r+20—-4.92
4.07 s

[=3w+5
w=@w+5w=3w?+ 5w=1428
3w?+ 5w— 1428 =0
w=21,1=68

at (=10, 12), a(—10)> + b(—=10) + ¢
=100a— 106+ c=12

at (=5, =3), a(=5)* + b(-5) + ¢
=25a—-5b+c=-3

at (5, 27), a(5)* + b(5) + ¢
=25a+5b+c=27

using GDC,a=04,b6=3,c=2

Let x represent his average driving speed.

dist ) ‘
:;::;e, and the difference in the two

times is half an hour,

120 120
X x+20 +0.5

_ 120x
120 = a0 0.5x

120x + 2400 = 120x + 0.5x% + 10x
0.5x2+ 10x — 2400 =10

x =60

60 kmh™!

Since time =

Worked solutions: Chapter 2




Probability

Answers
Skills check
1 a 1-3=-7_3_4
7 7 7 7
5 7 35 35 35
1 2 2
_XZ==
¢ 5 3 15
3 9 27 27 27

7 72 7
20
2 a 1-0375=0.625
b 0.65+0.05=0.7
c 0.7x0.6=0.42
d 0.25x064=0.16
e 50% of 30 =0.5x30=15
f 22%0f 0.22=0.22 x0.22 =0.0484

g 12%of 10% of 0.8 =0.12 x 0.1 x 0.8 = 0.0096

Exercise 3A
1 a P(2,4,68=:=
b P@3,6)=

2_1
8§ 4
c P(4,8)=§=%
d P(1,2,3,567=2=2or
1-P@4,8)=1-,=2
e P(1,2,3)=2

. __ number defective _ 30 _ 1
2 P(defeCtlve Car) " humber of cars 15 5

3 a i 021
i 0.19+0.14=0.33
b Proportion of 15 year old students = 0.21
Therefore 0.21 x 1200 = 252 students who are 15.

27 _
4 a m—0.27

b No - the frequencies for different numbers are
very different

15 _
TR 3000 =450

5 number of c’s
number of letters

11
b number of p’s 0 _ 0
number of letters 1

=
c number of vowels — 5
number of letters 11
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6 P(red) + P(yellow) + P(green) + P(blue) = 1
Let P(yellow) = x so P(green) = 2x
04+x+2x+03=1
3x=0.3
x=0.1
Therefore P(green) = 0.2

7 a number of even numbers 20 _1

number of possible outcomes 40 2
b {1,10,11,12,13, 14,15, 16,17, 18, 19, 21, 31}

number that contain digit 1 _ 13
number of possible outcomes 40

Exercise 3B
1 n(blond and brown) = 4
n(blond and not brown) = 10 -4 = 6
n(brown and not blond) = 14 -4 = 10
n(neither blond or brown) =35—-(6 +4 + 10) = 15

bl br

15

6+4+10 _ 20

35 35

P(blond hair or blue eyes) = = %

2 pn(French and Malay) = x
n(F and not M) = 15 —x
nMand not F) =13 —x
n(neither F or M) = 5
Therefore x + (15—x) + (13 —x) + 5 =25

33—-x=25

x=8

Fr m
5

P(Fand M) = =

25

3 n(Aerobics and Gymnastics) = x
n(Aandnot G) = 13 —x
n(Gandnot A)=17—-x
n(neither A or G) = 1
Therefore x + (13 —x) + (17—-x) + 1 =25




WORKED SOLUTIONS

31-x=25
x=6
A G
1
a P(AandG)= o a P(only A) =0.33

b P(GandnotA) = % b P(only B) =0.24
c¢ P(none)=0.3
4 n(Golf and Piano) = 7

n(GandnotP) =18-7=11

Exercise 3C

1 a number that are divisible by 5 _ frequencies of {5, 10}
n(PandnotG) =16-7=9 number of possible outcomes  number of possible outcomes
. 34+68 _ 102 _ 51
n(neither GorP) =32 - (7+11+9)=5 =0 =300 = 350
b number that are even
G P number of possible outcomes
— frequencies of {2, 4, 6, 8, 10, 12}
number of possible outcomes
_ 6+21+65+63+68+42 _ 265 _ 53
5 500 500 100
c number that are divisible by 5 or even
11 number of possible outcomes
a P(G and not P) = 32 — frequencies of {2,4,5,6,8,10,12}
9 number of possible outcomes
b P(PandnotG)= 3 _ 6+21+65+63+68+42+34 _ 299
500 500
5 a A = {integers that are multiples of 3} or P(sum divisible by 5 U sum even)
=1{3,6,9, 12,15} = P(sum divisible by 5) + P(sum even)
B = {integers that are factors of 30} ~ P(sum divisible by 5 M sum even)
— 102 |, 265 68 _ 299
={1,2 10, 1 = 22200 08 A
11,2,3,5,6,10, 15} 500 500 500 500
b . .
A A Sy 2 a P(prime) = % =§ [primes are 2, 3, 5, 7]

b P(prime or multiple of 3)_E+E 010" 5
¢ P(multipleof 3ord)=3 4 2 _5 _1
10 10 10 2

3 P(camera owner or female)

= +
c i P(both a multiple of 3 and a factor P(camera owner) + P(female)
: — P(female camera owner)

3
of 30) = ===
)= 1573 _ 40,50 _22_68_17

) . T8 80 80 80 20
ii P(Neither a multiple of 3 or a factor

£30)= 6 _2 4 a 8 different letters in MATHEMATICS{M, A,
of 30)=15=5 T,H,EILCS. S=4
26 13
6 n(A & B, notC)=5%—2%=3% b 9 different letters in TRIGONOMETRY
9
n(A&C, nOtB)=4%_2%=2% {T’ R7 L Ga Oa N’M’ E’Y} %
4 _ 2
#(B & C, not A) = 3% — 2% = 1% M TE T 5=
d {M,A,THEILCSRGON,Y}2=1
n(A, not B or C) = 40% — (2% + 3% + 2%) = 33% 262

5 a P(work of fiction, non-fiction, or both) =
I’Z(B, not A or C) =30% — (2% + 3% + 1%) =24% 040+ 0.30-020=0.5

n(C, not A or B) = 10% — (2% + 2% + 1%) = 5% P(no book)=1-0.5=0.5

(-2
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WORKED SOLUTIONS

6 Let P(local and national) = x a

I—x

>l
oo | W

P(national and not local) =

4 BLUE
P(local and not national) = % - X 1 2 3 4
%z[i‘x%@‘x]” 1/(1,1)] 1,2 (@314
_11 rep 2 @M (2,2)](2,3) (2,4
= 60 3/ @) (3.3 (3,4
7 a P(XUY)=PX)+PY)-P(XNY) 4| (400 | @2) Ems) (4. 4)
=141 _1_4_1 6 _3
48 8 8 4 b =3
b P(X)uP(Y)'=1—P(XuY)=1—i:Z BLUE
8 a P(AuU B)=P(4)+PB)-P(Au B) 1 | 2 3] 4
=02+0.5-0.1=0.6 1)(4,1) |2 (1,3)|(1,4)
Rep 2 (288 (2,2) [@288) (2, 4)
¢ P4 UB)=1-PANB) 40(4,1)] (4,2 @8 (4, 4
=1-[P(4) - P(4 N B)]
=1-[02-0.1=09 c =
Exercise 3D BLUE
1 a AandB=N b AandC=Y 1 5 3 4
e BandEiN f CandD=N RED 2 (2.1) (2.2) (2.3) (2.4)
g BandC=N 3(3,1) B2 3.3 =mEm
are mutually exclusive. ' : : :
Now P(N U M) = P(N) + P(M) — P(N U M), so d %
3_1.1_
10 5 10
x=0
Therefore yes 1
30 , 27 _ 57
3 T w RED | 2
4 a Ly1-_4+3_7 3
34 12 12 4
b Lyl 1_20415+12_47
3 4 5 60 60 3
c 1-4_1 Box 1
0 60 1 2 3
. 21(2,1)(2,2)(2,3)
Exercise 3E Box2 3 |(3,1) (3,2 (3,3)
1 {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 41(4,1) (4,2)(4,3)
a (HHH, HHT, HTH, THH]} 5/(5,1)|(5,2) | (5,3)
b (HHH, HHT, THH} . 2.1
c {HTH,THT}% 2.6
2 Box 1
BLUE 1 5 3
1 2 3 4
22,1 - 2,3
11(1,1)(1,2)](1,3)](1,4) P =D 2.9
RED 2(2,1) (2,2) (2,3)| (2, 4) 0x2/3/3,1)| 3 2) B8
31(3,1)(3,2)/(3,3)(3,4) 41(4,1) (4,2)|(4,3)
41(4,1)((4,2)|(4,3)|(4,4) 51(5,1)|(5,2) (5, 3)
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b 5=y
Box 1
1 | 2] 3
212122 28
Box 2 3 [BHD) [(BW2) (3, 3)
404,142 @43
5((5,1) (52 (5, 3)
c 2-3
12 4
Box 1
1 [ 2] 3
2 (200 | [2m2) 2=
Box 2 3 (B [B12) (E18)
4 |4 @2y (4,3
5 B 5.2 (5,3
d
Box 1
1 [ 2] 3
22 1l@ 2223
Box 2 3 (31 (3,2 [B18)
41(4,1) (@92 @8
5(5,1) | (SN2 (518
o 8.2
12 3
Box 1
1 | 2] 3
2 200 292 @ns)
Box2 3 /(3. 1) B (3.3
4 (41 (4,2 43
5((5,1) 882 (5, 3)
4 First draw
0o | 1 3 | 4] 5
0/(0,0)/(0,1) (0, 2)](0,3)](0, 4) (0, 5)
11,01, 1)(1,2)(1,3) (1,4 (15
s:'::v':d 2 Ez,o; 22,1; Ez 2; Ez, 3; 52, 4; 22,5;
313,003,1)3,2)3,3)]3, 43, 5)
4(4,0)|(4,1)](4,2) (4 3)](4 44, 5)
5((5,0) (5 1)(5 2) (5 3) (5 4) (5, 5)
a 6-1
36 6
First draw
0 | 1 3 | 4] 5
0 [[@W@) (0.1) (0,2) (0,3)](0,4) (0, 5)
1/(1,0) @ (1,2)(1,3)((1,4) (4,5)
Second 5 12,0 (2, 1) @M@ (2. 3)| (2,4 (2,5)
draw 373,0)(3,1) (3, 2) @8I (3. 4) | (3, 5)
41(4,0)(4,1)(4,2) (4,3) @) 4,5)
5/(5,0) (5,1)|(5,2)|(5,3)|(5, 4) (EN8)
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20 _5
b %75
First draw
0 1 2 3 4 5
0/(0,0) (0, 1) [(ON2) [@NS) (0, 4) (ONS)
1/(1,0)((1,1) (@N2) @NS) | (1, 4) |(@ms)
ij:w"d 2 |[200) (28D (2. 2) [288) (2. 4) [208)
3 [Sh0) (D) =) (3. 3)|(3,4) [=ns)
41(4,0)/(4,1)(4,2)(4,3)] (4, 4) (@98
5 [(5H0) (SH1) (5h2) (SNS) 5 (5, 5)
c 26_1
36 18
First draw
2
0,2)
1,2)
Second -
draw -
4,2
,2)
d 12-1
36 3
First draw
0 1 2
0/(0,0)((0,1)|(0, 2)
1/(4,0)/(1,1)|(1,2)
Second 2 ((2,0)/(2,1) (2, 2)
draw 373 °0)((3,1)((3,2)
4 )
5 )
36 4
0
1
Second 2
draw 3
4
5

5 When rolling the dice twice, there are 36 possible

outcomes
a {(1,3),24),6,1,42),6,5),6,6),,5),
6,65 =7

b {(1,1),(22,3,3), &9 =3
c {(1,2),(1,4),2,1),2,3),3,2),3,4,41),
@436 =5

[\

Worked solutions: Chapter 3




Exercise 3F

5 5 5

441
2 P(K)xPU0)=2x2=1
4Y _ 64
3 [5) T
4 PC)xP(H)=0.75x0.85=0.6375 = 0.638

5 a P(AuUB)=P(4)+P(B)-P(A4nB)
Let P(B) = x.
04=02+x-0
x=0.2
P(B)=0.2

P(BUC)=P(B)+P(C)-P(BNC)
Let P(BNC)=y.
0.34=02+03-y

y=0.16

P(BNC)=0.16

b P(B)xP()=0.2x0.3=0.06
P(BNC)=0.16
P(BNC)#P(B)xP(C)

Not independent

3

6 P(H)xP(6)= >

2 6

7 (LV=_1_
9 59049

4
8 P(H)= i, therefore for 4 hearts G) = ﬁ

9 a P(E)=1-P(E)=1-0.6=0.4
b P(E)xP(F)=0.4x0.6=024=PENF)
c P(ENF)#0
d P(EUF)=PE)+PF)-PE F)

‘We know that since £ & F'are independent,

P(ENF’)=P(E) x P(F") = 0.4 x 0.4
P(E U F')=0.4+0.4—(0.4x0.4) =0.64

10 P(R, and B, and R,) = %x%x%:%

(1Y _ 1
11 {2,2,2}; (5] =
12 a P(ANnB)=P(A4)xP(B)=0.9x0.3=0.27
since A & B are independent
b PANB)=09x%x0.7=0.63
(since P(B’)=1-P(B)=0.7)
¢ P(AuB)Y=1-P(4u B)
=1-[P(4) + P(B) - P(4 N B)]
=1-(0.9+0.3-0.27)
=0.07
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13
H

D

G & H are independent, so P(GN H) = P(G) X P(H)

Now P(G) =0.12 + x, and P(H) = 0.42 + x, so

0.12+x)(042 +x)=x
x? —0.46x +0.0504 =0
x=0.18,0.28

L

4
14 a P(4 sixes) = (é) = 1296

1Y _ 6 1
b P(4same) = 6[2;] =129 216

15 rolling a ‘six’ on four throws of one dice:
P(rolling a ‘six’ on four throws of one

dice) = 1—[2]4 —1- 625 _ 67 _ 518

P(rolling a ‘double six’ on 24 throws with

1296 1296
24
two dice) = 1—(;2) =1-0.5085... = 0.491

16 a P(nota5)=0.9. we require (0.9)° = 0.729
b 1-Poneisab)=1-0.729=0.271

Exercise 3G
1 Letn(AnD)=x

A 4 0

15—-x+x+20—-x+4=27
39 —x=27
x=12

P(Drama not Art) = %

b P(Takes at least one of the two subjects)

=1 —P(takes none) =1- % =2
27 27

c P(Takes both subjects, given that he takes Art)

12

_27_12_4

T 15715 5
27

Worked solutions: Chapter 3




2 a P(AUB)=1-P(4' " B)=1-0.35=0.65
P(A U B)=P(4) + P(B) - P(4 " B)
0.65=0.25+0.6 — P(4 N B)

P(A B)=0.85-0.65=0.2

b P(AlB):P(AﬁB)

P(B)

02

T 06

1

3

c P(BllA/ — P(B'ﬁ,A')
P(4")

_ 035

075

1]
[< ¢

—_
w

s 9 -4

o
w
\O

0.48
0.8125=13
16

'

4 a PE|M)= ng(;{‘f”
_025
0.75
=1
3

b P(<15|>5)=%

LD oo | oo | o

¢ P(<5Kk15) = P<<P5(<f;;15>

“wlw o0 | Lifoo | W

d  P(between 10 and 20|between 5 and 25)

_ P(between 10 and 20 and between 5 and 25)
P(between 5 and 25)

N oo oo |t

5 P(L|D)=2@0L) _ 061 _ 6l
P(D) 095 95

6 PSIT)= Pg(;)s) = % Z%

7 a P(Uand V) =0 by definition
b P(U | V) =0 by definition

¢ P(UorV)=PU)+P(V)=0.26+0.37 = 0.63
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P(Pass both) _ 035 _ ) 673 Therefore 67.3%
P(Pass first) .52

P(B,and W,) = 0.34; P(B,) = 0.47.
P(B, and W,) _ 034 _ 34

P(W,IB) = P(B) 047 47
a P(male and left handed) = % = %
Left handed | Right handed | Total
Male [ | 32 37
Female 2 11 13
Total 7 43 50

b P(right handed) = 3

Left handed | Right handed | Total

Male 5 32 37
Female 2 11 13
Total 7 a3 50

c P(right handed, given that the player selected

. 11
is female) = 5

Left handed | Right handed | Total
Male 5 32 37
Female 2 11 13
Total 7 43 50

P(JIK) = P‘}{(f;{ f>

J & K are independent, so P(/ N K) = P(J) X P(K)
. _ _PWDx&K) _

~PUJIK)== 7 =P(J)

soP(J) =P(J|1K)=0.3

Let T be the event the neighbor has 2 boys and S
be the event that the neighbor has a son

The possible options are {BB, BG, GB, GG}
Event S, the neighbor has a son is the set

S={BB, BG, GB}

Event T, that the neighbor has two boys is the set
T={BB}

i P(T S P({BB
We require P(T'|S) = (P(f;) ) — o ;{BG})GB})

1
_4 _1
ol Bl
4
Exercise 3H
1 a 2 C
3
2 C
3
3
2 C
3

W=

Worked solutions: Chapter 3




b P(CandI) or P(I and C)

=(2x 1)+ (lx2)=24+2=-4
373) 1373)79 979

¢ 1 —P(none correct) =1 — Iull=1-(1)=8
373 9) 9
2 Laura Michelle
1 S
2
1 S
3
1 1
2 S
1 s
2 2
3 s’
1
P
. : . _2.1_1
P(neither will score in the next game) = 3%553
3 1 wak
10
1
3 Lift
Boy
: 1
2 30 Coach
1
) E Walk
2 _ 1
Girl 2 Lift
2
5 Coach
a lx2 =1
2 5 5
b [Ix2)+(lx7)=1417_2
275 2°°30) 5 60 60

4 P(Head) = % We require HHT or HTH or THH.

Each has probability % x % x % = 2i7. Therefore

P (HHT or HTH or THH) = 3><247=§

5 a P(Prime)=0.4.
P(exactly one Prime) = P(Prime and not
prime) + P(not prime and prime) = (0.4 X 0.6)
+ (0.6 x 0.4) =0.48
b P(atleast one prime) = 1 — P(no primes) =
1-(0.6x0.6)=1-0.36 =0.64

6 a R
0.4
w
0.6 0.6
R
R
04 0.2
W
0.8
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b P(rainy) = P(W and R) or P(W’ and R) =
(0.6 x0.4)+ (0.4 x 0.2) =0.24 + 0.08 = 0.32

¢ P(two successive days not being rainy) =
P(not rainy) X P(not rainy)

P(not rainy) = 1-0.32 = 0.68
0.68 x 0.68 = 0.4624

Exercise 3l
1 a P(picture card) = =

12
52
12 11 10 _ 11

Werequire =X =X — = —
52751750 1105

b We require PPP or PPP or PPP.Each of

.. 12 11 40 44
EX =X ==
these has equal probability of 520 7517 50 1105

P(PPP or PPP or PPP) =3 x 4 = 132

1105 1105
2 Faulty
5 Faulty
12 7 !
i Working
5
B i Faulty
12 Working
= Working
5 4 5
= =X ===
a P(two faulty) = 5 X 33 3
P(exactly one faulty)

= (Ax )4+ (Lx2)=3 435 _ 3%
271r) 127 1r) 7 132 132 66

c P(F, | exactly one faulty pen)
7_5
_ P(F, and exactly one faulty pen) _ EXH 1
B P(exactly one faulty pen) 35 2
66
9 8 12

b P(RRorGGorYY)=
(éx§)+(EXEJ+(Ex1):i
978 978 97 8) 18
¢  Werequire P(YY or YG or GG or GY)
_(2 1 2.3 3.2 3.2)_5
_(§X§j+(§X§)+(§X§)+(§X§j_ﬁ
d We require 1 — P(RR or RG or GR or GG)
4.3 4.3 3. 4 3.2
== [(5xF)+ 523+ (5x3)+ (5%3 )]

=1-

Sl

Sl

P(one of each color) = P(RBOP in any order)
O xA 325

P(RBOP) = VAR R VAR TR

We can arrange RBOP in 24 ways

Therefore required probability = 24 x > — 120

1001 — 1001

Worked solutions: Chapter 3




Correct

©lo

Correct

~jo
Ol

Incorrect

Correct

~ N
oo

Incorrect

4
9 Incorrect

a P(at least one of the students answers the
question correctly) = 1 — P(both incorrect)
—1-(2x4)=5
B 7°9) 63

b P(Billy correct given that the answer is

5

correct) = & =

63
¢ P(Natasha correct given that the answer is
5

correct) = < =

2
11

w

z
11

63
d P(two correct answers given that there were
3.3
= 79-2_35
one) 55 55 11
63

Review exercise
1 There are 90 numbers from 10 to 99 inclusive.

a {10, 15, 20,..., 90, 95} or every 5th number is

o 18 _ 1
divisible by 5 so % "3

b {3,6,9,12,...,96,99} or every 3rd number is
divisible by 3 so %

¢ {51,52,53,..98,99} =

d {16, 25, 36, 49, 64, 81} %z
2 Letn(CNnD)=x

1
15

Dog CatU

3
18—x+x+20—-x+3=30
41 —x=30
x=11

P(Cat and Dog) = %
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LetP(CA D) =x

c

0.25

07—-x+x+02-x+025=1

1.15-x=1
x=0.15
~P(CND)=PC)-P(CnNnD)

=0.7-0.15=0.55

Not independent since P(C N D) = 0.15 and
P(C) xP(D) =0.7x0.2=0.14

We require P(4 N B)
P(A/B) — P(AﬁB)
P(B)
01 — P(ANB)
0.2
P(4 N~ B)=0.1x0.2 = 0.02

We require P(4 U B)

P(4 U B) = P(4) + P(B) — P(4 N B)
P(4 U B)=0.6+ 0.2 — 0.02

P(4 N B)=0.78

We require

P(4 U B) - P(4 N B)
=0.78-0.02

=0.76

We require P(B | A)

P(B A
P(B|A) = ‘P(;f) )

comedy

/T

reality

6x+3+2x+20+15+7+ x+10 =100
9x + 55 =100

9x =45

x=5

Worked solutions: Chapter 3




Review exercise

1 a P(C n D)=P(C|D)xP(D)
=0.6x0.5
=0.3

b No since P(Cand D) # 0
¢ Nosince P(C) X P(D)=0.4x05=0.2#

P(Cand D)
d P(C U D)=P(C)+P(D)-PC n D)
=04+05-0.3
=0.6
_ P(DNC)
e PDIC)= o)
=93 -0.75
0.4
2 0.35 Proparly
3 Jack
5
0.55 Not Proparly
0.55 Proparly
5 .
5 il
045 Not Proparly

a P(Properly) = P(Jack and Properly) + P(Jill
and Properly) = (g x 0.35) + (g x 0.55)
=0.21+0.22=043

b P(Jill | Not Properly) = P snd 1ot propery)

2 x 0.45
=3 =0.316
0.57
3 a 03 Bicycle
06 Bus
Bicycle
0.1
03 Car
03 Bicycle
06 Bus 06 Bus
0.1
0l Car
0.3 Bicycle
Car 50.6 Bus
0.1 Car

b i P(Travels by bicycle on Monday and
Tuesday) = 0.3 X 0.3 =0.09

ii P(Travels by bicycle on Monday and by
bus on Tuesday) = 0.3 X 0.6 = 0.18
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ili P(Travels by the same method of travel
on Monday and Tuesday) = (0.3 x 0.3) +
(0.6 X 0.6) + (0.1 x0.1)=0.46

P(not by bicycle on 3 days) = 0.7 X 0.7 x 0.7

=0.343

P(twice by car & once by bus)

= P(car m car N bus) + P(car N bus N car)

+ P(bus m car N car)

Now P(car n car nbus) = (0.1 x 0.1 x 0.6)

So P(twice by car & once by bus)

=3x(0.1x0.1x0.6)=0.018

P(twice by bicycle & once by car)

= P(bike N bike N car) + P(bike N car N bike)

+ P(car m bike M bike)

Now P(bike n bike m car) = (0.3 X 0.3 x 0.1)

So P(twice by bicycle & once by car)

=3x(0.3x0.3x0.1)=0.027

Thus,

P(twice by car & once by bus or twice by bicycle
& once by car) = 0.018 + 0.027 = 0.045

6 _3
16 8
10_2
15 3
15 14 21
Female Eating carrots

0

n(Female and not eating carrots) = 23
n(Female and eating carrots) = 42 — 23 = 19
n(not female and eating carrots) = x

Now 70 — (19 + x) = 34

x=17.
P(a rabbit is male and not eating

11
carrots) = o

P(a rabbit is female | that it is eating
19
carrots) = %0 -

36 36
70
No; P(F) x P(C) = 52 X 20 = -T2 # P(F and C)

Worked solutions: Chapter 3




WORKED SOLUTIONS

Exponential and logarithmic
functions

Answers 2 a Yrl=plzy
. b 24 <28 =2a"=4*
Skills check 2 , y
4 c 2d+QaP=2d+8=-d3=—
1l a 3.8 8 4
4) 25 4’y 4 gy s, 2.3
; d P =—x "y T =2x"y
1 1 xy 2
b N T 3 a (¥)=x¥i=y
) b (3R = 3% = 27¢6
¢ 0.00°°=1x10"°
2 a 7" _343_73 =3 [ oS 3(x3y2)2 = 3x3><2y2><2 = 3x6y4
= =/"=>n= d (_y2)3 — (_1)3y2><3 — —y6
b 3'=243=3=n=5
c 5=625=5'=n=4 Exermsie 4B
3 Y, 1 a 92=9=3
1
S& b 125°=3125=5
\ 2 2
. c 645 =(Y64) =4’=16
2 2
PR fy-weap d 8=(8) =2"=4
4 20 2 4 6 X :

Investigation - folding paper

11
Number of | Number of  Thickness As thick 2 a 2%= — =
2’ 8
folds layers (km) as a )
0 1 1x 107 Piece of b 325 = ;2 = % _!
paper (32)5 (¥32) 4
1 2 2 x 107 R
— H C 81 4 = — = —
2 4 4 x 107 Credit card Bl 3
3 8 8 x 1077 N . 11
3Y 3 — 304 _ 4 _
4 16 1.6 x 10 d (27)3=2 *=2 = T
- _2 2 2
5 32 3.2 %10 (Y 0 _(usy (VY _(s)
6 64 6.4 x 10°° E = 3_ a = Vea = Z
7 128 1.28 x 10 | Textbook ( 64 )3
8 256 2.56 x 10°° 125
9 512 5.12 x 10 __1°2
3 a 13folds le 16
b 15 folds Exercise 4C
4 113 000 000 km 1 x1
1 a (64a6 )2 = \/64616 2 =843
. 1 1 -8 A
Exercise 4A b 416x° =(16x%)i=16ix4 =4/T6x "4 =2x2=2
X
1 a ©x@=x72=% s
¢ Wi _d”’ _ sy _g
b 3p?*x2p* =B x2p** ¢ =6p° ¢ e R
1 1 3
Tooovo 2,20 v (1. 2) 142 a1 _ 1 33 [2703]3_[113)3 a3 d
c —(xy)x—(x = -x—-|x =-Xxy d = e -4
Lotxl () (2 3) =t )l s
d (y)y)=x"y" =1y’ e Bob _dp L
(41’) 16p 4p3
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b

Exercise 4D

1 a

2% =32

2% =25

x=15

31-2x =243
31—2x =35
1-2x=5
x=-2

3-2x =27
3x2—2x :33
x?-2x=3
x?-2x-3=0
(x=-3)(x+1)=0
x=3,-1
521-25=0
5251 — 52
2x-1=2
2x=3

y=23
2

’71—x = i
49

71—x — 7—2
l-x=-2
x=3
3x—3 =32—x
x-3=2—x
2x=5

)
¥=3
53x =25x—2
53x — 52(x-2)
3x=2(x-2)
3x=2x—-4
x=-4

3x+1) — 1
9(3%++) = o
32, 33+ — (32 )"
3343 — 32x
3x+3=-2x
5x=-3
3

¥=-3

22—3x — 4x—1
22-3x — D2(x-1)
2-3x=2x-2
Sx=4

4

*=s

WORKED SOLUTIONS

8(2++1) = 22+
23 x 2¥ =2 x 22
Jx+a _ o3
x+4=1+2%

2

2x+8=2+x
x=-6

Exercise 4E

2x* =162
x4 =81
x4 =34
x=13
x°-32=0
x3=32
x> =2
x=2
x2=16
1=16x2

i :x6
64
x= i%
27x72 =81x
27 =81x3
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WORKED SOLUTIONS

2 _
d x3=16 d 9% 3=16
3
9
_ 3 3
*=(16) ([
x=43 9
x =64 3
9
e x7%:% xz[m]
5 5 3
Skl i3
p (vie)
x=8 27
x=25 X=&
x =32
1 vestigation - X [
foartog Investigation - graphs of exponential
1 functions 1
x 4=2 ,
— r = X - BX
(x_i]:z-‘* A
1 y=3*
x=2—4
16 © U .
3 125 ° E
a X =
(x—i]-ﬁ _ 12573 Investigation - graphs of exponential
functions 2
1
Tad By
1 10
x=7
5
1 _[1\
X=3s y"(a)
0, 1)
2 ~_
b 6x 3 =216 0
2 . . .
x73=36 Investigation - compound interest
_3
(x_%J 2 = 3( 1 2
Half-yearly (1 + 5) 2.25
1
xz—i . 4
362 Quarterly (1+Z) 2.441 406 25
X = ! 3 L2
(V36) Monthly (1 + 5) 2.613 035 290 22...
X =— 52
216 Weekly (1 + %) 2.692 596 954 44...
2
[ o4 3x3=192 . 1 365
- Daily [1+ﬁ) 2.714 567 482 02...
X° =
3V _ 4 Hourl 1e L 2.718 126 690 63
[x ] =642 ourly 8760 .
_ 3 Every 1 52560
x—(\/64) e (1+525600) 2.718 279 215 4...
x=512 Every 1 31 536 000
cocond (1 m) 2.718 282 472 54...
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WORKED SOLUTIONS

Exercise 4F f
1\2x
12 y (3] 3
104 3
8- i
6 CHER N
g(X)=2X+3 T T T T T T T T T ™
SR, 5-43-2-10 123 4 5%
2 flx) = 2*
24
32 10 1 2 3 -3
_4]
b 2 Domain Range
a xeR gx)>3
b xeR gx)>0
f(x) = 3¢
c xeR gx) <0
d xeR gx)>0
1 2 3% e xeR g(x) >0
f xeR gx) >0
c J Exercise 4G
3 1 a x=log49
oI
w-iz) N\ 7*=49
F T T T T T T T : 7)[ = 72
5 4 T‘z\l\ﬁ 123 4 5% )
x =
-2 1)
0 =5
_34 8 (2) b x=log5\/§
_4
5 =5
1
5 =152
d y 1
5 X=73
4 c x=log,64
o Je-e 2= 64
gx) = e
1 2x = D6
5h 55 ag 1535 x=6
-2 d x=logl
-3
-4 =1
-5 9x — 90
x=0
e
y/ 2 a log35 =x
3= 1
81
v L
11 V=
g = 2(?) 3r = 34
T T T x = _4
1 2 3X 1
b x=log125?
1
5% =1252
5= (5°)
X = 5%

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 4




WORKED SOLUTIONS

_3 —
x=3 b x=log?27

¢ x=log,8 3*=27
32=8 ¢ x=1log,,1000
@y =2 10* = 1000
2x=2 d x=logh
5x=3 a=b

=3
*=5 3 a logx=3
d x=log3* 4=y
x — 4
F=3 x =64
x=4 b logx=4
Exercise 4H 3=y
1 a x=logb x =81
6*=06' c log64=2
x=1 x* =64

b x=log,10 2=8
10 = 10! x=28
x=1 d log6= %

c x=logn |

x2=6
w=n! i 1
— xE = 365
x=1

d x=log,l x =36

& =1 e IOg2 =-5
-5 =
gv = g 2 1x
x=0 Ty

e x=log,l X = 3i2
22=1
=2 Investigation - inverse functions
x=0 a the function y = 2*

f x=log,l x 3| 2] 1] 0o 1] 2713
Zi ;0 y 2 2l 2 408
x=0 b the inverse function of y = 2*

. 1 1 1
Exercise 4 x| g |z |3 |1t 2|4 8
1 a x=2° y | 3 -2 -1 0 1 2 3
9 =log,x c
Y,
b x=3° 51 o g
44Y= Ay =
5=logx s Yo

c x=10* 24
4 = logl[)x [ — o T T >

d =g '3‘2;1'10- 123 4 5%

Sl
b=logx Y AT

2 a x=log? d The graphs are reflections of each other in the

=38 line y = x
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Exercise 4J
1 a f(x)isshifted down two units
b f(x) is translated right 2 units
¢ f(x) is stretched by factor 2 parallel with y-axis

2_
14 y=-2log(x - 1)x
(2,0)

(27,3)

o[(1,0) X

y=log, x
Sub in point (27,3)
3 =log, 27
a*=27
a=3

5 f(x)=log,x
y=log, x
Interchange x and y
x=log,y
Rearrange to make y the subject
y=3
S =3
[@)=3=9

Exercise 4K

1 a log3=0477
b 4log2=1.20

In+/5=0.805

82 ~ 0.861

log5

In4 _
e == 0.861

c
d

f logg =—-0.0969
g (log3)?=0.228

WORKED SOLUTIONS

h log32=0.954

Exercise 4L
1 a e&=1.53
x=1Inl1.53
x=0.425
b e =0.003
x=1n0.003
x=-5.81
c e=1
x=In1l
x=0
1

X =
d e 5

x=1Ini
2
x=-0.693
e 5e*=0.15
e*=0.03
x=1n0.03
x=-3.51
10°=2.33
x=10g2.33
x=0.367
b 10"=0.6
x=10g0.6
x=-0.222
c 10" =1
x =logl
x=0
d 10°=5
x= log%
x=-0.301
logx=2
x =107
x =100
b logx=-1
x=10"
y= L
10
c logx=0
x=10°
x=1
d logx=-5.1
x:10—5.1
x=0.00000794
5logs12 _19
Slogsd = 4
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c elnxﬁz\/g
d e"=4
5 a Ilne’=5
b logl00=1ogl0?=2
c Inl=1ne’=0
d Ine=1
e lni3 =lne3®=-3
€
6 f(x)=e
y=e2x—1
x=e""
Inx=2y-1
_l+Inx
)
f,l(x):1+1nx

2
Domain: x> 0
7 f(=2)=e"% f(4) =e!since f(x) and f!(x) are
inverses, f'(x) has domain [e " ,e”'] the range of

S

and f!(x) has range [-2, 4] — the domain of f(x).

8 f(x)=In3x
y=1In3x
x=In3y
e" =3y
y=Llex
3
[ =ge
9 f(x)=In(x-1),x>1, g(x)=2e"
(g0 f)(x)=2e"

=2(x-1)
=2x-2
Exercise 4M

1 a log5+logb
=1log(5x6)=10g30
b log24 —log2
=log(24 +2)=1ogl2
c 2log 8 —4log?2
=log8* —log2*
=log64 —1logl6
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3logx—2logy

= log49%
=log7

=logx’ —log y*

3

=log~;
y

logx—logy—logz
=logx —(logy+logz)

=log X

=log 1

log x + 2log y — 3log xy
=logx +logy* —logx’y’

2

_ xy
= log—3 5

xy

=log ;-
xy

log,6 + 2log,3—1og, 4
=log, 6+1log,9-1log, 4

=log2(6:9)

log,40 — log, 15 + 2log3(§)

=log, 40 —log, 15 +1og;, %
- 40 9
=log, (ISXZSJ

]

log 4 + 2log 3—-1log, 6
=log,4+log,9—-log, 6
- 36
]
=log,6
2In3 —In18 =In9 —In18 = ln(%) or—1n2
3In2 -2 =1n8 —Iné? = ln(eiz)
1
4log,x + 3log,y — Slog,z

1
=log, x*+log, y*-log, z°

=log, {x;)z]

log,2 + log,18 =10g,36 =log, 6 =2
log,24 —log,3 = log,8 = log,2*" = 3

Worked solutions: Chapter 4




c log,2 +log,32 =log, 64 =log, 8" =2
d 2log,3 +log,24 = log (9 x 24)
=log 216 =log 6° = 3
e %log 36 — log 15+ 2log 5
=log6 — log15 + log 25
1og( ><25) logl0 =1

Exercise 4N

1 a log,ab=log,a+log,b=p+q
b log,a’ =3log,a=3p
c logzgzlogzb—logza:q—p
d logzx/3=llog2b=2

e IOgZT_logzb2 10g2a2—210g2b *Inga 2q_7

P Y P2
2 a 1og[QR2] =3log[R]
= 3[logP2 —log(QR2 )]
=3[210gP—(logQ+logR2)]
=3[2log P -logQ —2log R]
=6log P-3logQ—6logR
=6x—-3y—6z
3 a loglOx=1logl0+logx=1+logx
b Iog100 =logl00—-logx?=2-2logx

c logv10x =%log10x =%(log10+logx)=%+%logx

1
d logﬁzlogl—logmxE =—[log10+%logx]

=—1—%logx

4 y=10g3%
y=log, 27" —log, 81
y=alog,27-log, 81
y=3a—-4
1
27x*
=log, 1—[log, 27 +log ,x°]
=—[log, 27 +2log , x]
=-3-2log, x

5 log,

6 €x1n2 =61112 =2x
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log, _@_ 2.81

log 1
- —121

log5(1)= log5

log, (0. 7)_10gO 7=-0.325

Exercise 40

7 _710g7 _
log,7 —710g3— 12.4

log,x= log,x _»

log,9 2

log,6 _»

log26— g2 %

log,2=

2
log236 loga36 log, 6" _ 2log,6 _ 2y
log,2 log,2 log,2 x

log, 24 =1og,(6x4)=1log, 6+log, 4
=log,6+2log, 2

=2x+y

10g612=10ga12 zloga2+loga6 _xX+y
log, 6 log, 6 y

lo, 6
3:10{;,13: 8a 3

lo
& log,2 log,2
_ log,6-1log,2
log, 2
x
A
21 _ logx
14 y log4
7o /1 T3+
-1
-2
Y
2] g
14 logb
-4-'3-'2-N</1 2 3 4%
-2
=log,
y=2log,
y=2b
y=log,
log,
Y log, 16
_b
Y 2

Worked solutions: Chapter 4




Exercise 4P

1 a

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

2*=5
log2* =log5
xlog2=1log5
x:@

log2
x=2.32

*=50

log3* =1o0g50
xlog3=1og50
x= log50

log 3
x=3.56
5% =17
log5™ =1logl17
—xlog5=1ogl7

_x=10g17
log5
x=-1.76

7x+1 =16
(x+1)]log7=1ogl6
xlog7+1log7=1ogl6
xlog7=1ogl6—1log7

x= logl6—1log7
log7

WORKED SOLUTIONS

27%1=32x 107
(2x -1)log2 =10g(3.2x107%)
2xlog2-log2=10g(3.2x107)
2xlog2 =10g(3.2x107) +log?2
_ log(3.2x107%) +log2

2log2
x=-3.64
=6
ne*=1n6
x=1.79

e’ =0.11
Ine’ =1n0.11

X

2x+2 :5x—3
(x+2)log2=(x—-3)log5
xlog2+2log2=xlog5—-3log5
2log2 +3log5=xlog5—xlog2
x(log5—1og2)=(2log2+3log5)

_ (2log2 +3log5)

(log5—-1og2)

x=6.78
32—x :42x—5
(2—x)log3=(2x—-5)log4
2log3—xlog3=2xlog4—5log4
2log3+5log4 =2x1log4 + x1log3
x(2log4 +1log3)=(2log3+5log4)

— (2log3+5log4)
(2log4 +1og3)
x=2.36

35 _ge+3
§10g3=(x+3)10g5

glog3=xlog5+310g5
§10g3—x10g5=310g5
x(%10g3—log5)=310g5

x= - 3log5
(710g3—10g5)
3
x=-3.88

Worked solutions: Chapter 4




d

7 =(0.5)""

xlog7=(x—-1)log0.5

xlog7 =x10g0.5—-10g0.5

log0.5=x10g0.5—xlog7

x(log0.5—-1og7)=10g0.5
log0.5

" (log0.5-1log7)
x=0.263

e3Jc—1 :3x
(Bx-1Dlne=xIn3
3x-1=xIn3
3x-xIn3=1
x(3-In3)=1
o |

(3-1n3)
x=0.526

4e’*? =244

eSx—Z - 61
(Bx-2)Ine=1n61
3x-2=In61
3x=1n61+2

= n61+2
3
x=2.04

35¢ 0% =95

o 00 — 19
7

(—0.01x)1ne=1n§
—0.01x=1n§
x=1n$+(—0.01)
x=-99.9

Exercise 4Q
1 a

Tx3*=25

3":275
7

xlog3=log€

4x3" =51

log4 +1log3* =log5*"
log4d+xlog3=(2x—-1)log5
log4 +xlog3=2xlog5—1log5
log4+1log5=2xlog5—-xlog3
x(2log5—1og3)=(log4 +log5)
x = (logd+log5)

(2log5—-1og3)
x=141
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3x2* =4x5"
log3+1log2* =log4 +log5*
log3+xlog2=1og5+xlog5
xlog2—xlog5=1og5—1og3
x(log2—1log5)=1og5—-1og3
5 — (log5-1og3)

(log2 - log5)
x=-0.557
5x277 =3x7*
log5+(x—1)log2=1og3+2xlog7
log5+xlog2—1log2=1og3+2xlog7
log5—-log2—1log3=2xlog7—xlog2
x(2log7 —log2)=1og5—-1log2—log3

_ (log5-1log2-log3)
(2log7-log2)

x=-0.0570
3x4x—l — 2X7x+2
log3* +log4™" =log2 +log7*"
xlog3+(x—1)log4 =log2+(x +2)log7
xlog3+xlog4—log4=1log2+xlog7+2log7
x(log3+log4 —log7)=1og2+2log7+log4

_ (log2+2log7+log4)
(log3+1log4—1log7)
x=11.1

2x+2 =5x—3
(x+2)In2=(x-3)In5
xIn2+2In2=xIn5-3In5
2In2+3In5=xIn5-xIn2
In4+1n125=x(In5-1n2)

x1n§=1n500

x=1n5(5)0
ln,
2
5x3=8x7"

In5+In3* =In8+1In7*

In5+xIn3=In8+xIn7
xIn3-xIn7=1n8—-1n5
x(In3-In7)=In8—1In5

Worked solutions: Chapter 4




c 5x3"M=2x6""
In5+(x+D)In3=In2+ (3 - 2x)In6
In5+ xIn3+1In3=In2 +31n6 — 2x1In6
xIn3+2xIn6=In2 +3In6 —In5—1In3
x(In3 + 2In6)=1n2 +1n216 — In5 — In3

xIn108 = 1n%

144
In—
— 5

* = nt0s

d (6927 = 24"
xIn6+(x-1)In2=In2+(x+2)In4
xIn6+xIn2-In2=In2+xIn4+21n4
xIn6+xIn2—-xInd4=In2+2In4+In2
x(In6+In2-In4)=In2+In16+1In2

xIn3=In64
x=1n64
In3

3 a e-2¢=0
er zzex

Ine* =In2 +Ine*

2x=In2+x
x=1In2
b 4"-32%)=0
4* =3(2%)
xIn4d=In3+xIn2
x(In4-In2)=In3
=i
Exercise 4R
1 a log,(x)=log,(6x-1)
x=6x-1

Sx=1

b In(x+1)=In(3—x)
x+1=3-x
2x=2

x=1

c log;(2—x)=log,(6x—1)
2—x=6x-1
3=Tx
3

x==
7
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WORKED SOLUTIONS

d log,(2x + 3) + log,(x — 1) = log, (x + 1)
log, [(2x + 3)(x — 1)] =log,(x + 1)
2x° +3x—2x-3=x+1
2x° =4
x* =2

x=+2

We cannot have x = —/2, since then
log,(x — 1) would be undefined.

e
log, x —log,(x —1) =log,(x +1)

log, (ﬁjzlog3(x+l)
)
x=(x+1)(x-1)

2
x=x" -1

0=x*-x-1

—_ 2 —_ —_
x:—(—l)i\/( " -4

2(1)

1++45

x= since we can’t have log,x when x <0.
2

x=1.62

Exercise 4S
a log,(x—-2)=2

x—2=9?
x=81+2=83

b log,(2x-1)=3

2x—1=3
2x—1=27
2x =28
x=14

c log,(3-x)=5
2

a logs,(x—5)+log,x=2

log, [x(x - 5)] = 2

x> —5x=6

x> =5x-36=0

(x=9)(x+4)=0

x=9

We can’t have x = —4, since then logx is
undefined.

Worked solutions: Chapter 4




b log,(4x-8)—log,(x—-5)=4

1o g, 4xx_—58 =4

4x-8 _ s
x=5
4x-8=16(x-5)
4x-8=16x-80
72=12x
x=6

c log,(2x-3)—-log,(4x—-5)=0
log,(2x —3) =log,(4x —5)
2x-3=4x-5
2x=2
x=1
When x =1, (2x — 3) <0and (4x — 5) <0, so
there are no solutions.

3 log,x + log,(2x+7)=log, 4

log, [x(2x + 7)] = log, A

2% +7x=A

When log,4 =2,then 4 =2>=4
2% +7x=4

25> +7x-4=0
Q2x-1)(x+4)=0

x=0.5

log, x+log,4=2

log, x+08:4 —2
log, x

(log4x)2+log44 =2log, x
(log4x)2—210g4x+1:0
Let a = log,x. Then
a-2a+1=0
(a-1Y¥=0

a=1

sologx =1

Lx=4

log, x> +1og,\x =9

log, x> +208:% —9
& log, 4

210g2x+%:9
210g2x+10gsz=9
8log, x +log, x =36
9log, x =36

log, x =4

x=16
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WORKED SOLUTIONS

Exercise 4T
1 a 450x1.032"

b 450x1.032" >600
1.032" >4
3

nlogl.032 > 1og§

log1.032

n>9.133..

n =10 years
a i 100x1.1°=121
i 100x1.17 =195

b 100x1.1"=250

1.1"=2.5
n=10g2.5
logl.1

= 9.6 days (10 days)

10x1.15"=10000
nlogl.15=10g1000

_ log1000
logl.15
49.4 hours
S,
a .
40
35
30
25
204 5= +20g 0063t
15
10
551
0 g

T T T T T T T T T T
1234567891011 t

9 + 29e70:0630) = 38 ms™!
as t—o, s—9 ms!

9 + 297006345 = 10.7 ms™

Q 060 o

e His initial speed was 38 ms™. We need to find
the time at which s = 19ms™.

9.4+29¢ %% 19
296—04063t — 10

-0.063t _ 10
29

-0.063t =1n 10
29

r=16.9...
t=17sec

€

x=axn’

32=ax2" (1)
108=ax3" (2)

() > In32=Ina+bIn2
(2) > In108=1Ina+bIn3

Worked solutions: Chapter 4




it

Solve simultaneously
(2)-(1) In108-1n32=56In3-bIn2
In108-In32=5H(In3—-1n2)

b=1n108—1n32
In3-In2
b=3,a=2=4
2

Review exercise

1

x=log,287
x= 10g287 :352

log5

32x+3 — 90

(2x+3)log3=10g90
2xlog3+3log3=10g90
2xlog3=10g90—31og3

:10g90—3log3
2log3
=0.548

Sx—l — 33x

(x—1)log5=3xlog3
xlog5—-log5=3xlog3
x(log5—-3log3)=1og5

— log5
log5—-3log3

x=-0.954

2x3 =5"

log2 +2xlog3=xlog5
log2 =x(log5—-2log3)

_ log2
log5—-2log3
x=-1.18

logx +1log(3x —13)=1

log[x(3x — 13)] =1
3x*-13x=10'
3x*-13x-10=0
(Bx+2)(x-5)=0
x=5

log, (x +6) —log, (x +2) = log; x

x+6 _
10g5 x+2

x+6:x
x+2

x+6=x>+2x

logsx

¥ +x-6=0
(x+3)(x-2)=0
x=2
In(dx-7)=2
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4x -7 =¢?
dx =e*+7
=e2+7
4
x=3.60

log, (x2 ) = (log, x)’
2log, x = (log, x)°
(log, x)* —2log, x=0
log, x(log, x—2)=0
log, x=0,log, x=2
x=1and 4
log,,x=4log,10

1ogx=471°glO
log x

(logx)2 =4

logx=2,-2

x=100, 2
100

f(x) > 0, range of g(x) is all real numbers

Inverses as 1-1 functions;

flx)=e*

y - er

x=e"

Inx=2y

y =%1nx

f‘l(x):%lnx

g(x):%lnx

y=%lnx

Elnx
2

(fo9)(x) =ez( ) = ¥ _ gl

=x3

(g0 @) =SlnEe*) =3 (2x)
=3x

3

x*=3x

2 =3x=0

x(x*=3)=0

x=+/3

n =4000e"%

n = 4000e%%6% = 218 393 insects

Worked solutions: Chapter 4




WORKED SOLUTIONS

b ¢=0;n=4000e"%® = 4000 b log(2x—1)=2
We want to find the time at which the #=2x-1
population reaches 8000. #=2x+1=0
0.08(¢ x—1?2=0
4000e*%® = 8000 =1
0.08(1) _
¢ =2 c log(5r—4)=2
0.08t =1In2 °=5x—4
r=12 _866 2=5x+4=0
0.08 = A+ 1)=0
8.66 days. =14
. . d log,(x-2)+log,(x—1)=3
;XE Review exercise 1 ? )
A\ il log,(x—2)+28*—" =3
1 254x—3 :(L) 2 logzl
125 2
log,(x—2)—log,(x—1)=3
2 4x-3 _ 3 x+1 2 B
(5 ) _(5 ) IOgZﬁ—
58x—6 — 5—3):—3 x=2 _
-1
11x=3 7x=6
11 7 o
_log. 8_n
2 (5x+l )(7x) — 32x+1 6 a 10g4 8_ logx 4 - m

log 5x+1+10g7x:10g32x+1 b logx2=10gx8—logx4=n—m

(x+1)log 5+ xlog 7=(2x +1)log 3 c log 16=log, 4’ =2log, 4 =2m
x (log5+1og7—-2log3)=1og3—1log5 d log 3p_log,32 _log 4+log,8 _m+n
3 8 log, 8 log, 8 n
‘= 1°g( 5 ) 7 Shift one unit to the right, stretch factor é parallel
log( 5x7 ] to x-axis, shift 2 units up.
3 8 a f(x)= 3"
i log % y=3ez"
(35) x=3e¥
log| —
9 Y —e2y
3
X _
3 2log,27 + log, G] ~log,\/3 InX=2y
% y:lln(fj
= 2log,(3%) +log,(3™") — log, [3 ] 2 \3
f@)=3n(%)
=2(3)+(-1)-(0.5)=4.5
X b f(x)=10*
4 410g3x+§log3y—510g3z y=10"
=log, x4+10g3%/;_10g3 2’ x=10%
=log, x‘li/; logx =log10*
z
3y=logx
5 a log,(4x—-1)=3 »=logx
3 3
4x-1=3 1 )
4dx =28 f (x)zglogx
x=17
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WORKED SOLUTIONS

¢ f(x)=log,(4x)
y=log,4x
x=log,4y
2" =4y

_2
y=7

fr=T=2

9 log,64 + log,b=8 @

logbazé

from @
a=b'=b=a"
sub in ®©

log, 64 +log, a’ =8
log,64+2=38
log, 64 =6

a® =64
a®=2°

a=2

from @
b=a"=4
a=2,b=4
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WORKED SOLUTIONS

Rational functions

Answers 3a 6xi=1 b3xi-1 ¢ Zx3_1
6 4" 3 3 2
Skills check 4 a%=1X%=4 b loixToy
1 a -8+20 b 12x-18 ¢ —«x*-T7x 1 ¥
d x*+6x°+9%2 e x3+ 5x2-24x 5 ai 48y=24 i 4801 =24
2 Y 24 ’
- = —= — 24 —
=2 :5 <=0 . y " 0.5 —@—0.05
H i 4800y = 24 iv 48 000y = 24
y=0 R
-I ] -I 0 T T T f 24 _ 24 _
S P, v 23 Y= pass =0.005 Y= 45 000 = 0-0005
A b As x gets larger, y gets smaller, nearer to zero.
3 Th'e parent functioq is y=x° ‘ ' ¢y will never reach zero, as y = % >(0forallx>0
Aisa horlzgntal shift of 4 units to the right. d i 48x=24 i 480 = 24
Function 4 is y = (x — 4)*. _2_s _ 2% _00s
Bis a vertical shift of 2 units down. SR e w0
Function Bis y = x% — 2. iii 4800x = 24 iv 48000x = 24
24
Investigation - graphing product pairs x= % =0.005 x= g0 = 0.0005
I . { = % Z % : % : % e % : % 2 % - % e Asy gets larger, x gets smalle;ilnearer to zero
y f xwill never reach zero, as x = S >0 for all y > 0.
24
18- o . . :
ol \"° Investigation — graphs of reciprocal
6 functions
T 18 X 1 a f)=10bgx)=2c hx)=2

As y gets bigger, x gets smaller and vice versa.
The graph gets closer and closer to the axes as x- and y-values
increase.

Exercise 5A

1 alplec_l gdq_-1e3d gl The nurperator indicates the scale factor of
23 3 2 the vertical stretch.
2 1_7 : 2 2
—% h 3- =7 thereciprocal is £
g - 32 2,teecpoca =

2 a 65= %, the reciprocal is %

1 1 1 9 5
bxc d3xe4yf2xg3a

RO |=
—_

U~
®
—_

+

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 5




Changing the sign of the numerator reflects
the graphs of the original functions over the

x-axis.
3 | x 025040512 |4| 8 |10 16
f(x) 16 | 10| 8 | 4|2 1|/05/04|0.25

b The top and bottom rows of the table contain

the same numbers but in reverse order.

c d e

—
>

N
'S

il
N

il
[en)

©

ES

N

\\

2 4 6 8 10 12 14

16X

f The function reflects onto itself.
g The function is its own inverse.

Exercise 5B

1 a 10}/‘
el | s
6 \ Yix
A
2
I e
-10-8 -5\-4\@20 2 4 6 8 10%
Ny
)\
Q
10
b 1oy
sll | |
6 \ Yix
MA
2 AN
\\_;
1086420 2 4 6 8 10¥
NG
N
N
4
10
c 1oy
el |
AN
4
2
I —
-t=s~64 20 2 4 6 8 10
4
b
»
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WORKED SOLUTIONS

y\
10
sl |
o1 V1%
4
MER
2
1086 420 2 4 6 810"
4
12
yl=-=— 6
x 6
8
vl |
a x=0andy=0
7\
10
8 t
6 fX)“T
4
)
N N
-10-8 6429 2 4 6 8 10"
-Z
4
6
8
10
b x=0andy=2
N
10
8 1
6 f('()=y“2
4
) N
N >
-10-8-6-4-24 2 4 6 8 10%
=Z
4
6
8
10
a
Y\
20

iR
o o &
]

[IEN

[=)
>V

0 15 2

KI\

o

AN

o

1
IZ

o o
=

n o

[N

N
(]

y=0,x=0.Domainxe R, x#0
Rangeye R,y #0




N
[en}

[RiN
(@]

il
[«

LN
[«=]

RN
(@]

N
[«

y=2,x=0.Domainxe R, x#0
Rangeye R,y # 2.

<

N

uiN
o O G O

[iN

1
N
d
1
A
1
1
N f
S & o o
)
g
)
5
N
S
<

y=-2,x=0.Domainxe R, x # 0.
Rangeye R, y # 2.

a
S,
o 10 20 30 40 509
250 .
b 10=20 c s=2=25ms"
d 100
250
d=25_
0 25
Fl
5000-
4000-
3000-
2000-
1000
of 1 2 3 4 5 6!

_ 1500

=~ where /is the length of the lever and the

force is measured in newtons.

=0 =750N

WORKED SOLUTIONS

c i 1000:@ i 2000:@
_ 1500 _ _ 1500 _
=10 =1.5m /=20 =0.75m

i 3000 = @

— 1500 =0 Sm
3000 ’

Investigation - graphing rational functions 1

Y
a
Y, 12'
A i
6 1
g' ares
> 4 ox 6-420N\2 46 810"
_4
-6
-84
b
2
Vo)
Tos 6% 29 2 46 8% fosbwg20] 24687
_4-
-6
Rational Vertical Horizontal Domain Range
function Asymptote Asymptote g
y==1 x=0 y=0 xeR |yeR,
X x#0 | y#0
y= 1 X =2 y=0 xeR, |yeR,
x=2 x#2 | y#0
=_1 R eR
y= x=-3 =0 | XE®R Ve
x+3 Y x#-3 | y#0
_ 2 xeR, |yeR
y= x=-3 =0 ’ ’
X+3 Y x#-3 | y#0

¢ The vertical asymptote is the solution to the
denominator equals zero.

d Theyareall y=0.

e The domain is x € R but x cannot equal the value of
the vertical asymptote

f The range is y € R but y cannot equal the value of
the horizontal asymptote.

Exercise 5C

1 a The numerator cannot be zero therefore the
horizontal asymptote is y = 0.

The denominator is zero when x = —1.

Domain xe€ R,x # -1 Range ye R,y #0.
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WORKED SOLUTIONS

b The numerator cannot be zero therefore the c y

~

horizontal asymptote is y = 0. I
The denominator is zero when x = 4. ok RS >
Domain x € R,x #4. Range ye R,y #0. 44—
¢ The numerator cannot be zero therefore HEHIR 8—
the horizontal asymptote is y = 0. il £
14

The denominator is zero when x = 5.

Domain x€ R, x #5. Range ye R,y #0. Domain x€ R,x # —5. Range ye R, y # 8.
d The numerator cannot be zero therefore

the horizontal asymptote is y = 0.

The denominator is zero when x = — 1. e

Domain xe R,x #—1. Range ye R,y #0.

@

|

(o2}

>

B

e The numerator cannot be zero therefore the 5
horizontal asymptote is y = 0 with a vertical .
translation of 2 units up. The denominator 200 2 4 6l 8 10 2
is zero when x = — 1. Domain xe R, x #—1.

Range ye R,y #2. Domain x€ R, x #7. Range ye R, y # 3.

f The numerator cannot be zero therefore the e y
horizontal asymptote is y = 0 with a vertical 4
translation of 2 units down. The denominator -\ >
is zero when x = — 1. Domain xe R,x # —1. 126 43
Range ye R,y #-2. =

Q
6 N
Yok2 i \m

g The numerator cannot be zero therefore the
horizontal asymptote is y = 0 with a vertical

translation of 2 units up. The denominator is Domain x€ R,x #-2. Range y € R, y #—6.

zero when x = 3. Domain x e R, x # 3. Range f y
yeR,y#2. 8
h The numerator cannot be zero therefore the 61N SEEy
horizontal asymptote is y = 0 with a vertical ] 4 L5,
translation of 2 units down. The denominator N2 s
is zero when x = — 3. Domain xe€ R, x # 3. AU I IR Y
Range ye R,y #-2. ]
2 a 4 1
8 A%
| |
Al yod Domain x€ R,x # 0. Range ye R, y # 4.
2
R nmman 1
8629 2 4 6 8% & Vc a2
2 1
é‘ 5 4420 X
Domain xe R,x #0. Range ye R, y #0. NS
b Y, . \ 3
TEED | ;
6 L
7 Denominator is zero when 4x + 12 =0 = x = -3
= - Domain x € R, x # -3. Range ye R, y # -2.
86420124638 |*
4
6

Domain xe€ R,x #3. Range ye R,y #1.
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WORKED SOLUTIONS

h y b A
A
6 s
4\ 3 -1 o 1
T Vo= X+
| ERES HE
N i N
6 4 >0 2 4 -10-8 6 4390 2 4 6 8 10¥
A i
4 v
6 A%

The linear function is a line of symmetry for
Domain x€ R,x #0. Range ye R,y #0. the reciprocal function. The linear function
crosses the x-axis at the same place as the vertical

' J asymptote of the reciprocal function.
ESiE . . : .
z L Inves_tlgatlon - graphing rational
= functions 2
2 \ a N
5 )
1086420 b 46 810" N
i YT g_'* 5 21: y _x:3
8 T T T T T T >
10 -10-8 -6 - 1_246810"
Domain x€ R,x #2. Range ye R,y #5. z
3 . A

HER
>
N W N
| I
<
[
> >
+ |+
W=

20 /_
B Tos 5440 3465
(0}
9 N -2
-3
8
-+ s 8y \
20 0 20 40°¢ 6:
Note: at this magnification, the graph might 4l y- &3
. +
appear to be linear, but you should be aware that 2 g
this is a reciprocal graph. Iy R R
1000
3= 4
0.6¢ +331 6
3(0.6¢+331)=1000 Ya
1.8¢ +993 =1000 o
1.8c=7 a4 ot
9] x+3
7
c=— T T T T T T T T T L
1.8 -10-8 -6 -4 2¢| 2 4 6 8 10*
c=3.9°C 4-
-6
4 a y b
8 Rational Vertical Horizontal Domain Range
1 f Y=xi+2 function Asymptote | Asymptote
Fx+2 |7 X R R
9 y = X = _3 = 1 X € U y € 4
; s x+3 Y xz-3 | yz1
1086 BX201 2 4 ¢ 10 y=X+1 x=_3 y=1 xeR, | yeR,
A X+3
4 x#=-3 | y#1
The linear function is a line of symmetry for y= X2+X3 x=-3 y=2 Xe RC’; V€ Ii’
. . . . X # — *
the reciprocal function. The linear function Y
crosses the x-axis at the same place as the y= 2XX+‘31 X =-3 y=2 xeR, | yeR,
vertical asymptote of the reciprocal function. x#-3 | y#2
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WORKED SOLUTIONS

¢ The horizontal asymptotes are the quotient of the d Y,
x coefficients. 811 ket
64| ¥~ 3x-2

d The vertical asymptote is the solution to the
denominator equalling zero. They are all x =— 3 i
as the denominators are all x + 3. The domain
excludes the x-value of the vertical asymptote.

-20-15-10-50) 5 10 15 20 ¥

_4
Exercise 5D Domain xe ]R,x;t%. Range ye R,y #3.
1 a Horizontal asymptote when y = % =1,
Vertical asymptote when x—3 =0, x = 3. e ),
4 _-3x+10
Domain xe R, x #3. Range ye R,y #1. 2 ly H-12
b Horizontal asymptote when y = %, T T
Vertical asymptote when 3x—1 =0, x = % ‘;j
Domain xe R, x # % Range ye R,y # % Domain x€ R,x #3. Range ye R,y # —%

¢ Horizontal asymptote when y = = = %,

4 f
Vertical asymptote when —4x—5=0, x = —%.
Domain —2 Range 3,
xeR, x# : g yeR,y¢4
b — 34 —_— 17 T T T T T T T T >
d Horizontal asymptote when y = Ty PENVEY EREE X
Vertical asymptote when 16x+4=0.x=—. 2
3
Domain x e ]R,x;t—i. Range ye R,y;ﬁ%- -4
2 a A Domain xe R,x #0. Range ye R,y;ﬁ%

& _x+2
44Y=373
21 g y

b )
E _ X
Y=ix+3
T T T T T T T
6 -4 -2 2 4 6 8%
17 h A
-2 O_
-3 _ x 0
Y iT1s
Domain xe R,x # —% Range ye R,y # i.
104
c y T T T T T I‘
4 -80 -60 -40 20 0 0X
~104
34 _x-T1
24/ Y758 -20-
14 30
T T |/0 T T > 40
-15-10-571 6 10 1520 %
-2 Domain x€ R, x #-15.
-3

. Range ye R,y #-7.
Domain x e R,x;ﬁ?.Range ye ]R,y;t%. 8y Y
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Domain x € R, x ;t%. Range ye R,y #7.

3 a iii Horizontal asymptote at y = 0 and vertical
asymptote at x = 0.
b i Horizontal asymptote at y = 1 and vertical
asymptote at x = 2.
c iv Horizontal asymptote at y = 1 and vertical
asymptote at x = 3.
d ii Horizontal asymptote y = 0.

Vertical asymptote at x = 4.

4 We need vertical asymptote at x = —4
so denominator must be equivalent to x + 4

xi4 + a for some a € R.

The numerator cannot be zero. Therefore we
need to translate the graph 3 units up to give a
horizontal asymptote of y = 3. Take a = 3.

+3.

Take y =

Y= x4
5 a Cost = Setup cost +$5.50 per T-shirt
Clx)=450+55x

b Average cost is the total cost divided by the
number of T-shirts sold.

A(x) = 450+5.5x

¢ Domain is x > (. Since x represents the

number of T-shirts produced, only non-

negative values make sense. We have to

exclude x = 0 since A(x) is undefined for x = 0

and at x = 0 no T-shirts are made.

x=0

e The horizontal asymptote is y = 5.5. As the
number of shirts produced increases, the set
up costs are negligible as a larger number of
T-shirts are produced.

[-%

6 a
t)2/3/4|5|6 |78 9 |10| 11 |12
100 500 | 100 | 700 300 | 500 | 1100
cl—|2 |25 | —|—|—|40 | — | — | =— | 50
7 17 | 3 | 19 7 11 23
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WORKED SOLUTIONS
40
30 at
20 t+12
10

0] 2 4 6 8 10 12t

Label the x axis ¢ and the y axis c.
d ¢=100
The children’s dose will not exceed 100 mg.

250+92x15 _ §128.67
15

Approximately 38.5mg

C(n)= M, where 7 = number of years

and C represents the annual cost.

The graph of the function is shown below
with the window used.

(3 a]

The asymptotes of the rational function are
n=0and ¢ = 92. The n-value asymptote

can be seen from the domain; you cannot
substitute # = 0 into the function. The
horizontal asymptote y= % =92. From a
practical view, the cost of the refrigerator goes
to zero over many years; however, the yearly
expense of electricity continues.

The yearly expense of electricity continues no
matter how many years the refrigerator works.
The cost will never go below the $92, but the
cost approaches $92 after many years have
passed.

Graphing the two functions C(n) = >20+%2"
n
and C,(n)=1200+92" together or reviewing a
n
table of values will show the more expensive
refrigerator remains more expensive annually

although both approach $92 as n approaches
infinity.

WY W LI HOC
10 r  [e1z anin=
i 1185 |15z AMAX=ET
S 1HnEz | 132 Hw=cl=18
N 10EFE (155 PR
1 ins 11 Ymin=a
o inliF 11z Wmax=d- AR
SEEEF | 1054y vecl=168
N=rH ares=0
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X

Review exercise

1 i

iv

vi

b

[
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a Vertical asymptote at x = —2, horizontal
asymptote at y = 0.

d Vertical asymptote at x = 3, horizontal
asymptote at y = 0.

c Vertical asymptote at x = 0, horizontal
asymptote at y = 4.

e Vertical asymptote at x = 0, horizontal
asymptote at y = —1.

b Vertical asymptote at x = 4, horizontal
asymptote at y = 1.

f Vertical asymptote at x = — 4, horizontal
asymptote at y = 1.

iii Domain x e R,x #0. Range ye R,y #0.

1 Y,

=
=
><
=

it

| =

>
+
=1

ii x=-1,y=0.
iii Domain x e R,x#-1. RangeyeR,y #0.

i Y,
10+

104
ii x=3,y=-1.

ili Domain x e R,x #3. Range y e R,y # —1.
x=—4,y=0

Domain x e R,x #—4. Range y e R,y # 0.

WORKED SOLUTIONS

x=0,y=-3.
Domain x e R,x # 0. Range y e R, y # 3.
x=—6,y=-2.
Domain x € R,x #—6. Range y e R,y = -2.
x=1,y=5.
Domain x e R,x #1. Range y e R,y # 5.
L
N
C,
240 \
200 \
160 \ 50
c= P
120 \ s
80
a0\
\\\5________
0 5 10 15 20 25 309

The domain and range are limited to real,
positive numbers. The domain must also be
only integers since this represents the number
of students.

i y=2

i x+2=0,x=-2.

iii (-2,2)

The y-intercept occurs when x = 0. y = Z(S;) ‘21,
+
y=- %, So intercept at (O, l;]
The x - intercept occurs when y = 0. 2x+_21 =0,
X

2x-1=0,x= %, So intercept at G, 0).

y\
, 104
1
|8
1
I 64
1
1
44 _2x-1
| f) X+2
________ R o
1
T : T T T I:
-8 6 -4 - 2 4 6 8%
x=-ZE

Review exercise

1

N

S

|
\

O

1
oo
I
(2]
1
=
1
N
5 ¥

T
1
|
1
1
1
1
1
1
" 1
DO O DB~ N o
1
1

Domain x€ R,x #0. Range ye R, y #-5.

Worked solutions: Chapter 5




WORKED SOLUTIONS

b A 2 a Using the equation Speed = %,
6 \ . 5600
) £(x) distance = 5600, s = -
_________2_.____.T= b s(kmh*i)k
- 1200
8 -6 -4 2,0 2 4 6 1000
4 800-
64y = 2
T 600-
° 400
Domain xe R,x #0. Range ye R,y #3 200
c Y, o] 4 8 12 16 20
Q
: fx <s00 t (hours)
° ] fog == ¢ s=— =560kmh™!
4 . X=3 10
5 i 3 a m(minutes)
: > 300
4 20 2 4 10 12% f
- . 250
4 ; | _ 2225+ 1428
. { 200 m= ==
6 ’ 1504
8 100
Domain xe R,x #5. Range ye R,y #0. 50
d 0 20 40 60 80100120
2 . S (sun scale value)
o9 i 22.2(10) + 1428
00 2 4 6ils 10 12* b i m=""""""""_165min
21— : \ 10
: . 22.2(40) + 1428 .
Hiw= == T i m=""""""""_579min
5 x+7 |1 40
i ~— 22.2(100) + 1428 .
S i =200 56 5 min
10 : 100
- ! c m=222
D . R TR R g This represents the number of minutes that
omam xe R,x# /. Range ye K,y #—o. can be spent in direct sunlight without skin
e y damage.
T 8 4 a A
s ) 4x108
| \: s _{750000m l
: N 3x10 €= 700-m /
i 2 — 2x108
! — 1x106
8 6420 2 4 6 8~ |
\ ], . 0] 20 40 60 80 100 M (%)
AR
g + . 750 000(50) .
! b i ¢=————-=185700 Thai Baht
g 100 - 20
. 750 000(50 )
Domain xe R,x #-3. Range ye R, y #0. i c= 750000650) _ 750000 Thai Baht
100 - 50
f Y, 750 000(90) )
6 ili ¢=——--6750000 Thai Baht.
| 100 - 90
4 . .
/ . No. When m = 100 the function is undefined.
/ > 5 a y 1
o) =2
f08 -6 4 20| 2 4X ) ® .+ %-5
| A//’_ :
a2/, PNl
[l 2 -
. 1x=25
Domain xe R,x # —4. Range ye R,y # 2. o 1 X
- - yail D
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WORKED SOLUTIONS

b i Vertical asymptote when 2x—5=10 iii y-intercept whenx=0=y=2+ 1
=x= g 9 -
=:=18

Horizontal asymptote at y = 0, shifted
y-intercept (0, 1.8).

2 units up, to give y = 2.
ii x-intercept wheny =0= ;—=-2 These can also be seen from the graph.

1=-4x+10

4x=9

x= =225
x-intercept (2.25, 0).
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Answers
Skills check

1 a

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

3x=5=5x+7
—2x=12
x=-6
r2-p)=-15
2p—p*=-15
P-2p—-15=0
@+3)p-5=0
p+3=0,p—5=0
p=-3,p=5
2"+ 9 =141
2n=32=2°
n=>5
6m + 8k =30
8k=30-6m
p—30-6m

8

k:15—3m
4

2pk—5=3
2pk =8

p=3
2p

p=2
p

T=2x(x+ 3y)
T=23)(3 + 3(5)
T=6(18)
T=108
T=274.7+ 3(-2)
T=94(-1.3)
T=-12.22
m=2-—1y>
m=2 -3
m=232-27
m=15
m=23—(-2)>
m=8—(—8)
m=16

WORKED SOLUTIONS

Patterns, sequences
and series

Investigation - saving money

Week Number | Weekly Savings | Total Savings
1 20 20
2 25 45
3 30 75
4 35 110
5 40 150
6 45 195
7 50 245
8 55 300

Joel saves $65 in the 10th week, $100 in the
17th week

He will save $7670 in the first year.

It will take 17 weeks to save over $1000.
M=20+5(n-1) OR M=15+5n

T = 51* + 35n OR T _ (35 + 5n) OR T = 5n(7 + n)

2 2 2

Exercise 6A

1 a
b

(o

19, 23, 27 (add 4 to the previous term)
16, 32, 64  (multiply previous term by 2)

18,24, 31 (add 1, add 2, add 3, add 4,
and so on...)

80, =160, 320 (multiply previous term by —2)

2 W13 uumerator increases by 2,

147 177 20

denominator increases by 3)
6.01234, 6.012345, 6.0123456 (The decimal
places are consecutive integers).
u, =10, u, = 3(10) = 30, u, = 3(30) = 90,
u, = 3(90) = 270
u=3,u,=208)+1=7,u,=2(71)+1=15,
u,=2(15+1=231

u =x,u,=x) =2 u =) =x

u =2andu =u + 2 (since each term is
found by adding 2 to the previous term)

u =landu , = 3u (since each term is
found by multiplying the previous term by 3).
— uﬂ
n+l ? 1
found by multiplying the previous term by 5).

u =64and u (since each term is

Worked solutions: Chapter 6



d u =7andu_  =u +5 (since each term is

found by adding 5 to the previous term).

u =3 u=3=3u,=3=9,u=3=27,

u,=3*=281

b u=-6n+3.u=-6(1)+3=-3u,=-6(2)+3
==9,u,=-6(3)+3=-15u,=-6(4) + 3 =-21

c u=2"u=2=1Lu=2"'=2,u,=2"=4,
u,=2°=8.
d u=nu=1"=1u=2=4u=3=27,
u, = 4*=256.
5 a Term number|l 2 3 4 .. n
Ix2 Ix2 Ix2 Ix2 Ix2
Term 2 4 6 8 2n
To get each term, we multiply the term number
by 2.Sou, =2n
b Term number|l 2 3 4 .. N
13 43t 13 13 137!
Teem |1 3 9 27 3!
To get each term u , we raise 3 to the power
ofn—1.Sou =3"""!
c
Term number|1 2 3 4 . n
A A A N A
Term 64 32 16 8 27"
To get each term, u_we raise 2 to the power
(7—mn). Thus,u =27""
d
Term
number|1 2 3 4 n
L(5x1)+2 L (5%2)+2 {(5x3)+2 L (5x4)+2 {(5x3)+2
Term |7 12 17 22 5n+2

To get each term, u , we multiply n by 5 and

add 2.

e Termnumher1 2 3 4 "
A2 3 4
1+1 2+1 3+1 4+1 n+l

Term |4 2 3 4 "
2 3 4 5 n+l

To get each term, u , we divide nby n + 1.

Sou, = -
f
Term number|1 2 3 4 n
Ixx $2xx I3xx ddxx dnxx
Term x 2x 3x 4x dnxx
To get each term, u , we multiply x by 7.
Sou, = nx.
6 a 1,1,2,3,5,8,13,21, 34, 55, 89, 144, 233, 377,

610 the 15th term is 610

b u=1u=1andu_  =u +tu_
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WORKED SOLUTIONS

Exercise 6B

1

i u=u+(@n—-1)d u =3andd=3,
u,=3+({15-1)3
u,=3+(14)3

15:45

3+(m—1)3

3n

u +m—1)d u =25andd=15,

=25+ (15-115

=25+ (14)15

=235

=25+ (n—1)15

=157+ 10

i u=u+@m—1)d u=36andd=>5,
u,=36+(15-1)5
u, =36+ (14)5

N

5
5
5

u
n

u

n

U

n

ul

ul

ul

i u
n
uﬂ

u,s = 106
i u=36+(n-1)>5
u =5n+ 31

X

i u=u+(n—-1)du=100andd=-13,
s =100+ (15 — 1)(=13)
s = 100 + (14)(— 13)
=-82
100 + (n — 1)(—13)
113-13n
=u,+(n—1)d u, =56and d=0.6,
s =5.6+(15-1)(0.6)
s = 5.6 +(14)(0.6)
15 = 14
=5.6+(n—1)(0.6)
u =0.6n+5
i u=u+n-1)du=xandd=aq,
u,=x+(15-1)(a)
u,=x+14a
i u=x+(n-1)a)
u =x+an—a
u+m—-1d=u,
5+ (m—-1)5=255
5n =255
n=>51
u+m—-1d=u,
48+ (n—-1)0.2)=38.4
02n+4.6=38.4
0.2n =38
n=169
u+m—-1d=u,

%+(n—1{§):14

3n+l=14
8 8
3,111

1]
n

u
u
u
u
un
u
u
u
u
u

8 8
n=237

Worked solutions: Chapter 6




d y+(n-1d=u,
250 + (n — 1)(—29)= —-156
=291 + 279= —-156
=291 = —435
n=15

e u+(n-—1)d=u,
2m + (n — 1)(3m) = 80m
3mn — m = 80m
3mn = 81m
n=27

f u+(n-—1)d=u
x+(n—1)2x+3)=19x + 27
n(2x+3)—x—3=19x+ 27
n(2x + 3) = 20x + 30 = 10(2x + 3)
n=10

Exercise 6C
1 u,=19+(15-1)d=231.6
19+ 14d=31.6
14d=12.6
d=0.9
2 u,=u +(10-1)d=37
u,+9d =237 (call this equation #1)
u, =u +Q2l-1)d=4
u +20d=4 (call this equation #2)

(solve using simultaneous equation solver on GDC)

u =64,d=-3

3 3+2d=38
d=2.5
x=3+25
x=15.5

4 sinceu +d=u,m+d=13 (call this equation #1)

since u, +d =u,, 13 +d=3m—6
3m—d =19 (call this equation #2)
(add equations #1 and #2)

4m = 32

m=38

Exercise 6D

1 a ;’:uizzl
w2

— -1
u =u (1)

"= 16(%]6

WORKED SOLUTIONS

r=.=10
u =u (1!
u, =1(10)°
u, = 1000000
r=04

u =u (!

. =25(0.4)°
u, = 25(0.004096)
u,=0.1024
r=3x
u =u (!
u, = 2(3x)°

;= 2(729x°)
u, = 1458x°
poth @b _b

u, ab a
u =u(n) !
u, =a7b(§

Exercise 6E

1

3 a We want z such that
u, (n)"~'> 1000
u,=16andr=1.5, so

u, = u, (1)’

3.2 =507°

144 = -187

}’3:E:—8
-18

r=—2

u, (7’)2 = U,

u(-2)*=-18
=18__45

4

this equation can be
solved using the table
on the GDC, or by
using logarithms

16(1.5)"~! > 1000
(1.5 > 62.5

n=12

b u (n"'>1000.

u=1r=

2.4,

1(2.4)y"~! > 1000
2.4y~ > 1000

n=9
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-168

c u () '>1000.u =112,r= TR

112 [—%] > 1000

BRI P )
2 14’
n=7
d u ()'>1000.u,=50,r=2,=1.1
50
50(1.1)"~' > 1000
(1.1)"~1>20
n=233
4 Weknow u, = u,7?, so 9r* = 144
rr=16
r==4
Ifr=4
u, = u,(7)
u,=9(4) =36
5 187 =40.5
r2=203_2 25
18
r==1.5
Ifr=15
p=18(1.5) =27

bt

Ifr=-4
u, = u,(r)
u,=9(—4)=-36

If r=-1.5
p=18(-1.5)= -27

6 7=
uo U

dx+4 — 3x
Tx—-2 4x+4

(4x + 4)(4x + 4) = (3x)(Tx -2)
1652+ 32x+ 16 = 2142 — 6x
5x*—38x—-16=0

This quadratic
equation can be
solved using the
polynomial root
finder on your GDC.
There are 2 roots,

x=8 but the question
. asks for the
Exercise 6F -
s positive value of x.
1 a E‘in

b Write the series as 3% + 4% + 52 + 6> + 72

7
Then sum is Z n’

¢ Write the seringg as
[29 — 2(1)] + [29 + 2(2)] + [29 — 2(3)]
+ 29 — 2(4)] +[29 — 2(5)] + [29 — 2(6)]
Then sum is 529 -2n

n=1

d  Write the series as 240(%) + 240(%]1 + 240[%]2
1 3 1 4 1 5
+240(3 ) +240(5 ) + 2405

6 1’1*1
Then sum is Z 240 (;j

n=1

10
e Thesumis an

f Write the se;:izes asB(H)+ 1) +BR)+ 1)+
BGR+DH+@BA@+1)+--+B@B)+1)

The sum is 2311 +1
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WORKED SOLUTIONS

g Write the seriesas 3°+ 3! + 32+ 3*+ -+ + 3
11
The sum is 23”‘1

n=1

5
h The sum is Zna”

n=1

a Y @Bn+D=CBM+D+B@+DH+BB)+1)
n=l +(B@)+1)+@BGB)+1)+(3(6)+1)
+@B@+1D)+BEB)+1)
=4+7+10+13+16+19+22+25

b D 4'=4'+L2+4+4+4
a=1
=4+ 16 + 64 + 256 + 1024

c i(S(Z’)) = 5(8) + 5(16) + 5(32) + 5(64) + 5(128)
"~ = 40 + 80 + 160 + 320 + 640

a
d Y x"=xX+5+2 +28+5 +x0+x"
n=5

a Z(8n =5)=(8(1) =5) + (8(2) —=5) + (8(3) —5)
n=1 + (8(4) —5) + (8(5) —5) + (8(6) —5)
+ (8(7) =5) + (8(8) =5) + (8(9) =5)
=34+114+19+27+35+43+51
+ 59+ 67 =315

5
b D> (3)=3"+3+3+3"+3
T 2349427 +81+243
=363
7
c Ym=1+2+3+42+52+6"+ T
m=1
=1+4+9+16+25+36+49
=140

d D 7x—4=(7(4) —4) + (7(5) —4) + (7(6) —4)
x=4 + (7(7) —4) + (7(8) —4) + (7(9) —4)
+(7(10) —4)
=24+ 31 +38+45+52+59+66
=315

Exercise 6G

1

W

$a= 2(2(3) + (12 - 13)
S, =6(6 +33) =234

Sis=2(2(2.6) + (18 ~ 1)(0.4))
S,,=9(5.2 +6.8) = 108
8,,=21(2(100) + (27 - 1)(-6))

S,, = 13.5(200 — 156) = 594

Si6= 2(2(2 = 5x) + (16 ~ 1)(1 + x))
S,=8(4—10x + 15+ 15x)

S,o = 8(19 + 5x) = 40x + 152

Worked solutions: Chapter 6




5 u =120,d=-4. weknowu +(n-1)d=u,so
120 + (n — 1)(—4) = 28
124 — 4n = 28
4n = 96
n=24
24
24=7(120 + 28)
S,,=12(148) = 1776
6 u =15andd=7 Fromu =u + (n-1)d,
15+ m-1)(7)=176
Tn+8=176
Tn =168
n=24
24
g = 7(15 + 176)
S,, = 12(191) = 2292
Exercise 6H
1 Weknow § = g (2u, + (n—1)d). Here, u, = 4 so
Sy =21(2(4) + 29d) = 1425

15(8 + 29d) = 1425
120 + 4354 = 1425

435d = 1305
d=3
2 a Using§ = g (2u, + (n—1)d) with u, = 1 and
d=6,
.= 2(2(1) + (v~ 1)
S, = g(én ~ 4)
3’ —2n

b 3n’—-2n=2833
3’ —2n=833=0
(use polynomial equation solver on GDC)
n=17
Using §, = g (2u, + (n—1)d) with u, = -30 and
d=3.5,

n
S, = 5(2(_30) + (n - 1)(3.5))
Sn=§(3.5n —63.5)
1.75n* — 31.75n
b 1.75#>-31.75n =105
1.75n* = 31.75n = 105 =0
(use polynomial equation solver on GDC)
n=21
If we write as an arithmetic progression,
u, = 500, u, = 600, u, = 700, ...
December 2012 will be the 12th month. Using
u =u, + (n—1)d with u, = 500 and
d =100, we see that for n = 12,
u, =500+ (12 — 1)100

=500+ 1100
= 1600

b Using S = % Qu, + (n = 1)d)
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WORKED SOLUTIONS

S, = % (1000 + (12 — 1)100)
= 12600
5 Second term given by u, = u +d
5th term given by u, = u + 4d.
we’re told u, = 4u,, so
u +d=4u, +4d)
3u, +15d=0.
Also, using § = % (2u, + (n— 1)d), since we
know S, = —-20
we have —20 = g Qu, + 9d)
—20=10u, +45d. (equation 2)
(use simultaneous equation solver on GDC)
a=-20,d=4.
6 Since S = g Qu, + (n—1)d) and S,, = 108,,
Z(2(5) + 11d) = 10[%(2(5) + 2d))

6(10 + 11d) = 15(10 + 24)
60 + 664 = 150 + 30d
36d = 90

d=25

SZO=§(2(5) +19(2.5))
S,, = 10(10 + 47.5)

S, =575

(equation 1)

Exercise 6l

u =0.5andr=3.Using § = %
S, = 0.5(33121—1)

8, =222 =132860

0.3(2”-1)

-1

1 a

b §,=

\S]

¢ 5= 11((5'5)) ) 42.65625
d S1z=(x+12)(_2112_1)

_0.25(3"-1)

2 a S, o

Szo _ 0.25(348;784400) — 435848050

16((3)"_
b 520:9[(32) 1]

2
2

3(1-(-2)")
1-(-2)

g, = 3(-1048575) _ 1048575
20 3

~11819.58

c Szoz

Worked solutions: Chapter 6




(loga)((2) 20 )

d S,=

1
1048575(loga
Szo ( ) Iog(a1 048 575)

This type of equation
can be solved using

1
3 a i 1024@"226244

[g)" ' 6561
2) 256

logarithms.

n—1=8

n=9

1024 3 9 l]
ii S9=@=76684
-1
b i 274)"'=2764.8

(4)"~1=1024

n—1=5

n==6

i S,= ((4) 1) =27049%9) 36855

_-.s;
L

125(1 [2)8J
i 5= ) 16265375

d i 590.49@"20.01

[ 1 ]"“ _ 001
3) 590.49

n—1=10
n=11
590.49[1-(;]“]
i 5, =— % )_88573
=3
Exercise 6J

1 a u=256r=1.5
_256((15)"-1) _ 25.6((1.5) -1)

15—l 0.5
= 51.2((L.5) ~1) > 400

You can get these
values from the

S, =337.6, S, =532

n==6 tables on your GDC.
14(1-(-3)) _14{1-(-3)") _ "
b S =3.5(1-(-3)"|>400
§,=-280, S, = 854
n=>5
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WORKED SOLUTIONS

{9-) 29

e 8=ttt [(‘3‘]"_1}400
3 3
S, =353.75..., §,, = 471.005...
n=19
4 S 0.02((10)" 1) _ 0.02((10)" 1) - 400
10-1
§,=222.22,8,=2222.22
n=6
ug = ur® =y’
1.27°=291.6
7’ =243
r=3
In order to find §, ), we must first find u,. Now
,sou(3) =12

2 and r= 3 into

u, :ll So Substituting u= 15

S,= ul(’ D , we have

s ((3) 1) %((3)10‘1)_59043
10 3_ -

1 2 15
s = ul(r4 1)= ( —1):,_1
4 r—1 20 u,
s =4 5465 5 Do
7 r-1 5465 4,
Tlo oL, 20(r7- 1) = 546.5(r - 1)
20 546.5
2077 — 546.57% + 526.5 = 0
r=3

3.4 1

2 2
S,, =554.04..., S, = 831.147
n=21

=) ("), 304(,0-1)=1330( 1)
304 1330

304 — 13307 + 1026 = 0

r=1.5

u((1.5) -1

(151) =304 — #(2.375) =152

u, =64

Now using §, = ‘(r T withwu =64, r=1.5
_e4((1s)-1) ,

§,=———=12§((L5) -1)

S, = 2059

Worked solutions: Chapter 6




— u(r* -1) — u (r* 1)
6 S, ~ and §, —

r—

.since S, = 10S,,

4_1 2_1
(7 ):10(”1(’ 1 )J multiply both side by =1

r—1 r— U,

r*=1=10r2-10

r*=10r2+9=0
r=3

Exercise 6K

1 |r| <1 means that a germetiric series will be
convergent.

2 a 5—144[1_(;j4]=213.§

e

)
2 (3
d §,= — = 10.83
-3)
£49)
S, = 2(23] ~12.71
3]
9
S, = (22 =13.5
-3)
_ u1(1_73)_ 1-7° _1-r
3 §,= — =13 — T (1)
oo 27 2 _1-r
.71 T w . &)
Equatmg (1) and (2)
1P _2 a2
13 27 27
;’3=i —> r:l
27 3
putr—%in S,
M2 5 =9
2
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WORKED SOLUTIONS

5= El_'%) - 13.5(1—(;)5]

S,=134

ur = u,s024r’ =3 — p=l 5,21
8 2
2
since u ”* = u,, “1(%] =24 — u =96
=% _
S, = [1_1) 192
2
u2=u1(r):12—>r=% 1
S =4 =64 5l-r=4 5 r=1-4 (2)
1-r 64 64
(1):(2):;1—2—21:1;2 — u- (’;‘2 =12
— 64— (1)’ =768
(u,)* = 64u, +768=0
u =16 or43
r=04,8, =-=250
A =250
1-0.4
u, = 150
1 1-7°
5,= 40 - 3798 )
S, =" =4374 #: 4374(1-r)  (2)
—r -r
(1)=(2)=>4374(1 — r°) = 3798
437475 = 576
4374 243 3

S = (1_@) =7 4374 — u,= 1458
S, = Mz[léi)]— 4374[1_(97}

S =4118

Exercise 6L

1

2

u,=u, +5d,u,=u, + 3d. Since u, = 3u,, we have
u +5d=3(u,+3d) > u +5d=3(u, +9d)
— 2u, +4d=0
ug=u, +7d =50 :
Use simultaneous
! 20 equation solver on GDC. W
a =20
:u +4d=12+4d=15—>4d=3—>
d 0. 75

1, = 12 + 19(0.75) = 26.25

b 12+ (n— 1)(0.75) = 100 = 0.75x — 0.75 = 88
0.75n=88.75 > n=118.3
n=119

Worked solutions: Chapter 6




2500(1.06)3
$3984.62
b 2500(1.015)%
$4025.81
c 2500(1.005)*
$4035.36
4 OnGDC,let Y1 =12x— 7, and
let Y2 =0.3(1.2y"!
Using table, when xis 41, Y1 = 485,
and Y2 = 440.93
When xis 42, Y1 =497, and Y2 = 529.12
n=42

5 For arithmetic sequence, § = 2(75 + (n—1)100).

6(1.5" 1)
15-1 °

For geometric sequence, S =
n

On GDC, let Y1 =% and

let Y2 = %(2(75) +100(x — 1))
Using table, when xis 17, Y1 = 11811,
and Y2 = 14875
When xis 18, Y1 = 17723, and Y2 = 16650
n=18
6 200(1.05)*=232
275000(1.031)" = 500000

(1 .03 1)” = % (Use logarithms or other GDC methods.w

n=19.6 years

S =31y-21)=1
S,=32y-22)=38
S,=33yY-23)=21

b u=§-=
u,=8,-§=8-1=7
u,=8,-85,=21-8=13

c d=6
u=1+m-1)6)=6n->5

9 a §=2'"?-4=4
S,=22"2—-4=12
S, =2%*2-4=28

b u=5§=4
u,=8,-§=12-4=38
u,=8,-8,=28-12=16

c rZ%ZEZZ

10 After n months, species A has 1200(1.0125)"
spiders, species B has 50000 — (175)#x spiders.
On GDC, let Y1 =12000(1.0125)*, and let
Y2 =50000 — 175x.
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WORKED SOLUTIONS

Using graph (intersect) or solver (Y1 — Y2 = 0),
x = 86.039.
approx. 86 months
After 10 years Mohiro has 3000 x 1.03°
= $4031.75

120
After 10 years Ryan has 3000 {1 + %}

= $4048.06
So Ryan has $16.31 more than Mohira

Exercise 6M

[}

21(8-2)!

7Y\_ 71 _ 5040 _
(3} B 3!(7—3)1_@_35

2(720)

9)_ 9 _ 362880 _g
6) 61(9-6)!  720(6)

10)_ 100 _ 3628800 _ 5
3 )7 31(10-3)1 ~ 6(5040)

Exercise 6N

1

(SJ(J’)5(3)0 + (?j(y)4(3)1 " [2)()})3(3)2 +[§J(y)2(3)3
e[orer « CJorer
WO + GIOHEG) + (10O + 106927

+(5)(y)(81) + (1)(1)(243)
¥+ 159* + 90y° + 27052 + 405y + 243

(o )28 (-1 20" (1) + )20 (1)
{3 )28 (-1 2 (-
(D(A66Y)(1) + (H(BF)(-1) + (6)(46°)(1)
+(4)20)(=1) + (1)(1)(1)
166* — 320° + 240 — 8b + 1
(o)3a)" (2" +[0)3a (2]} +( 5 13a)"(2)"+( 134" (2)
+{5 (30 (2)"+()i3a) (2 +( i34 (2
(1)(729a5)(1) + (6)(243a°)(2) + (15)(81a%)(4)
+ (20)(274%)(8) + (15)(94%)(16)
+(6)(32)(32) + (1)(1)(64)

729a° + 29164° + 4860a* + 43204’ + 21604
+ 576a + 64

(S 2+ G2+ B )

Worked solutions: Chapter 6




WORKED SOLUTIONS

0+ 3 33N 5 [7)(3) a7 =(21)(283x) ) =5103x°
1)1 ) 5103¢%° = 81648x°
¥46x 412+ 8 51034> = 81648 — ¢* = 16
* g=14
5 (opr (DG (Jer Gy 7 (3)(4x)'(2] = (70)(256x*) L] = 17920
Borsllerfporlior L
2+ 8x7 y + 28x° 12 + 5645 y° + T0x4 y* + 561° 4 x *
+28x2 5 + 8xy” + 3° 9 (;’J(xf(l) - =[Z]x3
6 [ &)3a)" (20" +(} (30 (-20)'+[}(3ay' (25 s (o)
+[oe (20 + (-2 T EE——
(DE1a)(1) + (4)(27a)(=2b) + (6)(9a*)(4F?) 3 3H(n=3)(n=4)..(1)
+ (4)(3a)(=8F°) + (1)(1)(165*) = 2o-liazd) _ 2la-)(r2)

81a* ~216a° + 2164 —96ab® + 165* 2\ D) (r—2)r—3)..
r Otz (e (e B e
(el (5 + (e G s
| ol st
<

4 3 2
243¢5 + 810c¢ + 108(2)6 + 7203(:

d d d n—2=6
+ 2+ 2 n=8
S ENNC 10 (3Jr(e) ()%
o (L] arf (L] (Jesrier <[5
(1)(64x°)(1) + (3)(163;4)[%) [;’Jz”(”‘lgl(( _—2.’«3))((1;_—34))(’.1.(_1‘)1)”.(1)
¥ (3)(4%)[4%] ¥ (1)(1)[&] = 2-e-d) _ s(-la-2)
64x + 245" 4 3y£ + 87;3 (Z)z ( —14)'((,1—_24))(( —_35))(.;1@:)1)...(1)
Exercise 60 _ n(n—l)(r:l—!Z)(n—3) _ n(n—l)(;;;Z)(n—B)
1 @(x)s(—4)2 = (21)(x°)(16) = 336x° (:J(ZSJ: z(zj(f;)_)(n(n—lé)(n—Z)](zg")
2 (})(4y)" (-1 =(5)(256y*)1)=-12805" _ 2[(”(242)(3)](?6)
3 [{)(2a)(-30)" =(15)(4a*)(810* = 4860a°* [n(n_i)én_z)](z”)z(n(n_l)(fg_zz)(”_3)](2”)
4 @(9‘)0(‘2)9 = (1)(1)(-512)=-512 (n(n—l)(n—Z)):[n(n—l)(n—2)(n—3)J
6 3113 i B s 48 192
5 (S =20 pe)n)-20px 5 4 = 1)1 = 2)) = (1 — 1)1 = 2)(n = 3)
20p° x* = 160x° n—3=4
20p° = 160 — p* = 8 n="7

p=2
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WORKED SOLUTIONS

Review exercise 3 a wuy,=u +9d=25

1 a d=u,~u =7-3=4 Sw:?(zul+9d)=160
b u”=3+70(4)=283 =%(ul+[ul+9d])=160
c 3+4n-1)=99 > 4dn—1=99

using u, + 9d = 25, we see

an =2;00 Dl +25) = 160 — 5u; + 125 = 160
n:
Su, =35
2 a r= %_2761 - % u, - 7
: 7+9d=25
_ Iy _
b u=64;)=1 9d= 18
* 3
-3 () b S, =24(2(7) + 23(2)) = 720
3 a u=u +5d=25 4 a u =3,u=ur=9.
— - 37 =96
2323144- 11d =49 Lfgubtract the first equation A =32
rom the second. _
d=4 r=2
b u, +5(4)=25 b u =3(2""),s03(2"" ") > 3000
u =5 2"-1>1000
4 a u,=22+2d=38->2d=16—>d=38 n—1>9.97
u,=x=22+8=30 n>10.97
n=11

b u, =22+ 30(8) = 262
5 3(3)=3+3+3+3=349+27+81=120

a=1

arithmetic sequence: u, = 28 + 50(n — 1)
geometric sequence: # = 1(1.5)""!

On GDC, let y, =28 + 50(x — 1) and y, = (1.5)*".
Using table, we see y, becomes bigger than y,

b §,="2% -5%0_320 when 7 = 18.

=

1 3 3
1-— e
( 4) [41]2 . 6 u3=u1(rz)=45—>u1 =%
— U X 2 )
7 Sincer PR Ryt 9x* =144 s = w(1-r7) _ 2735 > u = 2735(1-r)
x2=16 1-r (1-77)
x =14 5 27(315(1;)’) > 45(1 - 1) = 2735r2(1 - 1)
5 3/m\2 r -r
® (ZJ(Z’C) (3) = 10(8x7)(9) = 720x° 45 — 4547 = 273572 — 273573
9 a 4,=3d=23+2n-1)=35-> 4577 — 27357% + 273572 — 45 = ()
2n+1=35—2n=34 r=-3
n=17 u = B _5

7 (s =i =%

8 @("’5)5(2)3 = 56(ax")(8) = 448a°x® = Lx°

b 517_= 7(2(3) +16(2)) = 8.5(6 + 32) = 323

Review exercise
25
1 a §,=2(2(4)+24(d)) = 1000

12.5(8 + 24d) = 100 + 3004 = 1000 4480° =
3004 = 900 11
d=3 7168 1024
1
b u,=4+16(3)=52 a=1
2 a u,=3+6215)=9 9 a In2040, 7= 30.

3.4(1.016)° ~ 5.4738

b 5(2(3) + (n —1)(1.5)) = 840 approx. 5.47 million

2

g(l.Sn + 4.5) = 840 b 3.4(1.016)" =

1.572 + 4.57 = 1680 Use quadratic (1.016)" = 3l4
1572+ 4.52— 1680 = 0 SelLEion S0l n=~4549

n=32 on GDC. the year will be 2055
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WORKED SOLUTIONS

Solutions

20 121 182 1093 1640
Answers 4 12 243 1258 2187
. Look at the decimal value of the terms. To
Skills check five decimal places we have: 0.74074, 0.74691,
1 a 9x*+ 15x%+3x 0.74897, 0.74966, 0.74989. The terms in the
=3x(3x3 + 522 + 1) Remember this sequence get closer and closer to 0.75. The
b 4x?—9=(2x+ 3)(2x - 3) is the difference sequence is convergent and the limit is 0.75

of two squares.

5 3,4,3,4,3,4,...
2= 5x+6=x2—2x—3x+6 The terms are alternating between 3 and 4

(th ing cl fixed value. Th
=x(x—2)—3(x-2) without getting closer to a xed value. The
(x—3)(x—2) sequence is divergent.
=(x — x —

d 2x2—-9x%x—-5=2x2+x—-10x—5

=x2x+ 1) = 52x + 1)
=(x=52x+1)

Exercise 7B
1 lim(x*+1)

3 — 3 0 2 1 1 2 0 3 X f(X)
2 a (x+2) :1§x) (2)2+ 342 + 3(%)'(2)° + 1(x)°(2) 25 | 7.9500
S0 H 6t 12+ 8 2.6 | 7.7600
b (Bx—1)'=10Bx)*-1)° + 4(3x)*(—1)' + 6(3x)*(7)? 2.7 182900
+ 4(3x)'(=1)* + 1(3x)°(-1)* 58 | 8.8400
=81x* + 108x3(—1) + 54x% + 12x(—1) + 1 2.919.4100
=81x*— 108x3 + 54x2 — 12x + 1 3.0 | 10.0000
c  (2x+3yy =12x)°3y)’ + 3(2x)°(y)" + 3(2%)' (3y)? 3.1 ]10.6100
+ 1(20)°(3yy’ 3.2 | 11.2400
= 8x% + 36x2y + 54xy? + 27y° MR REY 3.3 11.8900
3 a L_y6 3.4 | 12.5600
x° f(x) =x?+ 1 approaches 3.5 | 13.2500
b 4 =4y3 10 as x approaches 3 from
* 1 above and below. Therefore
c 5Jx =5x lim(x? + 1) exists, and lim(x? +1) =3 +1
d =y =x ~10
e L=-T_=7(3):=Tx
Wy 2 1}3}% x | fn
Exercise 7A ; 0.5 | 3.2500
1 1,357 .. 4 -0.4 | 2.7600
The terms in the sequence keep getting larger ] —0.3]2.2900
without bound, therefore the series is divergent. —0.2 | 1.8400
2 3.49,3.499, 3.499, 3.4999, ... ' —0.111.4100
The terms in the sequence get closer and closer to 5 X 0
3.5. The sequence is convergent and the limit is 3.5 0.1 |0.6100
L1 1 . 0.2 |0.2400
3 10" 100" 1000° " 10.000" 0.3 |-0.1100
Although the terms are alternating between positive -4 0.4 | —-0.4400
and negative, they are getting closer and closer to 05 | -0.7500

zero. The sequence is convergent and the limit is 0.
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Although the function is undefined at 0 it has a
limit of 1 at 0

f(x) = "3‘4%” approches 1 as x approaches 0,

from above and below. Thus, fim 4% +% exits, and
x>0 X
Lm* =45 — lim(x? — 4x +1)
=0? —4(0) +1
=1
3 lim* -3+2 x | f(x)
x—2 —
¥ -2 1.5 | 0.5000
% 1.6 | 0.6000
N 1.7 | 0.7000
) 1.8 | 0.8000
14 1.9 | 0.9000
AP I P X°
2.1 1 1.1000
2.2 11.2000
2.3 |/ 1.3000
2.4 | 1.4000
Although the function is 2.5 | 1.5000
undefined at 2 it has a limit of

Oat2

f(x) = % ;3_’"2 2 approaches 1 as x approaches 2

from above and below.

x*=3x+2

Thus, lim=—=-= exists, and
P

lim © =252 _Jim =2 =D fim(x — 1) =2 - 1=1

x—=2 x -2 x—=2

1

4 lim— x f(x)
N 3.5 | —2.0000
g: 3.6 | -2.5000
2 3.7 | -3.3333
5 3.8 | -5.0000
S0 T 45 6 7 X 3.9 | —-10.0000
-2 4.0
-3 4.1 | 10.0000
1 4.2 | 5.0000
4.3 3.3333
4.4 | 2.5000
4.5 | 2.0000

lirréllL4 does not exist at 4 since the function
X—> X —

approaches —oo from the left side of 4 and = on
the right side of 4.
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x+3 forx=>1

5 lim f(x); where f(x)=
= —x +5for x <1

Y x | f(x)
- 0.5 | 4.5000
8 0.6 | 4.4000
7 0.7 | 4.3000
6 0.8 | 4.2000
5 0.9 | 4.1000
4- 1.0 | 4.0000
34
2+ X f(x)
1 1.0 | 4.0000
— 5 — 1% |1.1|4.1000
5 4 -3 2 -1 1 2 3 4
-14 1.2 | 4.2000
1.3 | 4.3000
1.4 | 4.4000
1.5 4.5000

lim f(x)=4 since f'(x) approaches 4 as x gets
close to 1 from either side.
x2+3 forx>2

6 lim f(x); where f(x)=
Py 5 forx<2

Y x | f(x)

1.5 | 1.5000
1.6 | 1.6000
1.7 | 1.7000
o 1.8 | 1.8000
;| 1.9 | 1.9000

X f(x)

2.0 | 7.0000
2.1|7.4100
. 2.2 | 7.8400
3 4 2.3 |8.2900
2.4 | 8.7600
2.5 19.2500

f approaches 2 as x approaches 2 from the left
and fapproaches 7 as x approaches 2 from the
right. So lim f(x) does not exist.

Exercise 7C
1 f(x)=3x+4
flx+h)—f(x) _ [3(x+h)+4]-(3x+4)
h h
_ 3x+3h+4-3x-4 _ 3h _ 3
h h

Worked solutions: Chapter 7




2 f(x)=2x-1

fl+h)—fx) _[26+h7 -1]-(247 1)

h h

3 [2(x2 +2xh+h2)—1]—(2x2 -1)

h

_ 2% +4xh+ 2K —1-2x" +1

h
_Axh+2K?
T
_ h(4x+2h)
Tk
=4x+2h

3 f(x)=x"+2x+3

Flrah)— flx) |G+ +20x+ 1) +3] (57 +2x+3)

h h

[(x2+2xh+h2)+(2x+2h)+3]—(x2+2x+3)

_ X +2xh+ B +2x+2h+3-x"—2x-3

h
_ 2xh+ W2 +2h
=
_hQ2x+h+2)
- h
=2x+h+2

Exercise 7D

1 f(x)=2x-3;x=2
1y — 1iom SO ) = f(2)
f1(a)=1lim PR

_fim 20+ 1) =3]-(2x-3)
h—>0 h

_[jm2¥t2h—3-2x+3
h—0

2 f(x)=3x*4+2x;x=-3
Sy =l S

=lim

[3(x +h)? +2(x+ h)] — (3% +2x)

=0 P

[3(x2 F2xh+ H2)+ 2(x + h)] —(3x% +2x)

=lim
h—0 h

3x2 +6xh+3h° +2x +2h—3x> - 2x

=lim
h—0 h

— [ 6¥+30 + 21
h

=lim(6x+3h+2)
=6x+3(0)+2
f(x)=6x+2
m= f"(-3)
=6(-3)+2
=-16

WORKED SOLUTIONS

3 f(x)=x?—x+2;x=1
f’(x)=1imf(x+h)_f(x)

=0 h

=lim[

(x+h)2—(x+h)+2]—(x2—x+2)

h—0

=lim

[(x2+2xh+h2)—(x+h)+2]—(x2—x+2)

h—0

h

X2+ 2xh+ P —x—h+2—-x>+x-2

=lim
h—0

— Jjp 2+ = h

= 7
=1}1i_rg()1(2x +h-1)
=2x+0-1

f(x)=2x -1
m=f'(1)
=2()-1=1
Exercise 7E
1 f(x)=x
f(x)=5x""1=5x*
2 f(x)=x®
f(x)=8x%"1=8x7
3 fl=1
X
_x—4
f)=—dx+
=—4x5=-12
xS
4 f(x)=¥x
—
Fl=1a
=1x_%

3

1 1
=_—_ 0Of ——

3x% ' 3%/x_2

5 fe=+
1
=x 2
f)=-1x7"
i
2
1 1
= — or —
ERN
6 f(x)=¢x
:x%
fla)=2x
_3,%
5
= 32 or 53 2
5x° Nx
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Exercise 7F
1 =%

=2x78
S(x)=2(-8x*")

=—16x""°

_ 16

x9

2 f(x)=5
Sf(x)=0

3 f)=xr-3
=x-3x72
Fi(x)=3x"=3(=2x2")
=3x>+6x7

—3x2 48 or 316
x3

x3

4 f(x)=nx°
f'(x)=rx(5x")

=5rx*

5 f(x)=(x—-4y
=x>-8x+16
f(x)=2x""-8(1x)+0
=2x—8x°
=2x-8

6 f)=F-4%E
:x%_4x%

fr(x):1x§—1_4[;x;1J

2

f)=3(-2x7)

=_3 4
2
_3

2x3

_ 3
8 f(x)—w
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flx)=12—x*
f(x)=0—4x*"
=—4x3

10 f(x)=Vx(¥x +47)

111
=x2|x3+x4

5003
=x6+x4

f’<x)—5[xi-l ]+3[xi-1}

6 4

1 1
:Ex 6+ix 4
6 4
5 3 5 3
=2 4+ ° or >+
1 1 6% 4%

6x6  4x4

11 f(x)=3x*-2x*+5

f(x) :3(4x“‘1)—2(2x2‘1 )+0
=12x%—-4x

12 f(x)=2x*+3x+7

S(x)=2(2x*")+3(1x)+0
=4x+3x°
=4x+3

13 f(x):x%+2x%+l

f(x)= %x%'l +2[;x;_l ]+0

1 _2
=gx 3+gx3
3 3
TN IPW S
3x3  3x% 3Ux 3x?

14 f(x)=2x(x*-3x)

=2x3—6x?
f(x)= 2(3x3‘1 ) - 6(2362‘1 )
=6x>—-12x

15 f(x)=(x"+3x)(x-1)

=x>+2x> - 3x
fi)=3x""+2(2x"") = 3(1x')
=3x +4x-3x°

=3x"+4x-3

Exercise 7G

1

%

flx)=x"-4x yr3=-20-3) A 0=
f(x)=2x-4 >
, 4 320 2 3 p¥
mtangent :f(3) " /
=23)-4 3
=2 -:
I T y+3=2(x-3)
mnormeﬂ: 5
tangentline: y+3=2(x-3)ory=2x-9
normal line: y+3=—%(x—3) ory=—%x—%

Worked solutions: Chapter 7




2 a fr)=x>+2x+1at(-3,4)
fl(x)=2x+2
m= f'(-3)
=2(-3)+2
=4

y—4=—4(x+3)ory=—-4x—-8

b f(x)=2Jx+4atx=1

F()=2J1+4
=6

Flx)=2x2 +4
f(x)_
m= f(l)

| =

N | =

1
=1
y—6=1(x—1) ory=x+5

c

flx)=2
=x+6x"

f0=1-=

m=f(3)

6
=1_37

W | =

y—5=§(x-3) ory= §x+ 4

d f(x)=é/§+% atx=1

fW=¥1+
=9

f(x)= X1 +8x7
fl)=txi48

1
3

m= f(l)

3
1y
2

mw‘ L

L4

3 3

amt ?
15

4

y-9= (x Dory=- Xt
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WORKED SOLUTIONS

a  f(x)=2x"-x-3at(2,3)

fl(x)=4x-1
—— )]
=4(2)-1
=7
m. I=—l
normail 7

y- 3——f(x 2)ory=— x+23
b f(x)=———2 atx=-1
X X

f(=D=
=-5
fx)=4x"-x>2
f)=-5+2
Mgen = (1)

4 2
Ty ey

(-1

m

_1
normal g
29

=1 --1,_2
y+5—6(x+1)ory_ X%

¢ fx)=(2x+1) at(2,25)

=4x*+4x+1
f (x)=8x+4
e = L)
=8(2)+4
=20

1
mnormal = _%

y- 25———(x 2)ory= —x 251

d f(x)=2e/z-;iz atx=1
SO =2¥1-5

=-2
1
f(x)=2x3-4x"
' 2 8
f'(x)="5+5
3x3
tangent f(l)
=2 48
z2 3
3(1)3
=2
3
mnormal = _i
26
y+2= ——(x Dory=—--x —5—2




4 f(x)=x"-3x
f(x)=3x"-3
vertical normal lines = horizontal tangent lines
= f'(x)=3x>-3=0
3x* — 3 =0 since horizontal tangent lines have
zero gradients
3(x-D(x+1)=0
x=1,-1
So the vertical normal lines are x = 1 and x = —1.
5 f(x)=2x"+kx -3
fl(x)=4x+k. f'(-1)=1,s0

4-D+k=1
k=5
Exercise 7H
1 f(x)=4Inx
F@=4(;)
4

2 f(x)=e+Jx
1

=e*+x2

1

f’(x):e"+%x 2
:e"f-|-i1

2x2
3 f(x)=Ine* +Inx
=3x*+Inx

fl(x)=12x3 +§
4 f(x)=61“4"2+3x+1
=4x* +3x+1
f(x)=8x+3
5 f(x)=2¢"+Inx
f'(x)=2ex+§
6 f(x)=5¢"+4Ine*

=5¢" +4x
fi(x)=5¢"+4
7 f(x)=4e" -7

First, evaluate f(x) at x =1n3
f(n3)=4¢" -7
=4(3)-7
=5
so f (x) passes through (In3, 5).
fl(x)=4¢e"
m= f'(In3)
— 4eln3
=4(3)
=12
y—=5=12(x—-1n3)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

8 f(x)=ln(e"z)
=x?
f(x)=2x
mtangent = f I(_3)
=2(-3)
=—6
1

normal_g
y—9=%(x+3)

9 f(x)=Inx
f(e)=Ine
=1
so f (x) passes through (e, 1).
f10=
m= f'(e)
1

e
X

y—lzé(x—e)oryz =

(S
10 f(x)=2x>+e* -3
=2x?+x-3
f(2)=2(2*)+2-3
=7
so f(x) passes through (2, 7).
fl(x)=4x+1
—— )]
=4(2)+1
=9
I |

normal — 6
y—7:—é(x—2)ory=—éx+%5
11 f(x)=2¢" -5
fi(x)=2¢"
f(3)=2¢"=40.2
12 f(x)=Yx+Inx
:x%+lnx

f@)=—5+
f@®)=-—

%?

12 8

=2 ~0.208
24

W

+

0| —

—_

Exercise 71
2
1 f(x)==
x—4
1) — (F=92x) - (<)1)
f=0=2200
:2362—835—352
(x-4)
=x2—8x
(xr—4)

Worked solutions: Chapter 7




2 fx)=02x +x> +x)(x* +1)
Fl(x)=Q2x> + 57 +x)(2x) + (x> +1)(6x% +2x +1)
=(4x* +2x° +2x7) + (6x* +2x° +7x> +2x +1)

=10x* +4x° +9x* + 2x +1

3 flo=22

()| = |- (nx)(1)
f(x)—JJ—x

1-Inx

XZ

4 f(x)=e"Inx
f@)=() Jranx)e)

ex
=—+e*Inx
X

5 f(x) x+4
70 = (x+ D) - (x-2)(D)
f(x)—w
_x+4-x+2
T (x+4)
_ 6
_(x+4)2

6 f

_(e +I)(e e )(e*
o=
:e"+e —e*
(e +1)°
_ e

(¢ +1)

7 f(x)=e (5% +4x)
F(x)=(e")15x% +4)+ (5x” + 4x)(e)
=" (5x° +15x% +4x +4)

8 fln=3"
f@)=

(2 +1)(=2x) — (2 — x*)(3x?)
(x* +1)°

— (—2x* —2x)— (6x7 —3x*)

(x° +1)
— x*—6x* -2x

(x*+1)?
9 f(x)=uxe"
S (x)=(x)(e")+(e")D)

=e"(x+1)

horizontal tangent = f’(x)=0
eF(k+1)=0

=0 or k+1=0

k = —1since ¢* #0 for any ke R.
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WORKED SOLUTIONS
10 f(x) x+1
_(x 1)(1) (x+D(®)
Fllry =000t
:x—l x—1
(x-1y
_2
(x -1y’
1

x+2y=10:>y=—%x+5:>m:_5

parallel lines have the same slope = f"(x)=-—
2 1

RTE)
(x-1?%=4
x—1=+J/4
x=1%2
x=3, -1

f@)=31=2; f(-)=""1=0
y—2=—5(x—3), y—0=—5(x+1)

1
2

Exercise 7)J
1 f( ) 2x —Sx
:§(2x3—5x)
Fx)= %(6x2 —5) or 2x2 —g

2 f(x)=(x"-5)(x*+5)
=x*-25

f(x)=4x"

3 f(x)=2e"(x%)
f(x) = (2¢")(2x) +(x*)(2¢")
=4xe* +2x%e"
=2xe" (2+x)

4 f(x)—f

f(x)—(x )(2e")—(2e7)(2x)
(x*)

— 2x%e* —4xe*

4
X

— 2xe* —4e”

xS

3 4
x)=e" +
5 fr)=e+ ks

_4
=x3+4x 5

9
f(x)=3x? —%x_g

Worked solutions: Chapter 7




6 fn=1

’ (e1)2x)—(x")(e*
Fo= R
—(eN)2x - x%)
()

_ 2x—x*

Ve

flx)=——

22 +1
7 _ (P +D2x) - (xH)(2x)
f (x) - (xz + 1)2
_ 2% +2x-2%°
T
. 2x
T (1)

N

8 f(x)=3xInx
F@)=60; frannE)
=3+3Inx
9 f(x):xz—ierl
=x-2+x7"!

f)=1--
10 f(x)=vx(x*+1)

5001
=x2+x?
f'(x)zéx%Jrlx*%
2 2
3
:%xZ +L

1
2x?

1 f(x)=—2

x*-2x+1

o (7 = 2x +1)(1) - ()(2x —2)
S )= (¥ —2x+1)
(2 —2x+1)—(2x7 —2x)
- (x> —2x+1)
—x*+1
TP -2x+1)
_ —(x-D(x+1)
e
__(x+]
Rt

12 f(x)=(x" =3x)(2x* +3x+5)
F(x)=(x" =3x)(4x +3)+(2x* +3x +5)(3x*> - 3)
=(4x* +3x° -12x* - 9x) +
(6x* +9x° +9x* —9x —15)
=10x* +12x° -3x> —18x—15
13 f(x)=xe*—¢*
SM=D)()—e
=0
F)=[(x)(e)+(e)D)]-e

=xe*
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14

15

16

17

18

WORKED SOLUTIONS

mtangent = f ,(1)
=((e")

=€

fx)=x’Inx
S(M=()(n1)

=0
F@)=() { JrnnE)

=x2+3x’Inx

m= f(1)

=12+3(1?)(In1)

=1
y—0=1(x-1) ory=x-1
c(n)=—4.5n*+3.5n-2
%=9n+3.5

A=§7rr3

4 _(4 )
& (gﬂj@r )
=47r?
(t)=2t>—t+1
_gr1
dr

fT =4(2)-1
=7

L +3)]=()D+E+3)(E)

=e'(t+4)

e (t+h)= k=4

Exercise 7K

1

f(x)=03x" +2x)°

u(x)=x’

v(x)=3x" +2x

F(x)=50Bx" +2x)*(12x* +2) or

103x" +2x)* (6x° +1)
f(x)=402x" +3x+1)°
u(x)=4x>

v(x)=2x" +3x+1
f(x)=122x° +3x +1)’(4x +3)

f(x)=1n(3x")
u(x)=Inx

v(x)=3x"
f’(x)=(315)(15x“)

R |w

Worked solutions: Chapter 7




10
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f(x)=3/2x+3

u(x) =x3
v(x)=2x+3

f'(x)= [;<2x +3) 3 ] @

2

2

32x +3)°
flx)=e"
u(x)=e"
v(x)=4x
f'(x)= (" )(4) = 4e™
f(x)=(nx)’
u(x)=x*

v(x)=Inx
f’(x)=3(1nx)2(i)

_3(nx)
T X

f(x)=0x+ 2)§
u(x)= xg
r(x)=9x+2

f'(x)=[§(9x+2)‘3]<9)

6

1

9x+2)°
f(x)=2x"+3
1

u(x)=x*
v(x)=2x"+3

fi(x)= |;11(2x2 + 3)'2](4;5)

_ «x

@x + 3)3
f(x)=5(x" +3x)*
u(x) =5x*

v(x)=x"+3x

F(x)=20(x +3x)’(Bx* +3) or
60(x° +3x)’ (x* +1)

flx)=e*
u(x)=e"
v(x)=4x>

f(x)= (64"3 )(12x2) — 124204

WORKED SOLUTIONS

Exercise 7L

1 f(x)=x*(2x-3)*
f1(x) = (") 4(2x -3)°(2) |+ (2x - 3)* (2%)
=8x"(2x-3)* +2x(2x - 3)*
=2x(2x—3)’(4x +2x-3)
=2x(2x—3)*(6x-3)
=6x(2x —1)(2x - 3)°
2 f(x)=x’¢”
F@) =) e (=) ]+ (e )2x)
=e ¥ (—x* +2x)

2
_ —x +2x

x
4

3 flx)=-2

x +3

=4(x*+3)"
F(x)=[-4(" +3)7 |(2x)

— —8x
(" +3)°

4 =4

V2x+1

X

1
(2x+1)?

2x+ 1)%(1) —(x) [% 2x+ 1)7% (2):‘

((2;: + 1)% J

X

f(x)=

1
Qx+1)? -

1 1
Q2x+1)? (2x+1)°
2x+1 !

2x+1)?
2x+1)-x

3

Q2x+1)?
_ x4+l

3
(2x+1)?

5 f(x)=ve +e™
— (€2x + e—Zx )%
f@)=5 +e™) 2 [+ )-D)]

_1
:%(32’: +e—2x) 2 [2(62x _e—2x )]

(f,’“+ffzx)E
6 f(x)=In(1-2x%)
flx)=—1(-6x?)

1-24°
— —6x° 6x7
1-24° 2x° -1

Worked solutions: Chapter 7




7 f(x)=In(Inx?)
rer-[i 3o

=2(e*+e)?!
f(x)= [—Z(ex +e* )_2}(8" +e*(=1))

— 2(e* =€)
(e +e)

1
A e vy

:( ? —3x—2)
F@)=[-1(x* -3x-2) " J@x-3)

— —2x+3
(x2 —3x - 2)2

10 f(x)=x*Vx>+3

1
=x*(x* +3)?

-1

fl(x)= (x4){;(x2 + 3)‘% (2x)} +(x+ 3)% (4x%)

s 1
= 4 (2 +3)
(* +3)

1 1
s - 2 v
= ¥ 4 4x3(x2 +3)2- &)

(x*+3)? (x* +3)?
— x° i+ 4x°(x* +13)
(432 (¥ +3)?
— 5x°+124°
(«* +3)%
11 a f(x)= e
FE@)=(e"")2x-2)
b f(2)=("?)2@)-2)
=¢"(2)
=2
¢ f@)=¢
=1
The tangent at (2, 1) has gradient m = f"(2) = 2
y—1=2(x-2)
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13

14

WORKED SOLUTIONS

f(x)=x’Inx

f(x)= (x3)(iJ+ (Inx)(3x)
=x"+3x"Inx

horizontal tangent line = f'(x)=0.

x> +3x*Inx=0

x*(1+3Inx)=0

x*=0o0r1+3lnx=0

x=0or Inx=-1

3
1
elnx — 6_5
x=0or x=L
e
h(x)=(f °g)(x)
= f(1-2x)
_ 1
(1-2x)
The gradient of h is /#'(x).
_ 1
h(x)= 2y
=(1-2x)7
H(x)= [—3(1—2x)‘4](—2)
-_ 60
1-2x)*

Since 6 < 0 and (1 — 2x)* > 0 for all x where % is
defined, the gradient of # is always positive.

x| f(x) g(x) | f(x) g'(x)
31| 4 | -3 2
4, 2 | -1 3 4

a (fog)(x)=[f(gx)]g ()
(fo8)Y3)=[(eB)]gB)
=[f®]g3)
=3(2)
=6

d 1 d -2
b o el (e)]
=[2(e) (&)
—_2(d™)
(8(x)”
d[ 1 } __2(g®)

d —_24
dx | [T

o (s@)”
=8

Worked solutions: Chapter 7




Exercise 7M 7
1 f(x)= 4x%
Fl(x)= 4[;x; J
= 6x%

F(x) = 6[;95; J

o

2 f(x)=3x"+x"+2x+1
F(x)=15x" +4x° +2
f(x)=60x" +12x7
F7(x)=180x" +24x

3 C(n)=CB+2n)e™

% =(3+2n) [(ﬂ' )(-3)] +(e™)@)

e o252 ’
= (3_3" )(—7 - 6n)
L (e)(-60)+ (-T-6m[(e7)(-3)]
=3¢ [-2-(-7-6n)]
— 3¢ (61 +5)
4 d_4
dx «x
=4x!
by e 10
dx?
&y _gy-s
dx}
8
s
5 j%’ =In(4x?)
NEe
=3 or 3x!
X
4 _ 342
dxé
-3

X

6 R(t):%tln(tz)

2l 1

=1+%ln(t2)
dr| _ 1 —1\2
EH—HEIn(( 1?)

1,1

_1+5(0)

=1

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

y=x"+3x"+2x+4
Y(x)=3x" +6x+2
Y'(x)=6x+6
»()=6
»9()=0

O ()=0

Soforn=4, % equals 0

y=e*+e*
D
%=e" —e (=) =e"+e*
%=e" +e*(-1)=e*—e*
j;—{=e" —e*(-)=e"+e

When 7 is odd % =¢*—¢* and when 7 is even
4 —ox o
o

The slope of f(x)= 3x? is f’(x) and so the
gradient of the slope is f”(x).

Fx)=3Yx"

=3xS
3
f@)=2x
8

”x :—ﬁ_xig
£ =-18

Exercise 7N

a 70)=-4.9(0*)+19.6(0)+1.4=1.4m
h(2)=-4.9(2*)+19.6(2)+1.4=21m

b average spee d = distance travelled

time taken
_ h(2)-h(0) _ 19.6m
T 2-0 0 2s
=9.8 ms™!

Worked solutions: Chapter 7




c v(@)=H()
=-9.8:+19.6
v(1)=9.8 ms™
»(2)=0ms™
v(3)=-9.8 ms™

The ball is moving upward at 1s, at rest at
2s and downward at 3s.

2

- _r
V)= 4000(1 m )
V(0)=4000 gallons
V(20)=1778 gallons

V(2)-V(0) _-2222 gal _
20-0

During the time interval 0 to 20 minutes,
water is being drained from the tank at an
average rate of 111 gallons per minute.

c V(@)= 4000(1_;0)2
V(t)= 8000(1_51 ;T; )

:ﬂ(l_L)
3 10 60

V’(20)=-89 &L
min

~111 £L

20 min min

At 20 minutes, water is being drained from
the tank at an average rate of 89 gallons per
minute.

d V’(t)=‘400(1—6‘0)

3

40011t |=0
3 60

1-L=0
60
=60

V() is negative for 0 < ¢ < 60 minutes, which
means water is flowing out of the tank during
this time interval. Therefore the amount of
water in the tank is never increasing from

¢t = 0 minutes to ¢ = 40 minutes.

P(£)=100e">
P(10)—P(0) ~ 1118 bacteria =112 bacteria
10-0 10 day day

b P(r)=100¢">"
P/(£) =100°% (0.25)
P/(l_) — 2560.251‘

c  P’'(10)=25¢%%¢

~305 bacteria
day

End of day 10 the number of bacteria are
increasing at rate of 305 bacteria/day.
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WORKED SOLUTIONS

C(n)=0.051> + 107+ 5000

C(105)~C(100) _ 101.25 dollars
105-100 5 units

— 20'25 dollars

unit
€(101)—C(100) _ 20.05 dollars
101-100

1 unit

:20 05 dollars
’ unit
C'(n)=0.1n+10

C'(100)=0.1(100)+10
—p(dollars
unit
It costs more than 20 dollars per unit to
produce units after the 100" unit.

Exercise 70

1 a

s(t)=1" -6t +9¢
(1) =5'(¢)
=3t" 12t +9

s(0)=0cm

v(0)=9 cms™
The particle is at rest when »(f) = 0
3t° 12t +9=0

3(t* -4t +3)=0

3(t-1)(t-3)=0

t=1s,3s

Use the initial displacement and find the

displacement of the particle when it is

at rest.

s()=4 cm; s(3)=0 cm

Make a sign diagram for velocity to see which

direction the particle is moving.

Choose a value of ¢ in each interval and find

the sign of (¢):

te (0,1):1 =, v@ - 3@ - 12@ +9
=3.75>0

te (1,3):t=2,v(2) =32y -122) +9
=-3<0

te (3,0):t=4,v(4) =34} -12(4)+9=9>0

signs of v ++++ - - - - - .
r

T T >

time(s) 0 1 3

i —

0 4 S
s(t)=—16t" +40t + 4
s(0)=4ft
s(2)=—-16(2%)+40(2) + 4
=—64+80+4 =201t

—
Il
w

t

Worked solutions: Chapter 7




c i -16:7+40r+4=20
i —16t> +40r+4=20
—16¢* +40t—-16=0
_8(2t—5¢+2)=0
=2Q2t-1)(r-2)=0

t==s,2s

d i s(t)=-16¢>+40r+4
ds = _32¢+40
dr

it v(r)=-32¢t+40
v(0)=40 fts™
ili -32r+40=0

t=>s
4
iv The maximum occurs when velocity
equals 0 ie when ¢ =§ S.

5)_ 5 5
S(Zj——16(1j +40(Zj+4
=-25+50+4
=20ft
3 a v=%=—te‘f+e‘f
=e’(1-19
_1-5
=g
b v=0whent=1

So particle is at rest after 1 second
Exercise 7P
1 a s(r)=2t"-6t
() =5'(¢)
v(t) =8t —12¢,t>0
a(t) =v'(r)
a(t)=24t>-12,t>0
b a(t)=24t>-12
a(2)=84 cms™

Velocity is increasing 84 cms™ at time
2 seconds.
c v(t)=0

8’ —12t=0

4r(2t* -3)=0 M1)<0 u2)>0
signs of v P

t=0s, 1.22s 0 5

a(t)=0 a(%)<0 a(1)>0

24t -12=0 signs of a . S -

122> -1)=0

t=0.707 s
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WORKED SOLUTIONS

Speeding up when velocity and acceleration
have the same sign: 0 <7< 0.707 and
t>1.22 s. Slowing down when velocity

and acceleration have the different signs:
0.707 <r<1.22s

s(t)=—t> +12¢* =36t +20

() =5'(¢)

v(t)=-3t" + 24t - 36

a(t)=v'(r)

a(t) =—6t +24 W1)<0 ¥(3)>0 (7)<0
s(0)=201t

v(0)=-361t/s

a(0)=24ft/s

v()=0 signs of v e oo bt
—3t* +24t-36=0  time(s) 0 1 3
=3(¢* -8t +12)=0

“3(t-2)(t-6)=0

t=2s,6s

The particle is moving left on (0, 2) and (6, 8),
and moving right on (2, 6).

a(t)=0

—6r+24=0

t=4s

signsofvl----l ottt o
0 2 6 8

signs of @+ttt - o oo oo o
r

T >

0 4

Speeding up when velocity and

acceleration have the same sign: (2, 4)

and (6, 8)

Slowing down when velocity and acceleration
have the different signs: (0, 2) and (4, 6)

s(t)=-4.9t> +4.9t +10

(1) =5'(r)

v(t)=-9.8t+4.9

a(r)=v'(r)

a(t)=-9.8

The diver hits the water when s(£) = 0

s(¢)=0
) 5 Use a GDC to solve for the
—4.9t"+4.9t+10=0 | yajye of t greater than O.

t=2.01s

Worked solutions: Chapter 7




(2.01,0)
1 3t

¢ The maximum height occurs when velocity is

equal to 0.
v(t)=0
-9.8:t+4.9=0
t=0.5
5(0.5)=11.225m
d v(0.3)=1.96>0
a(0.3)=-9.8<0

Since the signs of ¥(0.3) and a(0.3) are different

the particle is slowing down at 0.3 seconds.

4 a s(t)=it2—ln(r+ 1)
ds 1 1
M= =5t
particle at rest when »(£) = 0

SHE+1) - 1=0

1 1 _
SP+5t=1=0
£+t-2=0
t+2)t-1)=0
when =1

dv 1 1
b a(t)=5=5t+(1+l)z

ast>0a()>0
therefore velocity is never decreasing.

Exercise 7Q

In questions 1-3, if y increases as x increases the
function is increasing. If y decreases as x increases
the function is decreasing.

decreasing (—oo, o)

increasing (—eo, 2)
L1 2 3~ 5 6 x decreasing (2, )
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WORKED SOLUTIONS

7 increasing (=1, 1)
21 decreasing (—eo, —1) and (1, =)

b L

flx)=x"

fx)=4x"

4x3 =0 signs of f' - +
x=0 X 0

increasing when f’(x) > 0: (0, )
decreasing when f’(x) < 0 : (=, 0)

f(x)=x"-2x7

fi(x)=4x" —4x

4x(x*-1)=0

dx(x+D(x-1D)=0 guqorr - . . .
x=0,-1,1 D S

increasing when f’(x) > 0: (=1, 0) and (1, o)
decreasing when f’(x) < 0: (=0, —1) and (0, 1)

f&)=773

x-3

70— (x=3)1) = (x+2)(1)
f (x) - (x— 3)2

— =3O -(x+2)D)
(x—3) signs of ' - -

_ -5 X -3
(x-3)

f@)#0
f'(x) undefined when x = 3
decreasing when f’(x) < 0 : (—oo, 3) and (3, =)

1

D
f(x) ﬁ_x 2 .
; signs of f' -
fo)==3x2 x |
=1
Zx%
fx)#0

domainx >0
decreasing when f’(x) > 0 : (0, o)

- + +

fx) =5 signs of f);

)= (")) +(e")3x%)
e x*(x+3)=0

x=0,-3

increasing when f’(x) > 0: (=3, =)
decreasing when f’(x) < 0: (=, —3)

Worked solutions: Chapter 7




9 f)=1=
x° -1
’ x> =1)(3x") - () 2x
f(x)z( )((xz—)l)g )(2x)
_ x*-3x® signsoff' + - - - -t
S (-1 x 3 1 0 1 V3
:xz(x2—3)

(-1

f'(x) undefined when (x> —1)* =0 orx =—1,1.

F(x)=0 when x*(x*—=3)=0 orx=0,—3,/3.
increasing when f”(x) > 0: (e, —\/5) and (\/3 ,0)

decreasing when f”(x) < 0: (—\/5, -D(1,1q(, \/3)

10 fis increasing when

Y,
£16) > 0: (=2, =2) -
and (4, ) 3 g

2_

fis decreasing when
f(x)<0:(-2,4) -

Exercise 7R
1 f(x)=2x"-4x-3

f(x)=4x—-4

4x—-4=0 signsof f' - +
4(x-1)=0 g L
x=1

f=-5

Since f”(x) changes from negative to positive at
x = 1 there is a relative minimum at x = 1

The relative minimum point is (1, —5)
2 f(x)=x"-12x-5
f(x)=3x"-12

3x*-12=0

signs of f'  + - +
3(x+2)(x—-2)=0 N S S
x=-2,2
f(=2)=11
f(2)=-21

Since f’(x) changes from negative to positive at

x = 2 there is a relative minimum at x = 2

The relative minimum point is (2, —21)

Since f’(x) changes from positive to negative at

x = —2 there is a relative maximum at x = —2. The
relative maximum point is (=2, 11)
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WORKED SOLUTIONS

signs of f' + +

X

flo)=x°
Flo=3x

2
3

w N
o0

x*=0

w W

x=0
forx <0, f'(x) >0
forx>0, f'(x) >0

Since f’(x) does not change signs there are no
relative maximum or minimum points.

f(x)=x"*-247

fl(x)=4x" —4x

45’ —4x=0

dx(x+1)(x-1)=0

x=-1,0,1 signsof f' - + - +
£(0)=0 X -1 0 1
f-D=-1

F)=-1

Since f”(x) changes from negative to positive at
x = —1 and x =1 there are relative minimums at
x=-landx=1

The relative minimum points are(—1, —1)

and (1, -1)

Since f’(x) changes from positive to negative

at x = 0 there is a relative maximum at x = 0.
The relative maximum point is (0, 0)

f(x)=x(x+3)

Fx)=@)[3(x+3)° () ]+ (x+3)° (1)
=(x+3)*(4x+3)

(x+3)°(4x+3)=0

x:—3,—§ signs of f' - - +
4 *

f _3 |- _2187

4 256

Since f’(x) changes from negative to positive at

x= —% there is a relative minimum at x = —%

The relative minimum point is (—%, _%)

There is no relative extremum at x = —3 since
f’(x) does not change signs at x = =3

f(x)=xe"
F) =) [ (e D) ]+(e)2x)

=xe " (-x+2)

Worked solutions: Chapter 7




xe"‘(_x+2)=0 signs off"(;‘+—‘__>
x=0,2 X 0 2
f(0)=0
f@=4

e

Since f’(x) changes from negative to positive
at x = 0 there is a relative minimum at x = 0
The relative minimum point is (0, 0)

Since f”(x) changes from positive to negative
at x = 2 there is a relative maximum at x = 2.

The relative maximum point is (2, ;iz)
1 _ -2
7 f(x)—m—(x+1)
f@)==2x+1D)71)  signsofrr - :
«—5— >
-2

=__< X -1
(x+1y

f(x)#0
f’(x) undefined when (x +1)’ =0 or x =—1

Although f'changes signs at x = —1, there is no
relative extremum since fis undefined at x = —1

8 f(x)=x2—2x+1

x+1

2o (0 +1)(2x —2)— (2% = 2x +1)(1)
f(x)_ (x+1)2
:(2x2—2)—(x2—2x+1)
(x+1)

X +2x-3
T (x+1)
_(x+3)(x-1)
O (x+1y

f’(x) undefined when (x +1)° =0 or x =—1
f'(x) =0when (x+3)(x-1)=00orx=-3,1
/(=3)="-8

S1)=0

Since f”’(x) changes from negative to positive
at x = 1 there is a relative minimum at x = 1

signsof "  + - - +
X -3 -1 1

The relative minimum point is (1, 0)

Since f’(x) changes from positive to negative
at x = —3 there is a relative maximum at x = —3.
The relative maximum point is (=3, —8)

Exercise 7S

1 f(x)=2x"-4x-3
fl(x)=4x—-4
S'(x)=4

Since f”(x) > 0 for all x, fis concave up on (—oo, o)

There are no inflexion points.
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WORKED SOLUTIONS

2 f(x)=-x"+4x°

f(x)=—-4x" +12x°
f1'(x) = =12 + 24x
f"(x)=0 for inflexion points

—12x* +24x=0

—12x(x-2)=0 signsof f" -+ -
x=0,2 x 0 2
f(0)=0

f(2)=16

concave up when f”(x) > 0: (0, 2)

concave down when f”(x) < 0: (—eo, 0) and
(2, =) inflexion points: (0, 0) and (2, 16)
f(x)=x>—6x" +12x
fl(x)=3x"—12x+12

f'(x)=6x—-12

f"(x)=0 for inflexion points

6x—-12=0

6(x—2)=0 signs of f" - +
x=2 * 2
f(2)=8

concave up when f”(x) > 0: (2, o)
concave down when f”(x) < 0: (—oo, 2)

inflexion point: (2, 8)

flx)=x*

f(x)=4x’

f'(x)=12%"

f"(x)=0 for inflexion points

12x2=0 signs of £ o R
x 0

x=0

concave up when f”(x) > 0: (—oo, o)
There are no inflexion points since f”(x) does not
change sign either side of x = 0.

f(x)=2xe"
f'(x)=(2x)(e")+(e")(2)
=2¢"(x+1)
(%) =2e")D) + (x +1)(2¢7)
=2e"(x+2)
f"(x)=0 for inflexion points
2¢°(x+2)=0 signsof " - +
x=-2 * -2
fEe=-4

concave up when f”(x) > 0: (=2, =)
concave down when f”(x) < 0: (—e, =2)

inflexion point: (—2, —i)

2
4

Worked solutions: Chapter 7




6 fn=
S)=—(x*+1)"(2x)
-2x
T+

i )_(x +1)’(=2) - (-2x)[ 2(x” + 1)(2x) |

[+ ]
_ 2+ D[ + )42
> +1)°
_ 235" +1)
(x2 + 1)3

f"(x)=0 for inflexion points

=2(-3x2+1)=0 signs of f (;.;.+_)
X _\/_3_ \/_3—
—4 ! V3 3 3
x—i\/; or i?

V3.3
f [ 3]—4

V)3
/ [aju
concave up when f”(x) > 0: [_oo, - ? ) and [\/35 , OOJ
concave down when f”(x) < 0: [—‘/35, \/35]

inflexion points: (—\/35, i] and (\B, 3)

7 a f( )_ —48x

(x? +12)?
Fx )_(x +12)%(—48) — (—48x)[2(x* +12)(2x)]
[ +12y ]
_ (" +12)°(-48) + 1924’ (x” +12)
(x* +12)*
_ 48(x" +12)[-(x* +12) +4x°]
(x* +12)*
_ 48(x* +12)(3x° -12)
(x*+12)*
_ 144" +12)(x° - 4)
(x* +12)*
_144(x" -4)
(x> +12)°
- —48x
b i fl0)=
f'(x)=0 for relative extrema

—-48x=0 signs of ' + -
B —

x=0 X 0

flx )_x 112

f(0)=2

Since f”(x) changes from positive to
negative at x = 0 there is a relative
maximum at x = 0.The relative maximum
point is (0, 2).
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WORKED SOLUTIONS

( +12)°
F(x)=0 when 144(x?-4)=0.
x=-2,2 ,
signsof f"  + - +

f()—x+12 DD
f(—2) :5

_3
f@=3

Since f’(x) changes signs at x = =2, 2 the
inflexion points are (—2, %) and [2, 3).

2
8 The graph of the second N
derivative of fis positive ‘31- y = 0
forx<-2and x> 4, so 2:
fis concave up on N

(—oo, =2) and (4, o). :
The graph of the second 43
derivative of fis negative

for =2 <x<4,s0 fis
concave down on (=2, 4).

The inflexion points occur at x = —2, 4 since
f”(x) changes sign at x = =2, 4.

Exercise 7T
1 f(x)=3x>+10x-8

f(0)=-8 = the y-intercept is (0,-8).
f(x)=0 =3x*+10x-8=0

= @x-2)(x+4)=0=>x=2,-4

The x-intercepts are (i, 0) and (-4, 0).

f(x)=6x+10
f’(x)=0:>6x+10:0:>x=_§

signs of f' - +
«———
f —é = —Q X 5
3 3 -3
f has a relative minimum point at (—g,—? )

f”(x)=6>0= f is always concave up.

Worked solutions: Chapter 7




WORKED SOLUTIONS

2 f(x)=x"+x"-5x-5 F(x) is undefined when (x—4)2 =0 or when x =4
f(0)=-5= the y-intercept is (0, —5). fis decreasing on (—, 4) and (4, =)
s .
f(x)=0 =8’ +x’—5x-5=0= TEere are no relastlve extlrzema. Gamsoffr .
(x+1)=5(x+1)=0= f)=12x -4y )= —=5#0 T
(x+D(x*-5)=0=>x=-1+/5= f”(x)is undefined (x—4)’=0 = x=4
the x-intercepts are (~1, 0), (_ \/§, 0) f 1s concave down on (—<o, 4) and concave
up on (4, =)
and (—\/5 , 0) There are no inflection points.
Y/ _
Fl(x)=3x>+2x-5 s] 71
f(x)=0=3x"+2x-5=0=Bx +5)(x-1)=0= 0.-2) i: EK
x=—§,1 signs of £ + - + - —2:—)/—:'—{’:‘——'——'——'——-"
’ x 5 6429 4 6 81012
5 |_ 40 _ 3 2] :
f( 3)—27andf(l)— 8 M i
-8 1
f has a relative maximum point at (—g, ‘212) 4 f(x)=G-x)

and a relative minimum point at (1,-8). f(0)=81= the y-intercept is (0, 81).

f7(x)=6x+2 signs of £ - + f(x)=0 :(3_36)4:0: signsoffX" - >
. 1 7 x =3 = x-intercept is (3,0). ’
"X)=0=26x+2=0=>x=—-2 3
) x =73 f/(x)=4@-x)'(-1)= 4@ - x)’
’ _ 3 _ —
f(—lJ: —2—3 = f has an inflexion point f(0)=0=-4@-x) =0=x=3
3 / has a relative minimum point at (3,0).
at (—;, —gg) £ =123~ 2)*(-1) =123~ x)
f(x)=0=123-x)*=0=
('%'%) Y x=3 signsoff)’; + g +
(-/5,0) N0 . (‘/5’0.) L, f” does not change signs
2 '1\{ 1 2 % atx=3,
' )_6_ : so f does not have an inflection point.
7
-104 (1,-8) 10+
x+2 8
3 fx)= 6
x—4
F(x) is undefined when x—4=0=> vertical “
27 (3,0)
asymptote at x =4 N,
0 12345 6%

Horizontal asymptote at y =lor y=1

signsof f" - + f(x):f—’x—ed :l(ex_e—x)
X«—e——'_4 . 2 2

f(0)= —% = the y-intercept is (0, —%] f(0)=0= the y-intercept is (0, 0)

1 X —X ) — p—
f(x)=0 when x+2=0=x=—2= f)=0 =_(¢"~e*)=0=x=0=
the x —intercept is (-2, 0) signsof ' - - x-intercept is (0, 0)

oo (=D -(x+2)1) _ -6 X 4 ; ) )
f === ey f (x)=%(e" —e "(—1))=%(e" +e)

f'(x)#0 for any x = f has no relative extrema.
fx)=5 (e +e* (D)= (e*~e™)
f”(x)=0:>%(e" —e*)=0=x=0

signs of " - +
X 0
f has an inflection point at (0, 0)
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(0,0
T T T
432,40 12 3

4>-
s

6 f(n=T
Horizontal asymptote at
y =% ory=1
f(0)=~1= the y-intercept is (0,~1)
f(x)=0whenx*-1=0=x=-1,1=

the x —intercepts are (—1, 0) and (1, 0)

Fla)=4" 1)(2(2 +(13)c2 D(2x) _ (x24:1)2

f'(x)=0 =4x=0= x=0 signsoff)(’(-_s_+>

f has a relative minimum point at (0, —1)

Fx)= (*+1)*(4) - (4x)[2(§c2 +1)(2x) ]
[ +17]

_ 4" + D[ (¢ +1)-4x° ] _4(1-3%")
(x* +1)* (x? +1y°

F(x)=0 =4(1-3x?)=0=

signsof f" - * -
xzi\/g or i? X3 3
3 3

B 31
f[ 3]‘ zandf[3J‘ 2
f has inflection points at (—‘f, —;]
and [, 1

372

Y,

1
£

T S_1YI0)
-4 -3 -2 -}\0
V! 11

P52 oly

(5]

Exercise 7U

1 When y = f(x) has a relative minimum or
maximum, f’(x) = 0 and so y = f’(x) has
an x-intercepts. When y = f(x) is increasing
the graph of y = f’(x) is positive and when
y = f(x) is decreasing the graph of y = f’(x)
is negative.

When y = f’(x) has a relative minimum,
f”(x) =0 and so y = f”(x) as an x-intercept.
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WORKED SOLUTIONS

When y = f’(x) is increasing and y = f (x) is
concave up the graph of y = f”(x) is positive
and when y = f’(x) is decreasing and y = f(x) is
concave down the graph of y = f”(x) is negative.

(%)

\ y=f"
y =1 ///
32 1& 1 g x

When the graph of y = f’(x) has a zero and
changes from positive to negative the graph of
y = f(x) has relative maximums and when the
graph of y = f’(x) has a zero and changes from
negative to positive the graph of y = f(x) has a
relative minimum.

When the graph of y = f’(x) has a relative
maximum or minimum the graph of y = f”(x)
has zeros. The graph of y = f”(x) is positive
when the graph of y = f’(x) is increasing and

the graph of y = f(x)is concave up. The graph of
y = f”(x) is negative when the graph of y = f’(x)
is decreasing and the graph of y = f(x) is concave
down.

=1 A

y =0

When the graph of y = f”(x) has a zero and
changes from negative to positive the graph of
y = f’(x) has a relative minimum and when the
graph of y = f”(x) has a zero and changes from
positive to negative the graph of y = f’(x) has a
relative maximum.

When the graph of y = f’(x) has a zero and
changes from positive to negative the graph of

y = f(x) has relative maximums and when the
graph of y = f’(x) has a zero and changes from
negative to positive the graph of y = f(x) has a
relative minimum.

When the graph of y = f”(x) is positive the graph
of y = f(x) is concave up and when the graph

of y = f”(x) is negative the graph of y = f(x) is
concave down.

Worked solutions: Chapter 7




y =1

Exercise 7V

1

f(x)=3x"—18x—48

f(x)=6x—-18
f(x)=0=6x-18=0=x=3

f(x)=6= f"(3)=6>0= relative minimum
f(3)=-75

relative minimum : (3,—75)

flx)=(x" -1y

F(x)=2(x* =1D(2x) =4x(x* -1)
f(x)=0=4x(x*-1)=0=>x=0,-1,1
F(x)=(4x)(2x)+ (x> =1)(4)=12x> - 4
f7(0)=-4<0= relative maximum at x =0
f"(-1)=8>0= relative minimum at x = —1
f’(1)=8>0= relative minimum at x =1
fO)=L f(-D)=0; fF(1)=0

relative maximum: (0, 1)

relative minimums: (-1, 0) and (1, 0)
f(x)=x" —4x°

f(x)=4x 1247

f(x)=0=4x" -12x* =0
=4x’(x-3)=0=>x=0,3

f(x)=12x* 24«

f7(0)=0= second derivative test fails =
use first derivative test

Since f’(x) does not change signs at x =0 there
is no relative extremum at x =0.
f7(3)=36>0= relative minimum at x =3
f(3) =-27 signsof f' - -
relative minimum: (3,-27) *  ©° 3
f(x)=xe*

f)=@)e)+(e)D=¢"(x+1)
f(x)=0=2e"(x+])=0=>x=-1

fx) =)D+ (x+D(e)=e"(x+2)
f(-1)= % >0 = relative minimum
f-n=-1

relative minimum:(—l, - % )

WORKED SOLUTIONS

5 fx)=(x-1"
fx)=4(x -1’ () =4(x-1)’
f(x)=0=24(x-1’=0=x=1
(%) =12(x 1)’ (1) =12(x — 1)
f”(1)=0= second derivative test fails =

use first derivative test. f’(x) changes sign from
negative to positive at x = 1 = relative minimum.

f(l) =0 signs of f' - +
relative minimum: (1, 0) ” '
_ 1 2 -1
6 f(x)_x2+l_(x +1)

Flx)==1(x*+1)2(2x) =2

f(x)=0=

(7 +1)
2

= _=0=>-2x=0=>x=0
(x*+1)

)= (7 +1)°(-2) - (-2x)[ 2(x” + 1)(2x) |

[+ ]

_ =20 + D[ (" +1) - 447 | _263x 1)

«*+1)* (x*+1)°

f7(0)=-2<0= relative maximum

f(0)=1

relative maximum: (0, 1)

Exercise 7W

1 Neither A nor C can be relative

o

extrema because relative extrema
do not occur at endpoints. A is

neither an absolute nor a relative

A

extrema. B 1s an absolute minimum.
C is an absolute maximum. B

2 Neither A nor D can be relative c
extrema because relative extrema

do not occur at endpoints. A is

A

neither an absolute nor a relative
extrema. B is a relative minimum

C is an absolute maximum. D is an
absolute minimum.

flx)=(x—2) for0<x <4

B

D

fi(x)=3(x-2)"(1) =3(x -2’
f(x)=0=3(x-2)"=0=x=2

£(0)=-8
£2)=0
f(4)=8

abolute maximum: 8

abolute minimum: —8
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4 f(x)=8x—x*for —1<x<7

f(x)=8-2x
flx)=0=8-2x=0=>x=4
f=H)=-9

f4)=16

(=1

absolute maximum: 16

absolute minimum: —9

f(x):x3—%x2 for —-1<x<2

F(x)=3x>-3x=3x(x—1)
F(x)=0=3x(x-1)=0=x=0,1
f(—1)=—%

£(0)=0

f(1)=—%

f2)=2

absolute maximum: 2

absolute minimum: —%

Exercise 7X

x = the first positive number
y = the second positive number

S=x+.y

x+y=20=x=20-y
S =20-y+/y=20-y+y

N —

2 2y
o g2 I_ =1
S—0=>2\/; 1=0=_=/y=y 4
PR D |
S —4y2—4\/?
S”(i)= -1 - =-2<0= relative maximum

e
(4)
x=20—y=x=20—%=74—9

The numbers are % and %

x = the first positive number

y = the second positive number
P=xy
x+2y=200=x=200-2y
P=(200-2y)(y)=200y —2y*
P'=200-4y
P=0=200-4y=0=y=50
P'=-4
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WORKED SOLUTIONS

P"(50)=-4 < 0= relative maximum
x=200-2y = x=200-2(50)=100
The numbers are 100 and 50

3 x=length
y= width
A=xy
2x+3y=400:>x=200—%y
A=(200—;y)(y)=200y—;y2 y
A =200-3y ”
A'=0=200-3y=0=y=22
A"=-4
A”(Z(S)O]z -4 <0 = relative maximum
x=200—3y:>x=200—3(200)=100
2 2| 3
The dimensions are 100 ft by 2%Oft.
Exercise 7Y
1 x= length of square base
h= height )
S=x*+4xh
x2h=32000= h =200 ’
S=x +4x[323200 ): x2+128,000x"! "
§'=2x-128,000x 2 =2 — 2200
§'=0=52x—128000_q_,
2x%=128,000= x*=64000= x =40
§”=2+256,000x3 =2+ 256);?"0
§”(40)=6>0= relative minimum
Jy= 32000 _, 5 _ 32000 _ 5
2 402
The dimensions are 40 m by 40 m by 20 m.
2 C(x)=x"-3x"-9x+30

C'(x)=3x"—-6x-9
C(x)=0=3x"-6x-9=0=3(x+1)(x-3)=0
=x=-13

The only ciritcal number in [0, 10] is 3.
C(0)=30

c@3)=3

C(10)=640

Three items should be produced to minimize
the cost.

Worked solutions: Chapter 7




3 s(t)=£—12t>+36t-10for 0<r <7
s'(t) =3t — 24t + 36
S(t)=0=3t 24t +36=0=
3(t-2)(t-6)=0=1=2,6

s(0)=-10
s(2)=22
s(6)=-10
s(7)=-3

The maximum distance is 22

4 a ABC and ADE are similar triangles, so
10-h_10 _, 10~/ _5 _30-3h

r 6 r 3 5

b Vzﬂrzh:Vzir(w;y’)zh or

9% (100h—20/2 + 1) I
25 10,

¢ V= Z(100h-20#+F) toom

47 = 2% (100-40h+3h?) l

dh 25
&V _ 97 (_40+6h) =47 (31— 20)
dh 25 25

d Y -0= 2(100-404+34*)=0=
dh 25
%(10—3h)(10—h)=>h:§,10

2 _ . .
d VI =71807 -0 = relative maximum
di?|, 0 25
3
2
d Z =1807 - 0 = relative minimum
dh =10 25

10
30_3(7)
po30-3h 3)_yg
5 5

Maximum volume occurs when the

radius is 4in and the height is ?in.
5 a px)= 4x =247
1
b p(x)=4x-2x2=4x2-2x2

-1
W _2x2-4x=2—4x
dx

Jx
LT R
il 4 o 4
c #-0=2_45x=0=x~0.630
dx Jx
4'p =—-6<0= relative maximum

2
x=0.630

0.630 thousand units or 630 units
maximize the profit.

% Review exercise
AN

d 3 2 _ 2
1 a J(4x’+3x° -2x+6)=12x"+6x-2

4

1
b d 3x4 -4 x3 :éxg
dx dx 3
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WORKED SOLUTIONS

i(%)=i(3x-4)=—12x—5 =2
dx| x dx x

%[(xz ~D2x’ -2 +x) ]

= (x> =1)(6x” —2x + 1)+ (2x° —x* + x)(2x)
=(6x4 —-2x° +x° —6x7 +2x—1)

+(4x4 —-2x° + 2x2)

=10x* —4x° +3x> +2x -1

ﬁ]z(x+7)(l)—(x—4)(1) _ 1
x+7 (x+7) (x+7)

d
dx
%[649‘]:(6416)(4):464’6
d

4 [(x3 +1)* ] =4(x* +1°Bx?) =12x2(x* +1)°

9[In(2x+3)] :(le]a) =L

(1
d[lnx]:(x )(;)_(lnx)(zx)zx—lenx _1-2Inx
dx (%) x* x°

d|4x’-2x|_d[1 2 _1 4.1
—[ }—5[6(436 2x)]—g(8x 2)—§x 3

2
X

dx 6
L[Gx" +1(e) |= 3" +1)(e) +(e")(6x)
=e*(3x* +6x+1)

d| 2¢" | _ (e =3)(2e") = (2e")(e") . —6e”
e -3 (e* =3) (e -3)

[3\/2x-5 =%

< 3(2x—5)5} =30x-5)2Q)

w7 = [@)@ ]+ () (2%)

=2x¢"*(x +1)
%[ln(i ]] = %[ln x! ] = [% J(—x’2 )
X X
(x+h) =x° +3x°h+3xh*> + I
20N i [2(x + B) —6(x + h)] - (2x° —6x)
f)=lim

h
:hran3 +6x°h+6xh* +2h° —6x —6h—2x" +6x
= h
=lim 6x°h+6xh* +2h° —6h
h—0 h
— llm h(éxz +6xh+2hH -6)
h—0
= lhigol(éxz +6xh+2h —6)
=6x2-6
fi(x)=6x>-6

f(x)=0=6x"-6=0=6(x+1)(x-1)=0
=x=-11
signsof f'  + - +

X -1 1

f'(x)<0for —1<x<1, sop=—-landg=1.

Worked solutions: Chapter 7




WORKED SOLUTIONS

d f(x)=12«x i ij =12x? —24x =12x(x —2)
e f(x)=0=12x=0=x=0 g=o:>12x(x—2)=0:>x=o,2
signs of f " - +
X <—g—> signsof f"  + - +
X 0 2
f"(x)>0 for x >0 so f is concave up on (0, «). ¥(0)=0; y(2)=2°(2-4)=-16
) inflexion points: (0,0) and (2, -16)
3  f(x)=4xe” ';normal line at (1,4) c ,
F)= @0 ()2 |+ ) %
=2\ (4x? +2) o
mtangent = f’(l) = 12 T T T T (OYIO) T T (4Y0)
43210 W23 4 X
mnormal = _i 10
12 15-
a1 204(2,-16)
y-4= E(x D 251 (3,-27)
4 f(x)=2x"—3x+1; tangent line parallel to 7 a s(t)=20t-100Inz,t>1.
y=5x-2 v(t)=5'(t)
f(x)=6x*—-3

— 100
6x*—3=5= x=i—23“3

5 b v(t)=o:>20—$=0:>t=5
23 )_9-23 23 ) _9+23
f[T)— 5 f( 3 ]‘

9 signs of v - +
L to 5
The tangent line is parallel to The particle is moving to the left on the
y =5x+2 at the points interval (1, 5)
9-23 - 9+243
[2‘3/3_, 9\/—) and[ 2;/3_, +9\/—) c v(t)zZO—@zZO—lOOt’I
” , Y,
5 a f"2)>f2)>f'(2) ] V() =a(t) =100 = It‘l’
b f”(2)>0since the graph 34 \ /™™ . ,
of fis concave up, 2 Since 100>0and ¢* >0, v'(¢) >0 for all £ >1.
F(2)=0and f'(2)<0 1 Therefore velocity is always increasing.
since the graph of L 1 2\3 4 5~ . .
Fis decreasing o \K Review exercise
]
6 a i y=x(x—-4)=x"-4x’ 1 a lim— x f(x)
% —4x° 1242 4}1 1.5 | =2.0000
e N 1.6 | -2.5000
i oo =124 -24x > 1.7 |-3.3333
b i x(x-4)=0=x=0,4= x-intercepts " _ |18 50000
are (0,0) and (4,0) 543209 23 4 5% ;'i ~10.0000
d 24 .
i o, 4% 1207 =4x*(x=3) 3 2.1 |10.0000
%:0:;43(2(;(_3):0:”:0,3 -4 2.2 | 5.0000
2y 1242 - 245 =12 ) 2.3 1 3.3333
4 T 12x m24x=12x(x-2) 2.4 | 2.5000
[L55 — 2.5 | 2.0000
dx’® =0 . 1
&5 3650 lati o lxlf}zlﬁ does not exist at 2 since the function
| >0= relative minimum approaches —e from the left side of 2 and oo
y(3)=3(3-4)=-27 on the right side of 2.

relative minimum point: (3, —27)
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WORKED SOLUTIONS

1
b lim_! x | fix) b i L(x)=3(*+100)2(2x)+
x—=3 x—=2 .
y 2.5 | 2.0000 L(x2_60x+1525) 2(2x —60)
2.6 | 1.6667 2
] 2.7 |1.4286 = x4 x %0
o — Vil 4100 Vx* - 60x +1525
24 2.8 | 1.2500
8 2.9 |1.1111 ]
543219 234 5% 3010000 01 iy 25
21 3.1]0.9091
M 3.20.8333 o0
LI 33 0102 | L'(x)=0:>\/ ZJCloo-i-J ’ 2;301525
].lm =7=1 x"+ x"—0Ux+
3 x—2 3-2 3.4 10.7143 =0=>x=8.57
3.5 | 0.6667 )
c lim* =16 Signs of L'(x)
x—4 x—4 )
X f(x) signs of L'(x) . - , + R
Y,
N 3.5 7.5000 o8
6 3.6 | 7.6000 L(x) has a minimum at x = 8.57
4 3.7 | 7.7000 The stake should be placed 8.47 ft from
21 3.8 | 7.8000 the 10 foot post.
108 574 2 2 4 6 810F 397.9000
-4 4.0
M 4.1 8.1000
' 16 (et +4) 4.2 1 8.2000
sax =16 e (x—4)(x+
lim=—>= = lim=—"= 4.3/8.3000
=1irr41(x+4)=4+4=8 4.4 |8.4000
i 4.5 | 8.5000
d Lim**3
x>l x—1
Y, X f(x)
0.5 | -6.5000
0.6 | —8.4000
0.7 | -11.6333
0.8 | —18.2000
0.9 | —38.1000
1.0
1.1 42.1000
1.2 |1 22.2000
1.3 15.6333
1.4 | 12.4000
1.5 | 10.5000

2
lim** 13 does not exist at 1 since the function

=l x—
approaches —eo from the left side of 1 and « on
the right side of 1.

2 a i x+10°=y"=y=Jx>+100
i (30-x)Y+25=2"=
z=4B0-x)*+625 =

z=\/x2 —60x+1525

i 7(x)=y+z=/x*+100 +v/x> —60x +1525

1 1
= (x? +100)2 + (x> —60x +1525)2
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WORKED SOLUTIONS

Descriptive statistics

Answers
Skills check

1

<

Frequency

= =
PEQPPR

o

Red Blue Pink Purple Black X

Meanzmz?zzé_zl

5
b The number that occurs most often is 8
i  Arrange the data in order of size. 2, 4,
4,6, 7,8, 11. The median is the middle
member, 6
ii 5,7,9,11, 13, 15. The middle member is
in between 9 and 11. % (9+11)=10

iii 6,8, 11,11, 14, 17. The middle member is
between the two number elevens. 11

Exercise 8A

1 a Discrete.
¢ Continuous.

b Continuous.
d Discrete

2 Discrete

Exercise 8B

1 a Continuous
b Y,
@
S 40
3
230
520
(5]
g 10
=
0" 1530 45 60 75 90 *
Time in minutes
2 a Continuous
b 17
Y
»nb
(5]
S 4
3
=3
o
g 2
g1
=]
=
0" 10 20 30 40 50 60 70 X
Age (years)
3 a Continuous
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b Weight (kg) | 1 <w<2 |2<w<3|3<w<4|4<w<5b

Number of
chickens 8 24 50 14
c 8+24+50+14=096
4 a Continuous
b Time f
5<t<10/1
10<t<15|2
15<t<20/4
20<t<25 4
25<t<30/|2
30<t<35|2
35<t<40|1
40<t<45|1
¢ 5 mins
Exercise 8C
1 a 18 b 9 c 18and?24
d 0 e %and 2.
2 a | b 170<¢<180
Exercise 8D

1 Meanz%z 66+57+71269+58+54=3—25=62.5kmh_1

>x _1.79+1.61+1.96+2.08 _7.44 =$1.86

n 4 4
3 a Discrete

2 Mean=

b |calls perday (x) f | fx
2 3 |6
3 2 |6
4 5 120
5 3 |15
6 4 |24
7 6 |42
8 3 |24
9 4 |36
Totals 30 | 173
Mean = EE—J;‘ = % =5.76 calls per day.
4 a Continuous b 90<m<120

€ Minutes(m) | f  Midpoint(m) fm

0<m<30 12 |15 180

30 <m <60 16 |45 720
60<m<90 |20 |75 1500
90 <m <120 |36 |105 3780
120 <m < 15016 | 135 2160
Totals 100 8340
Mean = zz—j;n = % = 83.4 minutes per day.

Worked solutions: Chapter 8




5 Let xbe Kelly’s score on the fifth test. To average 84

84 = 95 +82+76+88+ x
5
84x5=341+«

420=341+x

x =420 - 341

x=79

Kelly must score 79 on the next test.

6 Total mass of 11 players = 11 x 80.3 = 883.3kg

81 2 — 883.3+x
’ 12

81.2x12=883.3+«

9744 =883.3+x
x=974.4-883.3

x=91.1kg

The new player has mass 91.1kg

7 Let xbe the distance they travel on sixth day.

250 = 220+300+2106+275+240+x

250x6=1245+ x
1500 =1245 + x
x =1500 — 1245
x =255
They must travel 255km on the last day.
8 Total number of shots = 8 X 71 = 568.
After 8 matches, the total points scored is
8§ x27=216
After 11 matches the total points scored is
11 x 29 =319
319-216 = 103 points scored in the last 3 matches
10 Billy’s total = 12 x 310 = $3720
Jean’s total = 13 x 320 = $4160
Billy’s total + Jean’s total = $7880

Mean = @ =$315.20

Exercise 8E
1 a Arrange in order of size 2, 2, 3,3,4,4,5,6,7
Median =(";1) (9“) 5% =4

2
b 2,2,3,55,78

n+1 7+ g
Median = ( 5 )_(T) =4"=5

c 0,2,33,4,6,7,9

Median :(";1]"’:(%) —454-35

d 0,1,1.5,2,4,4,5,8,84,9,12

n+1 1+ p
Median = (2 ] (T) =6"=4

e 1,2,4,5,7,9,12,20

Median = (”;rlJ (%)m:4.5”‘:6
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WORKED SOLUTIONS

Number of CDs= 3+2+2+1+3+5+3 =19

Median = (”;1) (192+1th:10,,,:11

Mean=0,1,1,2,2,2,3,3,4,4,4,5,5,5,5,5,
6,6,6,6,7,7,7,7,7,7,8,8,8, 8,9, 10.

sum of scores @ —5.725
Number of students 32

Mode =7

Median = (”Z”J (322+1j:16.5”’=5.5

Mean =

Investigation — measures of central

tendency

Data Mean Mode Median
Data Set 6,7,8,10, 12.2 14 13

12, 14, 14,

15, 16, 20
Add four to 10,11, 12, 16.2 18 17
each data set | 14, 16, 18,

18,19, 20, 24
Multiply the |12, 14, 16, 24.4 |28 26
original data | 20, 24, 28,
set by 2 28, 30, 32, 40
a If you add 4 to each data value, you will add 4 to

the mean, mode and median.

If you multiply each data value by 2, you will
multiply the mean, mode and median by 2.

Exercise 8F

1

a Range = largest — smallest = 125-30 = 95cm

b In ascending order, depths are 30, 45, 55, 60,
65, 65, 70, 75, 75, 110, 120, 125

Median=(";1)' :(122”]1 = 6.5" =67.5

¢ Q=1n+])" =1(12+1)"=3.25% =57.5
d Q=2(n+1"=2(12+1)"=9.75" =92.5
e IQR=Q,-Q,=925-57.5=35
f

vinX Q) m 53 abe

I
0 20 40 60 80 100 120 X

a Range = largest-smallest = 85— 71 = 14

b Median = (”;1) (%)h =6" =79

¢ Q=+l =111+ =3"=75
d Q=2(n+1)"=2(11+1"=9"=82
e IQR=0Q,-Q =82-75=7

Worked solutions: Chapter 8




WORKED SOLUTIONS

f oy 2 ¥
]Minx O m O Maxx 40 M
+— _ 35
71 75 79 82 85 X ] 22 1
3 a Range = largest-smallest = 29-10 = 19 £ 2 /
h th GZ) /
b Medianz("“) =(ﬂ] =6" =21 g1 f
2 2 E 10 /
¢ Q=i+ =111+ =37 =12 1T
0" 105 205 305 405 X
d Q=3(n+1)"=2011+1)"=9% =27 Longth (mm)
3 Y,
e IQR=0Q,-Q =27-12=15 1007
Y, 2w 90
S E 80
L 2o 70
xQ; .. Qgmaxx = 60
2 E 50
N _ 5 g 40
10 20 30 ¥ 253
4 a Range=11-6=5 b 8 ¢ 7 2210 0 %
d 10 e IQR=10-7=3 0 2 4 681012141618
e (i
5 Histogram i. ‘ me (mn)
Shows range of 10-1 = 9. ' 1T mins . .
Shows sample size of 6 + 6 + 6 + 6 + 6 = 30 i (13.6-8.2)mins = 5.4 mins.
Median = (201" ~15.5% which lies in 5-6 b p=32,q=8
category 4 a Marks f |CF
Q= i(so +1)* =7.75" which lies in 3-4 0<m<30 |2 |2
category 30<m<40 |3 |5
Q,-= %(30 +1) = 23.25" which lies in 7-8 40<m<50 |5 |10
category 50<m<60 |7 |17
This information is shown by box plot . 60<m<70 |6 |23
) 70<m<80 |4 |27
Histogram ii. 80<m<90 |2 |29
Shows range 10-1 = 9. 90<m <100 |1 |30
Shows sample size of 4.5+ 7 + 8 + 4.5+ 3.5 =27.5.
Median = 27;“) =14.25" which lies in 5-6 b 2}
category. %gi:
Q, = i(27.5 +1)* =7.125" lies in 3—4 category {;‘—jf‘é:
Z 121
Q, =3(27.5+1)" =20.625"lies in 7-8 category b
This is shown in box plot b. 0 2 40 co 8o 1oox

Histogram iii. Exam mark (%)

Shows range 10-1 = 9. c i Median=57%
Sample size: 7.5 + 2.5+ 5.5+ 3.5+ 8 =27 ii Lower quartile = 45%
Median = 27; ! Jrh =14" lies in 5-6 category Upper quartile = 69%
Q,= i( 27 +1)" =7 lies in 1-2 category iii Interquartile range =~ 69% - 45% = 24%
Q,= 2(27 +1)" = 21" lies in 9-10 category S a |pistance(m) f | CF
This is shown in box plot a. 0<m<20 |4 |4
20€m<40 |9 |13
Exercise 8G 40<m<60 | 15|28
1 a 75cm. b (77.5-72)cm = 5.5cm. 60<m<80 |10|38
¢ Half of the boxers have a reach of 72cm 80<m<100 |2 |40

to 77.5cm.
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0" 0 40 60 80 100*
Distance thrown (m)
c 20% of 40 students = 8.
Only top 8 students will made final.
40 - 8 = 32.
‘We draw a line across from 32 on y-axis, and
down to see the required distance.

Qualifying distance = 66 m.

d Interquartile range = 63 - 35 = 28
e Median=50m
6 a i 23mins ii 16 mins iii 36 mins EXE
b
-
0" 10 20 30 40 50:X
7 a 171 cm
b 55 flowers between 135 cm and 164cm
c 22 flowers. 181 cm
d 110.
e Y

1 n |

0" 140 150 160 170 180 190 200 X
Height (cm)

Exercise 8H

1 a mean = 18, variance = 129.6, standard
deviation = 11.4
b mean = 40, variance = 200, standard

deviation = 14.1
standard deviation = 8.86

standard deviation = 8.95
standard deviation = 21.2

2 a variance = 78.5
b variance = 80.19
¢ variance = 449

3 1.32

4 mean = 2.5, standard deviation = 1.22

5 mean = 26.2, standard deviation = 14.9

6 a discrete b 2.73 c 1.34 d 23
7 mean = 42.4, standard deviation = 21.6

8 a 5l b 69.5 c i 218 ii none

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

Investigation - the effect of adding or
multiplying the data set of a standard
deviation

b
c
d

2.47
The mean has had 100 added to it.
2.47

The standard deviation remains the same.
This is because the standard deviation only
measures the spread of the numbers, and that
remains constant if the same number is added
to each item in the list.

The mean is doubled.
4.94

The variance will be multiplied by 4 because the
variance is the standard deviation squared.

Review exercise

1

a Mode = 3 as 3 appears the most in the list.

b First write the numbers in ascending
order: 1,2, 3,3,5,6,7,8, 10
Median = (”—“Jh = (E)m =54 =5,

2 2

1+2+3+3+5+6+7+8+10_5
5 =

¢ Mean =

d Range=10-1=09.

a Pets(pp|2 3 4 5 6 7 8 9 10
f 39 10 2 3 1 1 0 1
fp 6 27 40 10 18 7 8 0 10
Xfp 126
Mean = Sf =30 = 4.2.

b Median:[”zlr value=(302+1]h =15.5" =4
¢ Mode =4.
Mean = 27.5 yrs, standard deviation = 0.4 yrs.

Type A:
a Median =52

b Range60-46=14
c Inter Quartile range = 57 - 49 = 8.

Type B:
a Median =52

b Range=57-49=38
c Inter Quartile range = 54 - 51 = 3.

Worked solutions: Chapter 8




46+962+4x =71

4x=(6x71)-138

x=28_7
4

So total = 46 + 92 + 4(72) = 426
x =72. (from part a).

New mean decreased by 9 also.
New mean is 71 -9 = 62

Height f | If
150 <h <155 4 |4
155 < h < 160 | 22 | 26
160 < h < 165 | 56 | 82
165 < h <170 | 32 | 114
170<h<175 |5 |119

Y,

A
140
120
§ 100 /
g 80
.% 60
Z 40
3 20 /
L R
0 150 160 170 180X
Height (cm)
Median = 163,
IOR = 6.
26+ 10+20+£F£+29+ 11 =100
k=100 -96
k=4

th
i Median =(%1) - (“’g“) = 505" =3

i Q= (n+1)" =100 +1)% =25.25" =1
3 th — th — th —
Q, =3(n+1)" =2(100 +1)* =75.75% =5

Interquartile range = 5 -1 = 4.

WORKED SOLUTIONS

Total readings=6+3+5+8+6+2 =30
th
Median = (”T”) = (30”) =15.5" = 65

2
1 1
Q=4 (n+1)"=2(31)=7.75=35

3 m_3 _ _
Q, =Z(n+1)h —1(31)—23.25—80
IQR =80 - 35 = 45.

Note: 65 is the midpoint of 57.5 <t < 72.5, in
which the 15.5™ value lies.

Review exercise

1
2
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Median = 20 IQR = 14.

6.48

1.31

6

6

5.92

Mean = 2.57, median = 2, mode =1,

standard deviation = 1.68 and variance =
2.82.

b Range = 6, lower quartile = 1 and the
interquartile range = 3.

a 160 < Height <170
Height f
140 < Height < 150 | 15
150 < Height < 160 |55
160 < Height <170 |90
170 < Height < 180 |45
180 < Height < 190 | 5
Mean = 163.6 cm
p=65

ii ¢g=34
b median = 18

Q 06 T 99 O 9

mean =17.7

Worked solutions: Chapter 8




Answers
Skills check

1 a i(ziz) =2(1)2 +2(2)° +2(3)° + 2(4)’ +2(5)

i=1

=2+8+18+32+50
=110

b 2(% -2)=[3(2) - 2]+[33) - 2] +[3(4) - 2]

+[3(5) - 2]+[3(6) - 2]

=4+7+10+13+16
=50

5

c 2 () g(x)] = [(1)" g(x)] + [(2)" 8(x,)]
+[3) g(x;)] + [(4)* g(x,)]

+ (57 2(x)]
=g(%) +48(x,) +9%(x;)
+16g(x,) + 259(x,)

a S[1)@x)]= @) + [0,

+ f(x3) (A xy)
2 a A=%bxh=%><9><4=18mm2
b A=%7rr2 = %n(4)2 =87 cm?
3 V = 72k = 1(4)%(10) = 160 7 m?
V= larh= S a3)(14) = 421 fF

Exercise 9A

1 _Lymic=lyyc
7+1 8

2 Lywic=lysyc
4+1 5

3 ! yric——1xi+Cc=-14C
-2+1 x

1 L 1] 2 1
4 ; x 2 +C=Tx2+C=2x2+C
| =
2
1, 4 4
5 |- [x3"ro=|Ltxi+Cc=3x3+C
L 4 4
3 3
2 7 7
24
6 |- x5 +C=Lxs+C=245+C
g+1 7 7
5 5
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Integration

11

WORKED SOLUTIONS

Doy L ywpo="Iysic=-14C
x —4+1 3 3
1 2.1 yvoajeo-_lyngeo-_ 1 (00
12 T 1241 1 11x"
1 1, 4 4
Yr=x3; | L |x3"+C=| L s+Cc=234C
1 4 4
41 =
3 3
3 3 10
2 241 g
10 {¥=x7;| L |x7"+C=| L x7T+C=LxT+C
3 10 10
| =
7 7
1 4 4
2 1 2 2
L —y 5; ! Y= Lixs+C=245+C
Ix 1y 4 4
5 5

12

Exercise 9B

1

2

w

H

n

[}

Jx3dx =3ix3+1 +C =ix4 +C

+1

Jldt = Jt—zdt =1 joujpc=01+c=-14cC
12 -2+1 t
4 1 44
Yxtdx = x5dx=4—x5 +C =
—+1
5

JZdu =2u+C

J(sz +2x+1)dx = 3Jx2dx + fodx + Jldx

=3(ﬁxz“j+2[$xl”j+x+c

=x3+x2+x+C

J‘idx = j4x—3dx = 4Jx—3dx =4(Lx—3+1j+c
* -3+1

=—2x*2+C:—%+C

J(rz +%)dt = Jtzdt + Jt‘lldt

1, 5
= Lpay Uatiolpidi, o
2+1 1, 3 5
4

2 2
J(WH)dx = Jx3dx + fldx =1 ¥ ixic

g+1
3

3 3
=§x3+x+C

Worked solutions: Chapter 9




J(Sx4 +12x3+6x-2)dx = 5Jx4dx + 12Jx3dx

+ 6dex - Jde
_ 1 4y 1 34
_S(Z:Tx4l)+12(giix31j
+6(:11x1+1j—2x +C
=x"+3x*+3x2-2x+C
10 jdt=jldt=t+ C
11 a f)=x'+5=x"+4x7 f1(x)=3x"" +4(-22)

—3x2-8x3=3x2-35
X

Jf(x)dx =j(x3 +4x7 )dx =Jx3dx+4jx‘2dx

= xS C
3+1 -2+1
=lyidic

4 x

12 a g(x)=309x = 30x5 gx)= 30{ ]—64

xS

"+C

7+1
5

b Jg(x)dx 30 f Sdx= 30{

5 6 6
= 30[6x5] +C=25x5+C
Exercise 9C
1 f(x) =J(4x5 +8x)dx = §x6 +4x2+C
f(0)=8=§(0)6+4(0)2+c
c=8
f(x)=§x6+4x2+8
2 y =J(x4 +4/;) dsz[x“ +xi ]dxzéxs +%x%+C
10=§(1)5+§(1)%+C
Cc=9
y =éx5+§x%+9
3 s(t) =Jv(t)dt

s(2) =J(3t2 =20)dt=t3-*+C

12=3-3*+C
C=-6
s(t)=t-1*-6

4 V()= 27r(4t2+4t+l)dt:27rj(4t2+4t+l)dt
=27T(§l’3 +21° +t) +C
w =2n(§(0)3+2(0)2 +0) +C
C=r
V(t)=2n(§r3+2t2+t)+n

V' (3) =2n(§(3)3 +2(3)2+3) +7=21(57)+ 7 =1157 cm®
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WORKED SOLUTIONS

v(t)=20-5¢
a(t)=v'(t)=—5ms™

5 a

b s()= jv(t)dr = J(ZO—St)dt =20t—§r2 +C
5:20(0)—3(0)2+c
C=5
s(t) :Jv(t)dt=5+20r—5r2
Exercise 9D

jédx=2jldx=2lnx+c, x>0
X X

N

j3exdx = SIede =3¢"+C

w

j%dt:ljldt=llnt+c, >0

4 Jln"dx dex—x

J(Zx +3)2dx =J(4x2 +12x+9)dx = 46 X )

_4.3 2
2 %xz +9x+C—§x +6x

0

+1
+9x+C

J'de = J’(Zx +6x+2 jdx

X

2( x3j+6( x2j+51nx+C

=§x +3x*+5Inx+C, x>0

jlneuzdu J 2afu— ‘+C

j(x -1 dx =j(x3 —3x2+3x-1)dx
=Lyt 3(1353 )+3(1x2 )—x+C
4 2

N

3

:ix“—xs +%;»c2 -x+C

e*+1 _1 X _ 1/ x
9 J 5 dx—E (e +1)dx—5(e +x)+C

1
10 J" X txtlgye - J[x2+x +x ]dx

3 1

X+ 1x’+C

3
2 2

5
2+1

1

3
x24+2x° +C

N\m

U’I\N N\(.n\»—'

+3

Exercise 9E
J(2x+5)2 dx —%(%(2%5)3 )+C:%(2x+5)3 +C

3,0 11, 4
J(—3x+5) dx = 5(Z( 3x+5) J+c
=—(-3x+5)'+C

Lee Tem Lye
Jezx ’ dx=%e2 ‘rCc=2e""+C
2
Worked solutions: Chapter 9




WORKED SOLUTIONS

4 J5x+4dx—(ln(5x+4))+c 2 Jif:gidx3u=x3+2x;g’;=3x2+2
=gln(5x+4)+C, x>—§ i
szzzd Jd"dxzjlduzlnuvLC
5 J dx=3 =3(_izln(7—2x)]+c e “ “
=In(x*+2x)+C, x*+2x>0
=—%1n(7—2x)+C, x<%
3 J(6x+5)\/3x +5xdx = u=3x" +5x =6x+5

-]

J4ezmdx:4 f ! dx:4(%ezx+l )+c=2e2"+1 +C

f(6x+5)mdx J( ) 2dx JZdu

J 6(4x—3)'dx = 6J(4x—3)7dx
3 3
—6(1(L(ax—3) \}+C =2u+C=2(3x" +5x)2 +C
= 4(8 ) 3 3

3 (42
=2 (4x-3)'+C

N

H

4
J4x3e" dx =>u=x"; Z—” =4x’
X

J‘4xSe"4 dx = j(juje”dx = Je“du —e"+C=¢" +C
X

8 J(7x+2) dx—[(7x+2)
2
3
:1[2(7x+2)2]+c 5 Jf“%dx:u:x2+3x+l;d“=2x+3
713 (x"+3x+1)
3
2 2
= 7x+2)"+C
( ) J 23 J‘dxdx J 2a’u——u +C

©

n . (x +3x+1)
J(e *3 de J dx+4J‘3 — Clice 1 (o

1 u x +3x+1
=lets 4(7In(3x—5)J+C
N Sodu_ 1.3 _ 1
1 4x+ 11’1(336 5)+C x>7 6 Jzﬁdx:uzﬁzx ,EZE-’C 22\/;
J— u
0 j3(4 —f(4x 5) dx J(l(eﬁ)jdxzf(dje”dx =Je“du
2[ 2% dx
=§[Z(3(4x_5) j]+C =" +C=e""+C
_ 1
© 12(4x-5) 7 Jx2(2x3+5)4dx:>u=2x3+5; M — 6y, (du) x°
6 dx
11 a  f(x)=(4x+5); f'(x)=3(4x +5) (4)=12(4x +5)’ "
Jx2(2x3+5)4dx=J6(d ) 4dx—6ju4du
J F(x)dx =j(4x +5)dx =%G(4x +5)4]+c
11 1 3 5
=%(4x+5)4+C =6[5u5)+c=30(2x +5) +C

12 v(t)=e3 +6¢; s(0)=4
] -3t _ 1 _3¢ 1 2 _ 1 3 5
s(n) = f(e +6r)dr =—e +6(Et j+c == +32+C

j 2l s u=x'+x; d—=2x+1
X

Ux +x

2x+1 1 4 32 4 2
dx = dedx Ju4du=u4+C=x2+x4+C
4=—§e-3<°>+3(0)2+c:>4=—§+c:/C=§ JWH 3 500

s(t)= —16‘3’ +37+ g

J(Sx3 —4x)(x* -« )3 dx=u=x"—x* @ =4x" -2x
Exercise 9F
J(sz +5)2(4x)dx = u=2x" +5; % =4x

A A

1, 4 24
=5 —x7) +C
=lirc=le+s) +C 27

[@e—an( —yac= (264 200 -4 o

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 9




10 J‘L 3% = u=x> —4x; 32 4 =4—3x2
x” —4x dx
=)
4-3 f ®) = J du=-Inu+C
x —4x

=—In(x’-4x)+C; x* —4x>0
11 f(0)=2 f(0) = 4
J 8 Ix—u=4x?+1; “ogy
4x°+1 dx

du

dex:fdezJ‘Idu=ln(4x2+l)+C

X u 7
In(4(0y’+D)+C=4=Inl+C=4=C=4
f(x)=In(4x*+1)+4

12 f'(x)=3x" (1, 5¢)

fx) = J3x23x’dx:>u=x3; %=3x2

flx)= J‘sze"sdx = J(;’;je“dx = Je”du

=e¢*+C=e"+C
e’ +C=5e=C=4e
f(x)=e* +4e

Exercise 9G
1 Use the area formula for a triangle to verify your

answer.

f(;mjdxﬂé; 1(8)4)=16

Y,
3_
i fx) = x° - 4x
1

3 P 10| 1 3 4 X
-1
-2
-3
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WORKED SOLUTIONS

Use the area formula for a rectangle to verify
your answer.

3
J 3dx=12; 43)=12
-1

iy
4_

2
)

fix)=3

24
1

210 1 2 3 4 5 X
Find one-fourth the area of a circle to verify your
answer.

3

J \/9—x2dxz7.07;%ﬁ(32)z7.07
0

A

fx) = /9 - 22

4 3 2 10 1 2 3 24X

3
j Lax~1. 10; no area formula
X
1

Use the area formula for a trapezoid to verify
your answer.

Jé(;aﬁzjdx:l&;(2+4)(6)=18

0

Exercise 9H
1 Use the area formula for a trapezoid.

J f(x)dx_l(4+2)(4) 12

(6,4) (8,4)

Worked solutions: Chapter 9




10

11
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Find the area of the triangle above the x-axis,
subtract the area of the triangle below the x-axis
and then add the area of the trapezoid.

j f@)dx=22)(4) 5 (2)2)+(4+2)(4)
=4-2+12=14

In questions 3—10 we are given that

Iﬁf(x)dx =-3, fof(x)dx =8, Jjg(x)dx =4, and
ng(x)dx =8

6

[ prels@)e=
2}6 f(x)dx+;j6 g =2(-3)+1(4)=—4

J6g(x)dx =— ng(x)dx =-8

ng(x)dx = Jég(x)dx + Jlog(x)dx =4+8=12

1 1 6

J ’ f(x)dsz:flo F(x)dx=0

Jé f(x)dx+fo f(x)dxzjw f(x)dx:—3+f° Flx)dx

=8 :>J f(x)dx=11

6

We know that J f(x)dx=-3. The graph of

y=f(x—4) is the graph of y= f(x) translated 4
units to the right and the limits of integration
x=1and x = 6 are translated to x = 5 and x = 10,

50 Jw Flx—d)dx= Jé F(x)dx =3

The graph of y = g (x) + 3 is the graph of y = g (x)
translated up 3. This adds a rectangular region of
length 4 and height 3 to the area under the curve,

10 10 10
s0 j (e(x) + 3)dx=| gX)dx+| 3dx=8+4(3)=20
6 6

6

6
We know thatJ g(x)dx = 4. The graph of

1
y =g (x+ 2)1is the graph of y = g (x) translated
2 units to the left and the limits of integration
x=1and x = 6 are translated to x = —1 and x = 4, so

j43g(x +2)dx= 3J4g(x + 2)dx =3j6g(x)dx = 34)=12
Given that th(x)dx =-2 and jsh(x)dx =6
fh(x)dx =J2h(x)dx +fh(x)dx - 2+6=4

b [ () + 2dr= [ hde+ [ 2dx=6+32) =
) J et |

N

1(u2 ~2)du=[ L

W

8
x3—x§]dx:{3x§—3x§} :{3(8)3—3(8)2}
A Y

(&)

N

WORKED SOLUTIONS

4
12 a We know that J f(x)dx=16 and so
0

JO L pan =1 j fdr=116)=4

4
We know that J f(x)dx = 16 and since
0

y = f(x — 3) is the translation of the graph
of y = f (x) to the right 3 units and the limits
of integration x = 0 and x = 4 are translated

tox=3andx= 7501fjf(x 3)dx = 16,

we can deduce thata=3and b=7

i f( F0)+k)dx =j (f ())dx + j kdx =16+4(k)

4
andf (f(x)+k)dx:28:>16+4/e:28:>k:3
0

Exercise 9l

JIZxdx - ZJdex =2Bx2}1 :2[;(1)2 —;(0)2} _
2411:[%(1) ~200)]
i 2530

[l

-1

=B(0)§—§(0)§}=[lz—9ﬂ— __36

J:4e'”dx = 4£8f3xdx = 4[6’” ](3) = 4(6’3 ¢’ ) =4 -1)

f Lax=[lnx]S =ne’~Ine=2-1-1

Jl(t +3)(¢+ 1)dt = Jl(tz + 4t + 3)dr

- Eﬁ +21° +3t1

=20 +20)"+30)]
—B(Of +2(0Y’ +3(0)} =16

2\/;+3

9 1 1 9
2+3x 2 |dx=|2x+6x2
e (200 feofree

= [2(9) + 6(9);] - [2(4) + 6(4);] =36-20=16

Worked solutions: Chapter 9




9 a Given thatJ F(x)dx =8,
J3f(x)dx 3f Flx)dx=3(8) =24

J f(x)dx =8,

Jz(f(x)ﬂc2 )de =J2f(x)dx +J2x2dx =8+[;x3}z
0 410y -1 |-
10 [ lar-mn6= [nx]; =In6=

2 X

b Given that

1n/e—1n2=1n6:1n§=1n6:f=6:k=12
2

Exercise 9J

1
1 Jlldt=[11n(t+2)]
_1t+2 1 1

=[In(1+2)]-[In(-1+2) ] = In(3) - In(1)

=In(3)-0=1In3
2 Jj e dy =[_11€—x+1 ]: :[_€—4+1:|_|:_€—3+1:|
=—e” +e” =1

1
DY
e e

J( 2x+1ydx = [ ( (- 2x+1)4ﬂ2
—[-2200+1)" ][ ~Lexn ']

w

H
%
~
N,

+
N

R
=
R
r—1
o,
+
o
Il
—
Q
|
Q

Pt

1 1 1
5 J NO6x +4 dx =J (6x+4)%dx
-1

[fw]

=[;(6(2)+4)z}—{;(6(0)+4);}

64 8 _ 56
) 9 9 9

d
(x2+x)3(2x+1)dx:>u=x2+x;—u=2x+1;

1 dx
when x=1, u=1>+1=2 when x=2, u=2?+2=6

[+ xy@uanax=[""w (“’j ax=[""
1 x=1 dx

wdu
:[l 4} —[ (6)} [ (2)4}=324—4=320

u=2
4 4
8 -6 2(4t -3
7 [ ta [ 0
32t =3t-2 32t =3t-2
4

=2 7dt:>u 2t -3t — zf_4r 3
32t -3t-2 dt
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WORKED SOLUTIONS

when ¢t =3, u=2(3)*-3(3)-2="7 and when
=4, u=2(47 -3(4)-2=18

=4 du
4y, " u=181
ZJ 7dt 2 dt=2f ~du
2% —3-2 u w=7 ¥

=3
=2[Inu]’ =2[In18-1n7]=2In 2>
7
8 J.14xe"2+3dx = 2-[12xe"2+3dx Su=x"+3; du_ 2x;
0 0

dx
when x=0, u=0?+3=3 and whenx =1, u=1"+3=4

x=1 _
2_[01 2xe* Py = ZJFO (Z: )e"dx = 2]:: e“du
=2[e'] =2(e" - )
f(x)==2x*(x-2). 4

f(x) cuts the x-axis
when f(x) = 0, so

2x*(x-2)=0=>x=0,2
2
Area = jo 2% (x - 2)dx

9 a

>V

T

b Area= joz 2% (x = 2)dx = —2]02(3:3 —2x%)dx

r 2
1 2
=-2|—x*-Z4°
| 4 3 do

(i(z)“ @ )

=-2

—(1(0)4 -2y )

| (4 3
——2[ 4-1 —0]—8
B 3 _3

0 [

f Lax =%[ln(x—1)]§ = [In(k —1)]~[In2 - 1)]

2

dx—ln4

=[In(k-1)]-[In(1)]=In(k-1)
In(k-1)=lnd=k-1=4=k=5
Exercise 9K
1 y= fx2+2 and y=5 Ly2_2

Find the x-coordmates of the intersection points.

— X 42= X2 =4 =x=-22

1
<

1
~

|
w

1
—
oy

1
-
N
w A
~

>

-3
-4

Worked solutions: Chapter 9




WORKED SOLUTIONS
2
1

Jz ((—;xz +2)_(;x2 _Zj de= [ (= +4)ax [[(@G+2x -2~ (e+D)dr =] @+x-2")dx

2
r 2 ={2x+1x2—1x3}
=|-1x* +4x 2 S
L 3 -2

= [2(2) +Q) —;(2)3} - [2(—1) ! —;(—1)3}

=| 5@ +4(2)}
. =(6_8j_(_2+1+1}
- 12+ 4(—2)} 3 23
- _10 ( 7)_27_9
_16_(_16)_32 "3 Te) 6 2
3 3 3 5 a f(x)=x'—x
— a2 —
2 fx)=xand g(x)=Vx N 2 —x"=0= 2 (¥’ -1)=0=x=0,-11
The x-intercepts are (0, 0), (-1, 0) and (1, 0).
1
b i f'(x)=4x"-2x.
51 o 1 2% i f(x)=4x3-2x
Find the x-coordinates of the intersection points. 420 -2 =0=2x(22° ~1)=0=>x =01 /1
=Jx=xi=x=xt-x=0=x(x*-1)=0=x=0,1 sgnsof f - . B .
1 1 3 1 < * T T
1 a2\ — 22 | g =22 1,3 0
fo(x/; x )dx—J'O[xZ x ]dx—LxZ 3% L X -\E \E
= E(l)%_l(lf - E(o)%_l(()f =1 £(0)=0; f _ﬁ =L 1 Log b=l 11
3 3 3 3 3 ’ 2) 4 2 4 2) 4 2 4
3 y=2x-4,y=x’between Y Relative minimum points: [_\F,_l}[ 1,_1]
x=—2=andx=2 84 27 4)(\N2' 4
Using GDC, We see 67 Relative maximum points: (0, 0)
4
2x — 4 = x° has no roots 9. c iandii %
for -2 <x<2. > o] f0mxe
Atx=0,x°>2x—4, //2 347
SO wWe can use
[,x3 = (2x — 4)dx to find . <°’°3 —
bounded area. 2/ 1\ 2
T /1 1,1
[ -@x-apdr =" (2" ~2x+ 4)dx Wz 73]
— 2 24
() =1-22
= ix4—x2+4x} & ’
1 1
- - d I_I((l—xz)—(x4 —xz))dxzj_l(l—x4)dx
=L@ - +4(2)}— 1
“ i
L =|lx——x
5 -1
LY -2 +4(—2)} 1
- o]
=8-(-8)=16 5
4 g(x)=x+land h(x)=3+2x—x’ _{_1_1(_1)5}
Find the x-coordinates of the intersection points. 5
x+1=3+2x-x"=>x" —x-2=0= _4_( 4]_8
(x+D)(x-2)=0=>x=-1,2 5 5) 5
4{ 6 y=Inxandy=x-2
3 Use a GDC to help sketch the graph, find
1 x-coordinates of the points of intersection and to
y evaluate the definite integral.

~
>}

[ (n(n) ~ (x~2))dx = 1.95

0.1586

\
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2
14

T L
a9 /12 3 4 *

2
A
7 f(x)=x"-3x+1land g(x)=—x+3

Use a GDC to help sketch the graph, find
x-coordinates of the points of intersection and to
evaluate the definite integral.

I”” ((~x+3)—(x* =3x +1))dx = 6.93

-0.7321

b/
5

4

14

-2 —1_10_ v N X
8 f(x)=e'and h(x)=2-x—x"
Use a GDC to help sketch the graph, find

x-coordinates of the points of intersection and to
evaluate the definite integral.

[ (@-x-2")-e")dx=2.68

-1.952

:x+2

gyx—l

Use a GDC to help sketch the graph, find
x-coordinates of the points of intersection and
to evaluate the definite integral.

9.275
J ((—1“6)— x+2 }dx ~9.68
2 x—1
1.725

and y=—%x+6

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

10 a f(x)=xand g(x)= 2Wx

Use a GDC to help sketch the graphs.
yl
44 8k =2V
3_
24

N fix) = x

T T T T T 7
21 123456
-2

4
b i, (x—x)dx
ii Usea GDC to evaluate:

f:(z\/Z ~x)dx = 2.67.
c i .[Ok(Zx/;—x)dx

i jok(zﬁ—x)dx =Jk(2x; —x)dx

X

_4%_12_4 %_1 2
oo

3
4p2 _1p2
3 2

Use a GDC to solve: £~ 1 =1 (2.66667)

=~ 1333 =k=1.510r6.22
Since 0 < k< 4, we know k= 1.51

Exercise 9L

1 y=x"-2x"and y=2x"-3x
Use a GDC to help sketch the graph and find the
points of intersection and evaluate the definite

integral.
yl
12-

(3,9

(0,0
X
3 2-p) T2 84

_4-

J;((x3 —2x%)— (247 —3x))dx +
[((@x* -32) (" ~2x*))dx =3.08

2 f(x)=(x-1)’and g(x)=x-1
Use a GDC to help sketch the graph and find the

points of intersection and evaluate the definite
integral.

Worked solutions: Chapter 9




WORKED SOLUTIONS

i ()= 2= f(0)=]x
=>m=f'(4)=2
tangent to f(x) at x = 4 is given by
y—4=2(x-4)=>y—-4=2x-8
= y=2x—-4="h(x)
Thus, A(x) is a tangent to f(x) at the

[ (=1~ (e-D)ax+

jlz((x—l)—(x—l)S)dx=0.5 point Q.
, b i Usea GDC to find the intersection of
3 f(x)=xe and g(x)=x"—x gand &: P(1.236, -1.528)
Use a GDC to help sketch the graph and find the ii Area of shaded region =
1 1 1 1 1.236
points of intersection and evaluate the definite J‘ (%) — g()dx + J‘4 £ = h(x)dx.
integral. 0 1236

)/ 1.236
‘ J (1x2 —(—xz))dx+
2- e
11 J(1.131,03149) 4 o
X Zx _(2x_4) dx =2.55
2 1 2
(-1.131,-0.3149)/ 17 1236

. Exercise 9M

0 _x2 = - 1 = =
J_ml((xs — %) (xe )) d + 1 f(xz 4 and the x-axis between x =0 and x =5
jol‘m((xe-”)—(x3 ~x))dv=1.18 1 ) -4

4 g(x)=-x"+10x>-9and h(x)=x" —9x> 3
Use a GDC to help sketch the graph and find the j y=4
points of intersection and evaluate the definite R
integral. 10123 45 6%
% 5 )
20 [O 7(4%)dx ~ 251
15
104 The solid formed is a cylinder with
5. V =r(4*)(5) ~ 251

: : : > 2 f(x) =6 — 2x and the x-axis between x = 0
-4 -2 - 1 2 4 =
(-0.7q71, -4.25) ° /t0.7071, 44 25) and x =3

Z107
-15-
-20

J::jml ((—x4 +10x° =9)— (x* —9x° ))dx

0.7071
+J. 07071((964 —9x%)—(—x* +10x* - 9))dx

3 4 2 4 2 -
+y g ((xF#1087 =9) = (" —02) =110 el NI Do

.[:7[(6—2x)2dx ~113
The solid formed is a cone with V' = %72'(62 )(3)~113
3  f(x)=+4—x* and the x-axis
y

a i UseaGDC to find the intersection of
fand A: Q(4, 4)

32 410
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WORKED SOLUTIONS

2 2
I_Zir(\/4—x2)2dxz33.5 J.Zﬂ'(xs)zdx=ﬂ:j2x6dx=ﬂ|:1X7:|
1 1 7
The solid formed is a sphere with V = 4 7(2%) ~ 33.5 :
’ =n[ Yoy |ty ]
4 f(x)=+16-x" and the x-axis between x = 0 and 7 7
x=4 _ 127z
X 7
5_
f(x) = /16 - 2 2 y=x"+1axisbetweenx=0and x = 1
3 y
29| | y=y16-x 3
Ly 2
5 43210 1 2 3 4 5% y=x+1

2 0 1
_[047[(\/16—952 ) dx ~134

J: 7(x® +1)Y°dx = L)I z(x* +2x% +1)dx

7 X

The volume of a half of a sphere is

r 1
V=1(47r(43)jz134 =7 1x5+2x3+x}
2\ 3 B 3 0
5 f(x) = xand the x-axis between x =2 and x = 4 —r _1(1)5 " 3(1)3 +(1)
W |5 3
. 2| L0y + 20y +(0)
31 5 3
i _28r
Ly 15
S 2 g 3  f(x)=3x—x" and the x-axis
24 N
-3 3
[ 2(x*)dx = 58.6 2
14 - 2
The solid is a frustum, a truncated cone. Find the : ,y ?X o
volume of the cone formed by rotating the region g2 é\ 45
under the curve from x = 0 to x = 4 minus the
volume of the cone formed by rotating the region J‘ ’ 7(B3x—x*Vdx =7 J‘3 (9% —6x° + x*)dx
under the curve from x = 0 to x = 2: 0 -0 ,
V:%”(42)(4)_5”(22)(2)z58-6 =r 3x3—3x4+1x5:|
2 5
L 0
Exercise 9N =7x|3(3)’ -2 (3)* +1(3)5]
2 5
1 f(x)=x" and the x-axis between x = 1 and x = 2 -
; -7 |3(0)° - 2(0)* +1<0)5]
9- | 2 5
8- 81z
fix) = x3 =2
7 : 10
6_
5- 4 y=i axis between x = 1 and x = 4
4
3 Y
2_
1 y=x
L7 R R
24

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 9




o
=)
IS
>}

1 r 1 In4
Ind4 —x —x
7Z'IO e? dx=r| 2e? }

0

= _(26;@4)] - (26;(0) J:I

=z _(2e1“2 ) — (2@0 )]

=n(4-2)=2rx
kr=2r=k=2

dx =3r

de=n| Ldx= ﬂ[lnx]
1 b

= 7[In(a)-1n(1)] = 71na

rlna=3r=lna=3=a=¢

a
1

Exercise 90

signs of v - +

1 s(t)=t"-6:+8,0<r<4 S

a v()=s()=2t-6 left  right
b v(#)=0=2t-6=0=¢=3

s(0)=8
s(3)=3-6(3)+8=-1
s(4) =4 —6(4)+8=0

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

4
¢ Displacement: JO (2t —6)dt=-8 m
On the motion diagram we see that 0 — 8 = —8

Total distance: |'[2¢~6jdr =10 m
On the motion diagram we see that
|-1-8|+|0—-(-1)|=9+1=10

2 s(t)z%f 32 +8:,0<r<6

a v(t)=s(t)=t>—6t+8

b v)=0=>+-6t+8=0=
(t—2)t—4)=0=>7=2,4
s(0)=0

s)=1(2) -3(2)

signs of v + - +

b v

t0 2
right left right

s(4)=1(4) -3(4)" +8(4) =5

N

+8(2)=62

s(6)=(6)"~3(6)" +8(6)=12

T > S(t)
12

. 6
¢ Displacement: JO (t2 — 61+ 8) dt=12m
On the motion diagram we see that 12— 0=0
Total distance: | |r* —6¢+8|dr =14.7 m
On the motion diagram we see that
‘6§—O‘+‘51—63H12—51‘
3 3 3 3

_20,4,20

3 3 3

=% 147
3

3 s(t)=(t-2);0<r<4
a  v(t)=s(r)=3(t—2)*(1) = 3(z - 2)°
b vw(t)=0=3(-27=0=¢=2
s(0)=(0-2)’ =-8
s(2)=(2-2)'=0 £0 2

s(4)=(4-2) =8 right  right
t=0 t=2 t=4

———eo——o

signs of v + +

> S(t)

< T T

T
-8 0 8

Worked solutions: Chapter 9
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WORKED SOLUTIONS

¢ Displacement: I: 3(t-2)’dt =16 m c total distance traveled = j;6|v(t)| dt = %(2)(4)
On the motion diagram we see that 1
8 - (~8) = 16 + e
Total distance: |"[3(s ~2)?|dr =16 m |
Y +1(6+2)(2)
On the motion diagram we see that 2
18 —(-8)| =16 =28 m
12
4 i : 64 .
a Displacement L v(t)dt 55 Exercise 9P
3 44 S
= (6)(6)~,(4+2)2) ¢ 3 1 ["18.4¢™dr ~ 239 billions of barrels
=12m N é (1)_ VAR WL ) .[01'5(1375% —fs)df ~1546 spectators
Total distance: J |V(t)|dt >_;- B W2 i 8 & (-0.01*+0.13£~0.38/2~0.3r+0.9)
2 21 3 36.5+] Stel 00O ITOBTOI0NG 2240 e

= %(6)(6) +%(4 +2)(2)=24m

20

4 4000+J

0

—133(1 - 6’0) dr ~1780 gallons
5
b Displacement: jo w(t)dt = %(2)(2) + %(3)(6)

=11m [XE Review exercise
AN

. 5 1 1
Total distance: | |v(¢)|dt =-(2)(2)+ ~(3)(6)
J0| | 2 2 1 a j(4x3—8x+6)dx=4(1x4j—8(1x2j+6x+c
4 2
=11m
12 . . =x'-4x* +6x+C
c Displacement: IO v(t)dt = 2 2)2)+ 3 (6)(6)

4 7 7
J.{/x_“dx:ijdx=%x3 +C=%x§+C
3

Jidx=3jx-4dx:3(—1x-3)+cz— Lyc
x 3

(-2

—%(4+2)(2)=14 m

(]

3
x

Total distance: jO” r(o)]de =L @@+ L (6)6)

+1(4+2)2)=26m d J5x4—3xdx= (éxz_i(ij]dx
2 6x° 6 2\ x
5 a v()=£-9 :§(1x3)_11nx+c
a(t)=v'(t)=2t o ’
5 :ix3—1lnx+C,x>0
a(l)=2 ms 187 2

b s()=[v(r)de=[(7 —9)dt=§t3 ~9¢+C J'e‘*"dx:ie“ +C

12-10y-90)+c=C-12 P D de = ="+,
du 2. 1( du 2
- :3 o = =
s(t)=%t3—9t+12 ar X ’3(@) *
¢ distance travelled = J.2|t2—9|df2119m J[S(dx)u ]dx 3—[u du 3(5u )+C
6 a Acceleration at ¢ = 3 is the gradient zisuSJrC:%(xB +1)°+C

of V(t) att=3. 61(3):@:2 ms2
4-0 1 1 3
g dx=-In(2x+3)+C, x>—-=2
b The particle is 4 j 2x+3 2 2

4 u
traveling to the 3. h fmedx =u=Inx; % :%
right when () > 21 . ~ i
0 which is the ol N\ seconds J (lnx(;)jdx ‘J(”(a)]dx
interval 2 < £ < 10 _;:/5 46 810¢ 1 fo1s —fudu=Li2 +C

=%(lnx)2+C, x>0

v(t) (meters per second)
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WORKED SOLUTIONS

P |GGy S u=32 41, =6 e jj1(3x—1)3dx:;[i(3x—1)4:l =[112(3x—1)4]

Ju(%)dx =Ju du =%u2 +C =%(3x2 +1?2+C
= [112(3(1) -1 ] - [112(3(—1) -1 ]

i dx:>u e +3; @=€
dx=2 e*)dx Tz
JM e J<> L
—2 j ;(jxl)dx =2 j Ldu f J: S tdr=[In(x + D]

=2Inu+C=2In(e*+3)+C

! =1n22) + D] L[In(2(0) +1
k  [3v2x—5dr=3[(2x~5)2dx [0+ D] =3 [In(0) + D]

3 =1(n5)-Ltin1=13
=3{;[§(2x—5)2ﬂ+c 2 2 2
3 3 fx=x*-1 3{’
=Q2x-5)+C a Area of region B N
2 2 2
| J.erz"dx=2j.xez"dx:> :L (x* =1)dx o/
_I _I i 0 T —>
u2x2d”4x,(j—x 321_%23"
4| dx
~24
ZI xe dx = zjl(d”) e“dx b Area of region B
4| dr i
=Hetdu=1e"+c=1e 4C = J (" ~Ddx = [ ¥ _x}
2 2 2 1
’ _l iy 2| tay -
2 a J.;(3x2—6)dx=[3(;x3j—6x} :[x3_6xJz —L(Z) 2} L(l) 1}
0
3 3 —2_|_2|_4
=[@’ -6(2)]-[ 0y’ ~6(0)] =4 =313 =3
16 1 17'6 2 1
b j Adr=4f"s 2dt=4{2t2} ¢ [ -Ddx-[ (" -Ddx
it \ .
(6 | 1 ;zjl (x> —1)’dx
=[8t2} ={8(16)2}—{8(4)2}
4 4 [f(x)=3x-2;(2,0)
=32-16=16
2 2 f(x)zI(Sx—Z)dx=3(;x2j—2x+C
c J 4dx=4f 1dx=4[lnx]le2
7 P =%x2—2x+C
=4[Ine’ |-4[In1]
—4(2)—4(0)=8 %(2)2—2(2)+C=6:>6—4+C:6:>C=4
d Jol6xe3"2+3dx:>u=3x2+3;§x—”=6x; f)=3x*-2x+4
when x = 0 then # = 3(0)* + 3 = 3 and 5 Isf(x)dx=20
whenx=1thenu=3(1*+3=6 1
5
: ! a Given | f(x)dx =20.
J‘Iéxe.'ix +3dx: (du)e dx II
0 x=0 dx 51 1 5 )
CoL | Lree=L[ reas=Leo=s
=] e”du=[e”]3=e —e 1
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b [[f)+2]dr=[ fx)dr+[ 2dx
=20+[2x] =20+(10-2) =28
6 v(t)=4e* +2;s(0)=8

s(t)=[(4e” +2)de = 4(;e2’j+2t+c

=2¢" +2t+C
269 12(0)+C=8=2+C=8=C=6
s(t)=2e¢" +2t+6

k
7 j I _dx=In5
12x—1

k
Jl dx=[11n(2x—1)}
| 2x-1 2 !

- [éln(Z(k)—l)} —[;m(za)—l)}

k

_1 _
= n(2k-1)

%ln(Zk—l)zlnSSInJm:lnS:
J2k—1=5=2k-1=25=k=13
Review exercise
1 f(x)=4-x°
v=[z(a-x)axr=1072 /|

14

T T T 0
-4 -3 {2 -1 1
/ -1-

)’
w 4
~
x<Y
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WORKED SOLUTIONS

v(t)=2t" =11t +12,t=0
a(t)=v'(t)=4r—11 signsofv  + - +

¢ T

t0 1.5
right left right

N

Particle moves left fora <t < b
v(t)=2t> —11t +12

202 11t +12=0=>x=1.54
a=15and b=4

j25|2r2 ~11r+12|dr =7.83 m
f@)=x" -2 f(-1)=-3

fl(x)=3x"=>m=f'(-1)=3
y+3=3(x+1)ory=3x

Use a GDC to solve : x* —2=3x

x=2
f(2)=2-2=6
The point is (2, 6)
Y,
8_
61 y=3«_10,6)
4
24 y =1fx)
VRN B
(-1,-3)

fl[3x—(x3 ~2)]dx=6.75

Worked solutions: Chapter 9




WORKED SOLUTIONS

Bivariate analysis

Answers

Skills check

Evaluate 4 a 60y . Rainfall in Tennessee

1 2°=32 _

2 3¥=27 g4 ' '

3 7°=343 £20 ‘

7

4 (%) s 0 >

1999 2001 2003 2005 2007 2009%

3V st b St ti
T e rong, negative.
5 (4) 256 & nee

As the years increase the rainfall decreases
6 0.001°=0.000 000 001

. . . S a y
State the value of # in the following equations 100 Scores
1 2"=16 n=4 80 By
2 3"=243 n=>5 8 60 -
3 77=343 n=13 § 10 .
4 5"=0625 n=4 20
5 (—4)'=-64 n=23
o Ol 20 40 60 80 100*
6 (5) =§ n=3 Mathematics
b Strong, positive, linear.
Exe I‘Cise 1 OA 6 )/ Scatterplot of lean vs year
750+ o’
1 a Positive Strong 7951 L
b Negative Weak § 7001 oo
c Negative Strong 6754 .
d Positive Weak 6501 - _
. 1975 1977 1980 1982 1985 1987
e No correlation year
2 a i positive, ii linear, iii strong, a Strong, positive.
b i negative, ii linear, iii strong, b The lean is increasing as the years increase.
c i positive, ii linear, iii Moderate.
d i No association, ii Non linear, Exercise 10B
i zero. 1 a Mean point = (mean of x, mean of y)
e i positive, ii linear, iii weak. =(96.7,44.1)
. . b ionshi
f i  Negative, ii nonlinear, iii strong. y, Re'at"’“s“";:gt\":’iia leat length
3 a If the independent and dependent variables 70 .
show a positive correlation then as the 60 °
. . . . 50 %
independent variable increases the dependent E job-1--k-1-- MarZ 1"
variable increases. £ 30 Palk
b If the independent and dependent variables = 50
show a negative correlation then as the 10
independent variable increases the dependent 0 10 80 Do 1e0X
variable decreases. Length (mm)
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182+173+162+178+190+161+180+172 +167 +185

2 a i
10
=175 cm
ji 73+68+60+66+75+50+80+60+56+72 = 6 kg
10
b 7
80
75 R
— 10 a
&D o
< 65 /®M4
2 60 e
2 55 .
50
45
0 “x
150 160 170 180 190 200
Height (cm)
3 a Mean point = (mean of x, mean of y)
= (4, 6.67)
b %
14
12
g 10 .
3 8
25 i /'/Mean Point
4
>
2 >
0 2 4 6 87
Hours

c Strong, positive

An increase in the number of hours spent
studying mathematics produces an increase in
the grade.

Exercise 10C

1 Temperature,

(x) °F 70 72 |74 |76 |78 |80

Percentage
of diseased
leaves, (y)

123 |95 7.7 |61 43 |23

b/
12.3

Percentage diseased

23 T
70 80

Temperature
a (¥,7)=(75,7.03)

b y=-0.96x+ 79
% diseased = (—0.96 x Temperature) + 79
% diseased = (-0.96 x 79) + 79 = 3.2%
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sum of prices __ 1540 =220

a Meanhouse price= —————
p number of prices 7

The mean house price is $220 000

sum of sales :ﬁ:754

b Mean sales = number of sales 7
The mean number of sales is estimated at 75.4

c and d Note the values of m and b in the
equation y = mx + b are approximate.

140
120
100
80
60
40
20

0
160 200 240 280"
Price ($000)

y=|-x+300

Sales figure

e Approximately 70 houses.

Exercise 10D

1

The slope is —0.3. As a student plays one more
day of sport per year they do 18 mins less
homework per week.

The y-intercept is 40, which means that the
average student who does no sport does
40 hours of homework per week.

The slope is 6. For every criminal a person
knows, they will generally have been convicted of
6 more crimes.

The y-intercept is 0.5, which means that people
who do not know any criminals will, on average,
have been convicted 0.5 times.

The slope is 2.4. For every pack of cigarettes
smoked per week a person will, on average, take
2.4 more sick days per year.

The y-intercept is 7, which means that the average
person that does not smoke has 7 sick days per
year.

The slope is 100. 100 more customers come to his
shop every year.

The y-intercept is —5, which means that -5 people
visited his shop in year zero, the y-intercept is not
suitable for interpretation.

The slope is 0.8. Every 1 mark increase in
mathematics results in a 0.8 increase in science.
The y-intercept is —10 which is not suitable for
interpretation as a zero in mathematics would
mean a —10 in science.

Worked solutions: Chapter 10




Exercise 10E

1 a ¥,
14 .
12 7
- 10
=} >
T 8 7a
z >
E 6
5 4
© 4
2
X
Ol 1 2 3 4 5 6
Time (hours)

b y=184x+1.99

¢ Concentration after 3.5 hours:
y=1.99 +1.84 x3.5=8.43

1 2 3 4 5
Age (yrs)

b y=-267x+28.1
Cost = (-2.67 x Age) + 28.1
=(-2.67 x 4.5) + 28.1 = MYR16 085

d The relationship may not be linear. Old cars
are often more expensive after 50 yrs than

X

6 7

when new.
3 a N
10~
3
§ 8-
[5)
3 gd
kS
2 4-
o
I 2_
o T T T T T T T :X
2 4 6 8 10 12 14

Months of membership

b y=-0.665x+9.86

¢ Hours of exercise = (-0.665 x months of
membership) + 9.86 = (-0.665 X 3) + 9.86
= 7.865 hrs.

d No. The equation gives —6.1 hrs of exercise!

4 Fifty years = 600 months, and the line would
predict Sarah’s height at 50 years to be about
302 cm = 3.02 meters. Clearly there is a major
difficulty with extrapolation. In fact, most
females reach their maximum height in their mid
to late teens, and from then on, their height is
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fairly constant and therefore extrapolating with a
linear function is unsuitable.

Revisit the data from the leaning tower of Pisa.

a
b

d

(1981, 694)

b/ Scatterplot of lean vs year
750
725

o

§ 700-
675+
650

T T T T T T
1975 1977 1980 1982 1985 1987%
year

y=9.32x-17767

Lean = (9.32 x year) — 17767
=(9.32x1990) - 17767 = 780

Exercise 10F

1

1

2 a b

7= 0.863. There is a strong, positive

correlation.

a 0.789

b Strong, positive correlation.

¢ The income increases as the number of years
of education increases.

a 0.907
The stopping distance increases, as the car
gets older.

c Strong positive correlation.

a -0.887

b Strong, negative correlation.

c Yes, Kelly’s grade would increase if the chat
time decreased.
0.026
Positive, weak correlation.

¢ No. Mo’s grade would not increase if the
game time decreased.

6 7=0.994. Strong, positive correlation.

o

% Review exercise
J‘ .

i b v ¢ 11 d i

10 D

T T T X
400 600 800

Distance

T
0 200

32. See the dotted lines on the graph.
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50
Age (years)
b Mean Age = — Sumofagess 340 _3y
number of policemen 10
Mean time = sum of times — @ =12

number of policemen 10

Mean age = 34 years. Mean time = 12 secs.
d Approximately 11.7 secs.

@ Review exercise

1 a j/

Number of push ups

0 Time, minutes X

b As the time increases, the number of push-ups

decreases.
c y=-129%+9
d ~»=-0.929. There is a strong, negative correlation.
2 a w=-224+555h
b w=-224+555x%x1.6=66.4kg
3 a r=0.785 b y=30.7+0.688x
c 1Q=130.6 +(0.688 x 100) = 99.4. This should
be reasonably accurate since the product
moment correlation coefficient shows fairly
strong correlation.
4 a )/
50
40 oo
% 30 . ’
" 20 .
10+
0 20 40 60 80 *

Test 1

b Positive, strong.
c Students with a high score on test 1 tend to
have a high score on test 2.
d y=050x+048
e Test 2 Score = (0.50 x Test 1 score) + 0.48
=(0.50 x 40) + 0.48 = 20.48
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38
36
34

—~ 32

1=

S 30

™ 28

£ 26
24 y
22

>

ol 1 2345067 8

Week
(4, 30)
i r=0.986
ii (very) strong positive correlation
y=1.83x+22.7

Height = (1.83 X week number) + 22.7

=(1.83 x4.5)+22.7=309 cm

Not possible to find an answer as the value

lies too far outside the given set of data.

Yy
40+
35+

£ 30-

ur pr

Behavi
o
1

0 1 2 3 4
Agreeableness

5\ 6

Behavior problems decrease

-0.797

Strong, negative correlation.

Teenagers who were more agreeable tended to

have fewer behavior problems.

y=-10.2x+51.0

Number of behavior problems

= (-10.2 x Agreeableness score) + 51.0

=(-10.2 x 4.5)+51.0 =5.1

y=10.7x + 121 (3sf)

i Every coat on average costs $10.66 to
produce,

ii When the factory does not produce any
clothes then x = 0, it has to pay costs of
$121.

Cost = (10.7 x 70) + 121 = $870

19.99x > 10.66x + 121

9.33x> 121

x>12.969

13 coats should be produced in one day in

order to make a profit.
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WORKED SOLUTIONS

Trigonometry

Skills check

2 (2 1P
1 a x°+49°+41° = 180° 7 (2x) +(5x-1) =(«" +1)

4x* +25x* —10x+1=x* +2x" +1

x =90° $_27x* +10x =0
x —2/x X =
O 4 24° 4+ (x — ©=4x° —20° = °

b x_sf)ﬁz (x —20)° =4x° - 20 180 usingGDC x=5

x= tand =10 5 4 =tan"! ( ) 22.6°
¢ x°+56° +56° = 180° gz »

P tan B = 23—)B—tan‘1 (2) 67.4°
d (4x)° + (x +20)° + (x + 20)° = 6x° +40° = 180°

( _)70 (r +20)° + (x +20) Exercise 11B

3

e x?= (241 +(5.67 = 37.12 Note: many of the questions in this section can be

answered in your head, if you remember the patterns

% =/37.12~6.09 of these special right triangles.
f x2+ (192 =(24) 1 a 122402=242 — b> =242 —12% =432
x?= (24 - (19)* =215 b 43221243 cm
x =215 ~14.7 smA—ﬁ-E—m L ( ) o
Exercise 11A cosB=12=1 _, 5 COS_I( J .
1 12248 =202— & = 20> - 122 = 256 24
b=1/256 =16 cm b B=180-45-90=45°
s1nA—%—>A—sm (2 J 36.9° t%ln45=9;—>a=9t:1n45=9cm
cosB —% — B= cos‘l(uJ 53.1° sin43 AT (\/_] 9V2 em

2 B=180-40-90=50°
tan40=i—> a=37tan40=31.0 cm

c A=180-60-90=30°
sin30 = ﬁ —s a=4.5sin30=2.25 cm

cos40 = ——> c=3T_~483cm
cos 40 sin60:4b5—>bz4.55in60=2[‘f]z9‘6 cm
3 A=180-55-90=235° : i \ 4
c0555=4i5—>a=4.5c0555:2.58 cm d a2+62=(4«/§) —>a2=(4\/§) -
sin55=4i5—> b=4.5sin55~3.69 cm a=+12 =23 cm
4 @ +48°=60" > " =60" — 48" =1296 cosd =5 — 4=cos™ (T) 30°
a=+/1296 =36 B=180-90—30=60°
_ -1 o
cosA—%—>A cos ( J 36.9 e (5\/5)2_”?2:(10)2
sinB=2%_ B =sin- (60]z53.1° — 8 =(10)’ ~(5v2) =100-50 =50
5 B=180-235-90=55° b=+/50 =52 cm
tan35 = 1! i b—tan3 =~15.7 cm tanA—%—la A=tan” (1) 45°
sm35—5—>C—7~192cm B=180-90-45=45°
ond 2 x*=(8)"+(8)" =128

6 =(8.5)" +(9.7) =166.34
¢ =(8.5) +(9.7) _8J3 em
c—\/1663 ~12.9 cm 1 3
a5 tan30=T=—8—>y+8=8\/3_>
tand =3 > 4=tan- ( 7)z41.2° 3oy
y:8\/§—8cm

sin30=2=2— z=16cm

>°

(o]

tanB——5_>B tan~ (%Jz48.8°
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4

23— 2\/_—2—>xx/_=2+2\/§—>x=2+2\/§

N
b tan60=+3= "A”
2+243 2+243 | 243
- BAC=x+2= JE+2_J§+J§
_2+4\3
N
2+4f( 2+443
AC = LTJ ; cm
tan45_1_4" ;—>x +2=4x-1
- x? —4x+3—0
x=1,3
. 1 4x-1 _ 3
s1n45—$— o —>AB—\/5(4x 1)

If x=1, AB=+2(4(1)~1)=+2(3)=3v2 cm
If x = 3, AB=2(4(3)-1)=/2(11)=11J2 cm
w' =42 4+92=16+81=97 > w=+97

=Sm = w2 =+/974/2 =194
_x _ 194 _ 194
tan65—;—T s
sin65 =% = 194—>z=*_/19_4
z z sin 65
w=98cm,x=13.9cm, y=6.5cm, z= 154 cm

Exercise 11C

1

3
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a h=+15>-5 =200 =102 cm
b cosBAC = % — BAC = cos™! % ~70.5°
ABC =180 - BAC — BCA
=180 - 2BAC ~38.9°
a AE=+28+8" =+/848 ~29.1cm
BE =+/28 +202 =1184 =34.4cm

b tanAdED =28 5 AED=tan"! (28] 74.1°
tan EBA = ;% — EBA=tan"! (;g] ~54.5°
EAB = AED (alternate angles), so
AEB =180 — EAB — EBA

=180 — AED — EBA~51.5°

Observer

120
90

X Ship

tan9 =120 _ =t1ﬂ~758 m
an

25

WORKED SOLUTIONS

sin35 =§ — x=23sin35=1.7207
cos35 = % — y=3c0s35=2.457456
AC*=x*+(y+2)" > AC ~4.778
sind =~ L2975 g~21 .10

AC 4.778
4.78 km, N21.1°W

A\ 40° :
,,,,,,,,,,, R
A |12 70 12

tan40 = % — x =70tan40 = 58.737
height =x+12=70.7 m

sin47 = % = % — BX =35sin47 = 25.597
cos47 = % = fg —s AX =35c0s47 ~23.8699

sinl5=">-="=
BC 15

cos15=2Y =BY _, By =15c0s15 ~ 14.4889
BC 15

AZ = BX + BY =40.086
CZ=AX -YC =19.988

AC =N AZ* +CZ* ~44.793
ACZ = tan™! (Al)z 63.498°
cz
44 8km, bearing approx. (180 + 63.5)° = 243.5°

— YC =15sin15 = 3.882

Worked solutions: Chapter 11




10

11
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- a
~35°
/ 55095

X \ Y b

tan35 = % — a=95tan35 = 66.5197

tan55 = % — b=95tan55 ~ 135.674

X is 135.7 mtall, Y is (135.7 + 66.5)
=202.2 m tall

240

A
tan72 = “;40 — x=dtan72 — 240

tan24 =§ — x=dtan24

dtan24=dtan72-240 — d(tan72 - tan24) =240

d=—220__~912m
tan72 —tan 24

tan40=—"_ 5 x=_"__20
x+20 tan 40

tan55=" S x=_1"
x tan55
h h 1 1
= - /] =20
tan55  tan40 - tan40  tan55
h= 20 ~40.7 cm

11
tan40  tan55

_ Ak _
tanS—m N h—(t+10) tan5

12

tanl7 :g — h=ttanl7
- (t+10) tan5 =¢ttanl?
t(tan17 - tanS) =10tan5

=

WORKED SOLUTIONS

10 and t in the diagram
represent 10v and tv (the
distance travelled in 10
seconds and in t seconds).

10tan5
tanl7 —tan5

"N 9 0 19 o
tan HAD = 2= HAD = tan o 20.6

~4.01s

tan ABE = % — ABE = tan‘l% ~26.6°

HA=+9? +24% =657

Jrr_ 18
tan GAH = Nl
— GAH = tan‘l(%) ~35.1°
DG =+9% +18% =405
Ay 24
tan AG = s
— AGD = tan‘l(%) ~50.0°

Exercise 11D

1

3

9 Q M T 9 0 a 6 T 9

(-2

(3]

d

(cos20, sin20) — (0.940, 0.342)
(cosl7, sin17) = (0.956, 0.292)
(cos60, sin60) — (0.5, 0.866)

(cos74, sin74) — (0.276, 0.961)
(cos90, sin90) — (0, 1)

cos™ 0.408 = 66° or sin™! 0.913 = 66°
cos™ 0.155 = 81° or sin™! 0.988 = 81°
cos™' 0.707 = 45° or sin™! 0.707 = 45°
cos™10.970 = 14° or sin™! 0.242 = 14°
A =3 (cos70)(sin70) ~ 0.161

A =3 (cos38)(sin70) = 0.243
A = (cos24)(sin70) ~ 0.186

A =3 (cos30)(sin70) = 0.217

Investigation - obtuse angles

1 (—0.766,0.6430.766,0.643)
l <A 40° ]
(-0.906,0.423) ‘@ (0.906,0.423)
{r125°

2

3

(-0.375,0.927)

X

(0.375,0.927)

Exercise 11E

1

B (cos30, sin30) — B (0.866, 0.5),
C(-0.866, 0.5)

Worked solutions: Chapter 11




b B(cos57,sin57) — B(0.545, 0.839),
C(—-0.545, 0.839)

¢ B(cosd5, sin45) — B(0.707, 0.707),
C(-0.707,0.707)

d B(cosl3,sin13) = B(0.974, 0.225),
C(-0.974, 0.225)

e B(cos85, sin85) — B (0.087, 0.996),
C(—0.087,0.996)

2 a cos™(—0.332) ~ 109.4° — 180 — 109.4 = 70.6°
b cos™ (=0.955) = 162.7° — 180 — 162.7 = 17.3°
¢ cos™ (—0.903) ~ 154.6° — 180 — 154.6 = 25.4°
d cos™ (—0.769) ~ 140.3° — 180 — 140.3 = 39.7°

3 a sinl5=~0.2588, 180 — 15 = 165°
b sin36 ~ 0.5878, 180 — 36 = 144°
c sin81~0.9877, 180 — 81 = 99°
d sin64 ~ 0.8988, 180 — 64 = 116°

4 a sin0.871 =60.6° 180 — 60.6 = 119.4°
b sin~' 0.436 ~ 25.8°, 180 — 25.8 = 154.2°
¢ sin'0.504 = 30.3°, 180 — 30.3 = 149.7°
d sin' 0.5~ 30° 180 — 30 = 150°

Exercise 11F

1 a tan56.3=1.50
tanl17.5=-1.92
tan137.7 = -0.910
tan45 =1

2 a tan¢9=%—>y = 1.09x, 0 ~ 48°

Q 0 o

b tanﬁzﬁgzﬁ: 1.87x, 6 = 62°

=-2.80x, 6= 110°

d tana_ﬂ—w =-1.21x, 6= 129°

e y=-0.75x, 6=180° - ¢,
tanaz%é a=36.9
= 6=180 - 36.9 = 143°
f tan6—376—>y 2.36x, 0~ 113°

Exercise 11G
1 a C=180-47-83=50°

sin47 sin83 24 sin47
= a= ~17.7 cm
a 24 sin83

51n50:sm83 N C=24,Sm50218.5C1’n
c 24 sin 83
b B=180-40-72=68°
sm40=s1n72 _)a:2.5'sm40z1.69 cm
a 2.5 sin72
sm68=sm72 =2.5.s1n68z2'44 cm
b 2.5 sin72
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WORKED SOLUTIONS

c sin55 _ sin B N Sil’lé _ 3.6sin55
4.5 3.6 5

— B= sin—l[Mj ~ 40.9°
4.5
C~180-55-40.9 ~ 84.1°

sin84.056 _ sin55 _ 4.5sin84.056 _ 546 cm
c 4.5 sin55 ’

d A=180-15-125=40°
sin40 _ sinl5 S a= 60sin40 _ 149 cm

a 60 sinl5
sin125 — sinl5 —Sc= 605111125 190 cm
c 60 nl5

e C=180-27-43=110°
sin27 _ sinll0 _ o _ 5.8sin27 _ 5 ¢y o

a 58 " sinll0
sin43 — sin110 S ph= 5.2.351n43 ~ 421 cm
b 5.8 sin110
YXZ =180 -68.2 —68.2 =43.6°
sin43.6 _ sin68.2 2051n68 2
—_— = -
o= Ty o XY =282 96

XY=X7=26.9cm

A

“75°
o

ABT =180 — 75 =105°
ATB =180 — 40 — 105 = 35°

5123525121;)5_)14]1 251n105 ~3.37km

sin 35 — sin 40 s BT = 251n40 ~224km
2 BT sin

AFK =180 — 50 — 36 = 94°
sin 94 — sin 36 35511136

— FK = =~ 20.6227

35 FK
sin50 = " s h= FKsin50 ~15.8m
FK

Investigation - ambiguous triangles

sin 32 — sinC
3

- C = sin‘l[issi;ln)z 62.0°

sy sinC = 5sin 32

C,=180-C, ~118°
The angles are supplementary.

Worked solutions: Chapter 11




2 B =180-32-C, ~86.0°
sin32 _sinB, _y 4 =358 _ 5 650cm
3 ac sin32
B,=180-32-C, =30.0°
sin32 _ sinB, g0 = 351nB ~2.83cm
3 AC sin 3

Exercise 11H

1 a 511230 SH;C‘—>SII’1C

- C = sin-l(@)z 61.0°

7sin 30
4

B, =180-30-C, ~89.0°

sin30 _ sin B, N2 _4sinB _ 8 O)cm
4 b, 1™ sin30

C,=180-C, ~119.0°
B,=180-30-C, =31.0°

sin30 _ sin B, N 4sin B, ~41cm
4 b, 2 sin 30
b 5ins50 _sinG Sll’lC 21sin 50
17 21 17

— C =sin!(25050) o 71 10
1 17

A, =180-50-C, ~58.9°
sins0 _ sind, _ Sa = 17sind 19 0cm
17 a sin50

C,=180-C, ~108.9°
1212:180_50_6’2z21.1°
X0 _sind g —17sind o8 0cm

17 a, 2 sin 50
c §in20 _ sinB N SlIlB 6.8sin 20

2.5 6.8 2.5

— B = sin‘l(é'SZSIZ_‘ZOJz 68.5°

A =180-20- B, =91.5°

sin20 _ sin 4, 2.5sin 4, 73

=24 =24 <73cm

2.5 aq, — 4 sin 20

B,=180- B, =111.5°
A, =180-20—- B, = 48.5°
M: sin 4, Sa= 2.5sin 4, ~55cm

25 a, sin 20
d sin 42 — sinC s sinC = 25sin42
33 25 33

N C=sin*1(2553i;‘42)z 30.5°

B, =180-42-30.5~107.5°
sin42 _ sin B, b= 33sin B, ~ 47.0cm

33 b, 1 sin42
e 5“21570 = 51;183 — sinB ~1.05 — triangle does
not exist
f sin70 _ sin B, N smB 26sin70
25 26 25
— B =sin" (26321270]z 77.8°
C,=180-70- B, =32.2°
sin70 _ sinC, — ¢ = 2551nC ~14.2 cm
25 c sin7

B,=180- B, ~102.2°
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WORKED SOLUTIONS

C,=180-70- B, ~7.8°

sin70 _ sinC, N _ 25sinC, ~3.6cm
= 2=y

25 c, sin 70
sin 45 — sin B _ssinB = 14sin45
22 14 1 22

- B, =sin’!( 14842~ 26.7°

C=180-45-B=108.3°
sin45 _ sinC R C=%z29.5cm

22 c
sin56 __ sinC, . 50sin 56
= sinC, =
45 50 ! 45

- C1 — Sin,l(SOsin56]z 67.10
45

A =180-56-C, =56.9°

512;56 SII;A a _%z%.s cm
C,=180-C,=112.9°
A,=180-56-C, =11.1°

sin56 _ sin4, - a —45sind, 10.4cm
45 a, sin 56

BE?+62 =10 = BE =+/10>—6? =8m
CE?+8=10>—>CE =~/10>-8=6m
DE?+8 =172 — DE=+/17"-8 =15m
AEB = 90°

cosEAB—f — EAB= COS_l(w] 53.1°

BCE = EAB = 53.1°
smBCEz——)BCE sm‘l( ) 53.1°
BCD =180 - BDC = 126.9°

sin BCD SmBDC_)BDC Sln—1(10511117BCD) 28.1°

17 10
ABD=180—-EAB—-BDC =98.8°
CBD=180—-BCD—-BDC =25.1°

Given side BD = 17m in triangle ABD and angle
D =28.1°, and side 4B = 10, then there are 2
possible triangles fitting this data, namely DBA
and DBC.

51n40:s1nAXL_>AXL:Sin,l[ZOTg4Oj

16 20
~180-53.464~126.536°

Worked solutions: Chapter 11



WORKED SOLUTIONS

ALX =180—40— AXL ~13.464° indl_sind A=sin—1(“’siT“31)z43.5°
sin40 _ sin ALX _l6sin ALX _
6 ax AX= sin 40 =3.80km C=180-31-A4=105.5°
[ o4
e ¢*=75+86"-2(75)(86)cos70
— ¢=[75*+86>~2(75)(86)cos 70
~92.8 m
sin70 _ sin A —qin-1[75sin70 ) _ o
=TS S A=sin ( ; ) 49.4
B=180-70-A4~60.6°
sin40:sinABL N
16 20 f cOSA=502+582—452
. 2(50)(58
ABL:sin‘l(izoslm‘wJz53.464° 09
6 AN Azcosl[WJzélg 6°
2(50)(58) )
BLX =180-2(ABL)=73.07° o
. | . cosB:452+4§8 5—850
sinABL _ sin BLX _, py_ 16sinBLX _19 {jm (45)(58)
16 BX sin ABL _y B=cos"! 45% +58° - 507 ~56.4°
d bearing = 90 + ABL = 143.5° 2(45)(58) ’
Exercise 111 C=180-4-B=75.0°
1 a a’=43"+72°-2(43)(72)cos64 2 ;
— a=,[432+72? -2(43)(72) cos64 g
~65.7m 58"
sin64 _sinB _)stin_1(435in64)z36.00 A ) d c
o 08 ¢ ABC=270-32-103=135°
C=180-64—B~80.0° d>=5"+8>-2(5)(8)cos135
b cos o320 —d =[5 +8-2(5)(8)cos135 ~12.1km
2(33)(41) 3 ) .
e[ 3374417 =207 ) _ o
— A=cos (2(33)041)}28‘9 45
COSB=202+412—332% ‘
2(20)(41) 3
B=cos—1(202“112—332]z52,8° D c
220)(4n AD=BC= [4.5+3 ~2(4.5)(3)cos62 ~4.07 cm
C=180-4-B~98.4° AEB=180-62=118°
¢ cosAod9t24-36 AB=CD=,[4.5+3 ~2(4.5)(3)cos118 ~6.48 cm
2(4.9)(2.4) . )
— A =cos“[4'92 +2.4° 3.6 Jz44.4° |
2(4.9)(24) ‘
_3.6*+24°-49° B
cos B = 2(3.6)(2:4) 20
—s B=cos"! 3.6 +2.4% -4.9 ~107.8° 15 7
2(3.6)(2.4) "
C=180-A-B=~27.8° A
BAC =36+27=63°
2 2 2 _
d b7=10%+147-2(10)(14)cos31 BC =[5+ 20°~2(15)(20)c0s63 ~18.8 km
—b=,[10?+14? -2(10}(14)cos31
=7.5m

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 11




By

A 2 2 2

cos APB = 49" +28° —36°
2(49)(28)

—>APB=COS‘1(492”82_362)z46.5°

2(49)(28)

E46.5°N or E46.5°S which is a bearing of
043.5° or 136.5° (since 90 — 46.5 = 43.5 and
90 +46.5 = 136.5).

6 a A 15 B
15
D C

Triangle ABD is an isosceles right triangle,
so angle ABD = 45°

b E

D 15 C

cosEf)C =M
2(24)(15)

5 EbC:cos-l[M)z71.8°
2(24)(15)

c E

24 24

A C
AC=152+15 =152

247 ¢ (lsﬁ )2 242

cosEAC = 2(24)(15V2)
EAC:COS% M ~63.8°
2(24)(15v2)
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WORKED SOLUTIONS

Exercise 11J

1

b

o

Area=2(6.8)(9.4)sin56.5=26.7 cm’
Area=1(10)(9)sin115~40.8 cm?
2

A
13.4
25.1
B
c
sin32 _sin B _y B=sin™! 25.1sin32 _ g3 )30
134 251 13.4

A=180-32-B=64.97°
Area=1(13.4)(25.1)sin 4=152 cm?
2

A
7.88
8.47
C
10.98
B
2 2 5
cos A= 874 +(7.88) ~10.98
2(8.74)(7.88)
A 2 2_ 2
Ly = cog[ 874 +(7:88) ~10.98
2(8.74)(7.88)
=82.524°

Area=1(8.74)(7.88)sin 4=34.1 cm?
2

A
46
41
c
B
sin58 _sinC — C=sin™! Alsin38 ). 49.10°
46 41 46

A=180-58-C=72.899°
Area=2(41)(46)sin 4=901 cm?

@

C=180-86—-46=48°

sin 48 _ sin 86 S BC= 30.sm86 ~40.27
30 BC sin 48

Area=2(30)(BC)sin46 =435 cm?

Worked solutions: Chapter 11




1 .
2 1(15)(18)sing~100

1

- O=sin[ 2 |~47.8°
Sas)08)]

5(%)(33.9)sin57.4~324
—x=—2 =227 cm
(5(33.9)sin574)

16.4>+10.2° ~17.2
2(16.4)(10.2)

~ _1(16.4% +10.2 =17.2>
— A=cos | 2= =2 — 2
[ 2(16.4)(10.2) ]

=76.7°

4 a cosd=

b Area=(16.4)(10.2)sin 4=81.4 cm?

L(2x+3)(4x+5)sin30=30
2
%(8x2+22x+15)(%):30 — 8x?+22x+15=120
— 8x2+22x-105=0
x=2.5
1 .
6 5(8)(1 l)sin4=20
- A=sin—l(g):27.o357° or 152.9643°

x2=112+8~2(11)(8)c0s 27.0357

— x=[112+8 -2(11)(8)c0s27.0357
~5.31 mm

x2=1124+8~2(11)(8)cos152.9643

— x= /112 +8 -2(11)(8)cos152.9643
~18.5 mm
Exercise 11K
1 1.7(5.6)=9.52 cm

3.25(12)=39 cm

0(2.5)=12.5 = 6= 5rad

area =_(2.4)(50?)=3000 cm’

perimeter = radius + radius + arc length
perimeter =50+50+2.4(50)=220 cm

5 areazl(S.l)(32)=22.95 cm?
2

H W N

perimeter=3+3+5.1(3)=21.3 cm
6 0(r)=272 — 0=212

r

16(r)=2176 — 0="22
2

r

272992 _,27.2r=4352 —r=16 cm

r r

9:%:1.7@
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WORKED SOLUTIONS

B

2(4)(8) 2(4)(8)
~(0.812756 rad

cos AOP=48V 6 16P—cos [‘12+(8)2‘62J

0=240P ~1.6255 rad

54 68 +(8) —42 5 g [ 6 +(8) —4
cosOPA—W—) OPA=cos [2(6)(8)}

~0.50536 rad
P=20PA~1.01072 rad

area of quadrilateral OAPB = 2(%(6)(8)5111 OPA)
~23.2379
area of sector AOB= %(1 .6255)(47)=13.004
area of sector APB z%(l .01072)(6°)~=18.19296
overlapping area =area of sector AOB
+area of sector APB
—area of quadrilateral OAPB

overlapping area=13.004 +18.19296-23.2379
~ 7.96 cm?

Exercise 11L
1 a 75(”]—5”

180) 12

b 240(&):%”

c 80(&)5%”

d 3305 )=1E

a 56[&%0.977 rad

b 107[&%1.87 rad

c 324[Z |~5.65rad
[180)

d 230(-Z|~4.01rad

[180)

a (1%0)-150°

b (1%0)=300°

¢ ¥(0)=270°

d z[180)_p35°
4 [ V4 )

Worked solutions: Chapter 11




X

c 2.38(@]:1360

o

d 3.59(%%20@

Exercise 11M

1 a 1

sin%:sin45°:—:

V2
b cosZ=cosl120°=-1
3 2

¢ tanZ=tan30°=-L=
6 3

N‘ﬁ

w|&

sinZ =sin60°=Y>
3 2

[-%

0.892
0.949
-1.12
0.667

1(4.5)(4.5)sin1.3=9.76 cm’

2

BC=,[4.5"+4.5~2(4.5)(4.5)cos1.3~5.45 cm

Shaded area = area of circle — area of sector
= m(4.5y - 134 4
=50.5 cm? (3 sf)

These values are found
by using your GDC in
radians mode.

29 QO 0 o9

(=2

sin 0.94 — sin B
11 3

A=7-0.94—B~1.9795 rad
Area of AOAB=(3)(11)sin 4~15.141

0

> B= sin‘l(m;#) ~(0.222 rad

Area of sector =1(0.94)(3')=4.23
2
shaded area = 15.141 — 4.23 = 10.9 m?

Atea of APOQ=1(6)(6)sin1.25~17.1 cm’
Ao 164621127 _

b QOR=cos [2(6)(6)}2.407@

1

2

¢ 0=27-125-Q0R~2.63rad

9(6)z15.8cm

Area of AQOR=(6)(6)sin QOR~12.1 cm’

Review exercise

1 sind5= =ﬁ—>AB=7\/§cm

1
N
2 a sinXZY=2=1— XZY=30° 8
oV _ _1_ 8
b tanXZY—tan30—$—E
— YZ=8J/3cm
3 tanﬁzg
4 3(4)(10)sin30=1(4)(10) ;] =10 cm?
5 a 2.5(10)=25cm
2
b (2.5)(10°)=3(2.5)(100)=50(2.5)=125 cm’
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WORKED SOLUTIONS

Review exercise

tan36=% — h=100tan36~72.7m

b

(cos32,sin32) — (0.848, 0.530)
C(cosAéC,sinAéC)
— A0C =cos'0.294~72.9°

AOD=AOC +54~126.96°
D(cosAOD,sinAOD] = (—0.600, 0.800)

Y =180-42.4-82.9=54.7°

sin82.9 _ sin54.7 _
13.2 XZ

PR=[9.5"+11.5"~2(9.5)(11.5)cos118 ~18.03m

Z= 13.?51]’154.7 zlog cm
sin82.9

sin118 _ sin P
PR 11.5

5(4)(5.83)sinC=10

N P=sin*l(M)z34.3°
PR

— C =sin"! (10

~121°
(2(4)(5.83))]

AB=[4"+5.83' ~2(4)(5.83)cosC ~8.60 cm
APB=170-50=120°
AB=,[24" +38"~2(24)(38)cos120 ~54.1km

sin82 _sinx _y y :sin‘l(wj ~31.9°
15 8 15

ADC=180-82—x~66.12°

51n82:smADC N AC:lSSl.nADCz13‘9 cm
15 AC sin 82

— cos™! 72+92—AC2] ~119°
7 [ 20)0)

S(7)(9)siny~27.6 cm?

B=7-1.75-0.93~0.4616rad

sin B _ sin0.93 BC=12500.93 51 6 o
12 BC sin B ’

sin0.93 _sinl.75 _y 4 :BCsin1.75z26.512
BC 4B sin0.93

DB=AB-12~14.5 cm
O.93(12)=11.16 =11.2cm
DB+arcDEC+ BC ~47.3 cm

Worked solutions: Chapter 11




WORKED SOLUTIONS

Vectors

Skills check
1 a A=(3,00

b B=(3,4,0) 2
_ b=-2i+4j=
c E=(3,0,2) 4
d F=(3,4,2) 3
—(3 c=3i+8j=
e H= (5, 4, 2) (8)
2 2=3+6 d_ei[0
~9+36 R
=45 . 30— 6i -3
= —2J1 — =
x =45 ~6.71 =16
3 a X=180-110=70 3 —
cosX=%:>z=15cos70 4 a ‘(4}‘:\'3 +4°=425=5
=5.13
1
sinX =2 = y =15sin70 b ‘(_3]‘:412 +(=3)* =+/10 ~ 3.16
=14.1
(ACY =y* +(9+2)’ ¢ [2i+5j=~22+5 =29 ~5.39
= (14.1)* + (9 +5.13) ”8 :
8\ ;.
AC— T30S d [4.5} = J(2.8) + (457 =5.3
=20.8
2i — 5j| = /27 +(=5)* =~/29 ~5.39
= 21cm(to thenearest centimetre) € | J| (
) ) 3
b Using the Cosine Rule
(ACY = (4B )Y+ (BCY— 2AB) (BC) cos (ABC) 5 @ [ 2| =V3'+2"+5" =38 ~6.16
(9.7 =(8.6) +(3.12—2(8.6)(3.1) cos (4BC) >
ABC :Cos_l[(&s)z+(3.1)2—(9.7)2] 4
2(8.6)(3.1) 2 2 2
b -1||=+4 -1 -3)* =426 = 5.10
oL : V42 + (1) +(-3)" =26

Exercise 12A

1 a x=-2i+3j 2i+2j+k| =22 +22+1" =0 =3

b y=7j -3

0

c z=i+j-k d | 2|=y(3)7+22+6> =49 =7
D) 6
2 a AB=|3 e |j-k=yI+(-1)’ =2 ~141
0 )
Exercise 12B
b 1 2 b 2
—_ a = , =
b CD=| 6 4 3
-1 -6 2
(oA
3 -1
1 2| 2/4| 2
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(%)

‘We must have s & ¢ so that
—5=2s+2¢t @))
-8=4s -t 2)
2x(2):—16=8s — 2t 3)
M+ @3):—21=10s

- 21

T 10
ﬁom(2):—8='%‘—t

10

w2l
2o
o

1 /. .
= E(1+7J)

a is parallel to i + 7j with % the magnitude.

=2
5

= —1(i+7j)
b is parallel to (i + 7j)with opposite direction.

-0.05
c= (—0.03} is not parallel to (i + 7j)

-10
d= is not parallel to(i + 7j
[ 70] p (i+7j)

e = 60i +420j
=60(i+7j)
e is parallel to (i +7j) with 60 times the magnitude

f = (6i—42j)is not parallel to(i +7j)

g =(—i+7j )is not parallel to(i + 7j)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

a For parallel vectors, r=+k s for some &
(4i +1j) = k(141 — 12j)
4=14k

b For parallel vectors, a=kb for some &

A

-8=-10%
=%
-10
4
s
so t=T7k
4
-7(3)
28

For parallel vectors, v=kw for some 4
ti—5j+8k=k(5i+j+sK)
5=k

so t=5k

r=5(-5)
=-25

8=sk=(-5)s

s==3

5

0G =j+k

BD=-i—j+k

¢ AD=-i+k

W:%i+j+k

a OG=4j+3k

b BD=-5i—4j+3k

¢ AD=-5i+3k

d W:§i+4j+3k

T 9

Q.

Worked solutions: Chapter 12




Exercise 12C

) o]
)
&
.

2
3 a OP=|-3|=2i-3j+5k
5
1
b vectoris —|-5|=—i+ 5j — 6k
6
2 -1
c vectoris| 2 |-|-3 =] 5|=-i+5j-6k
-1 5 -6
2 1
d vectoris |-3 |-| 2 |=|-5 [=i—-5j+6k
5] (-1 6
1 4 5
4 IM=LN+NM=|-2|+|-2|=|4
0] |-3 -3

5 From the diagram, we see
US=-TU +TS
=—(1—-4j+2k)+(Bi+4j-k)
=(-1+3)i+(4+4)j+(-2-Dk
=2i+8j-3k

S
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WORKED SOLUTIONS

From the diagram,
AB+BC - AC =0
1 2x 1 0
yi+|-3]|- 41=10
-2 z xX+y 0

A

B

1+2x—1=0=0+2x=0 (1)
y=3-4=0=y-7=0 2)
2+z-(x+y)=>—x—-y+z-2=0 3)
(1) =>x=0
2) =y=7
B) =-2+z-7=0

z=9

Exercise 12D
1 AB = OB - OA = (-2i + 3j—k) — (i-2j+3k)

=(-2-1D)i+B-(-2)j+(-1-3)k
=-3i+5j-4k

AC =0C - 0A = (4i-7j+7k) - (i - 2j + 3k)
=(4-Di+(-7-(-2)j+(7-3)k
=3i-5j+4k

we see AB =—AC, so AB and AC are parallel.

Since they contain a common point A, they must
lie on the same line.

5 2 3
a AB=0B-04=|1|-| 3|=|-2
5/ -3 8
8 2 6
b AC=0C-04=|-1|-| 3|=|-4
13] |-3] |16

we see AC =2AB, so AC and AB are parallel.
Since they contain a common point A, then
A, B, & C are collinear.

-2\ (1) (-3
BP=0P,-OF =| 1|-|2|=|-1
4 14) o0
-5\ (1) (-6
BP,=0OP;-OE =| 0|-|2|=|-2
4)14) | 0

we see B P, =2FP,. Since they contain a common
point, they are collinear.

Since P, collinear with P, P,, P,, we have

PP, =kPP,forsomeke R

2) (1 1
BP,=|s |-|2 |=|s—2 |forsomes &
t 4] |r-4

Worked solutions: Chapter 12




1 -3
Now |s-2|=F| -1
t-4 0
1=-3k=k="
s—2:—k:>s=2—k:2+§:%
t-4=0=>r=4
. P, =(2,§,4)

4 OA=3i+4j,0B=xi, OC =i-2j
AB=0B—0A4 = (x —3)i—4j
AC =0C —0A=(1-3)i+(-2-4)j

=—2i—6j
If A, B, C are collinear, AB =k AC for some ke R
s (x—3)i—4j=k(-2i—6j)
j components = -4 =—6k =k =2

3
sox—3:—2/e:;34

=2:1

Exercise 12E

4\ (-1 5
1 AB=0B-04=| 5|-| 5|=| 0
-1 1] (=2

V29
~5.39

6) (-5) (11

2 AB=|0|-| 2|=|-2

6 4 2

Distance AB =+11* + 2% + 27 =\/@

8) (-5) (13

AC=|10 |-| 2 |=| 8

1 4 (-3

Distance AC = /13> + 8 +(-3)" =242

8) (6 2
BC=|10|-|0 |=| 10
1] 6] -5
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WORKED SOLUTIONS

Distance BC =+/2* +10% + 5% =+/129

Distance AB = Distance BC, so ABC is isosceles.
B

= ¢ CAB=46.8°
3 |a|=7,so\/22+(—3)2+t2=7
449+t =49
t* =36
t=x+6

4 a=xi+6j-2k
la| = (2% +6> +(-2)" =3x
X¥+36+4=94
8x* =40
x* =5
5 |u/=|v|,s0
@ +(-a)’ +(2a)" =2> +(-4)" +(-2)’
@ +a*+4a° =4+16+4
6a° =24
a =4
a=12
b=2a
Then|a + b| =|3a|=3|a|=15
b b=-3a
Then |a+b|=|-2a|=2]a|=10

Using Pythagoras
la]?+ |b|*=la+b]|’

Hence |a+b| = /5*+ 122 =13

Exercise 12F

3\' 4\ [9 16
“\[5) +(s) asras =I-1
2 ‘li+2j+2k‘: 1,22

3 73073 FEME O™

3. 4.
1 +—
1 ‘5 *s5d

=1=1
3 |di-3j|=42+ (-3 =25 =5

é.

So unit vector is 1(4i—3j) =4i-3j
5 505

Worked solutions: Chapter 12




-1
a ||=5|=y(-1? + (-5 +4> =Va2
4
-1
So unit vector is % -5
4
3) (1 2
5 BE=|2|-|05 2
0) (1] (-1
BB|=\2+2+(-1 =\5=3
2
So unit vector is% 2
-1

6 |ai +2dj|=a® +(2a)" =54
=54

lsoge ot 5_ s
Now\/ga—l,soa—\g_\/g 5
7 Pi-j|=y2’+(-1)
=5

So unit vector is L(2i -J)
V5

Vector of magnitude 5 is %(21 —j)=+5(2i-j)
5

-1
8 || -3|=y(-1)(-3)+2* =14
2

-1
unit vectoris | -3
14
2
-1 i -1
andvectormagnitudeﬁsi —3 =Y 3
ia 2 ? 2

20050
9 a |[Z°Y| =2 cos’0+2%sin’0
2sin6

=\/4(c0529 +sin20)
=2J1)=2

) . 1[2cosO cos0
So unit vector is = ) or| .
2| 2sinf sind
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WORKED SOLUTIONS

= /1> + tan’a

sec’a,
1
seca, =

1
tano
" cosa

) 1 1 coso
So unit vector is =| .
seca | tano sino

Exercise 12G

1 a a+b=(2i-j)+(3i+2j)
=(2+3)i+(-1+2)j
=5i+j

b

b b+c=(3i+2j)+(-i+])
=(3-1)i+(2+1)j
=2i+3j
c c+d=(-i+j)+(3i+3j)
=(-1+3)i+(1+3)j
=2i+4j
d a+b+d=(2i-j)+(3i+2j)+(3i+3j)
=(2+3+3)i+(-1+2+3)j
=8i+4j
e a-b=(2i—j)—(3i+2j)
=(2-3)i+(-1-2)j
=—i-3j
d—b+a=(3i+3j)—(3i+2j)+(2i-j)
=(3-3+2)i+(3-2-1)j
=2i+0j=2i

v 2
oo AHEH M)
oo SHEHG o)

el 3

(2+3(4H-(D)
-3+ 3(5) - (—3))

(-5
|15

-

Worked solutions: Chapter 12




e 3c-2b+5a=3 - -2 4 +5 2
-3 5 -3

3(=5) —2(-4) +5(2)
“13(=3) 205 +5(-3))
-15 +8+10

-9 -10—15)

(3
| -34

a+b=(3i-j-2k)+(5i - k)
=(3+5)i+(-1)j+(-2-1)k
=8i—j-3k

b b-2a-=(5i-k)-2(3i-j-2k)

=(5-6)i-2(-1)j+(-1-2(-2))k

=-i+2j+3k

c 2a-b=23i-j-2k)-(5i—-k)
=(6-5i+((-2)j+(-4+ 1k
=i-2j-3k

d 4@a-b)+2(b+a)=4(B-5i-j+(-2+1Dk)

+2(81 —j — 3k) from Q3a
=—-8i —4j — 4k + 16i — 2j — 6k
=(-8+16)i—-(4+2)j+(-4-6)k
=8i—-6j — 10k

e
(14
H

Soy= %(191 — 48j)
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WORKED SOLUTIONS

c 2p+z=0

-5 z, 0
6+z=0=2z=-6

~10+2,=0= z=10
z=—6i+10j

5 a:b:( * H“J’]
x+y —2x-3

x=6-y )
x+y=—2x-3
y=—3x-3 2)
Sub (1) into (2)
y=-3(6-y)-3
y=-18+3y-3
—2y=-21

3a=2b=3|¢t |=2| 3s
u t+s

(1) 9=2(r-5)
(2) 3t=6s

3) 3u=2(t+ys)
(2) = r=2s

(1) = 9=2(2s-5)

Exercise 12H

[

a AP=04=a

b AB=-0A+OB
=—a+b
=b-a

Worked solutions: Chapter 12




¢ PQ=-AP- OA+OB + BO

=—-a—-a+b+3b
=4b-2a
v _ 15~ _ 1

d PN=1P0=l(4b-2a)
=2b-a

e ON =04+ AP + PN
=a+a+(2b-a)
=a+2b

f AN =AP + PN
=a+(2b—a)
=2b

a=04,b=0B, AC:CB=3:1

a AB=-04 +OB

=-a+b
=b-a
b AC=24B
=3(b-a)
¢ CB='4B
4
1
=4(b-a)

d 0OC=04+ AC
.3
—a+Z(b—a)
:a(1-§)+b§

4 4
1

=la.3p
4 4

OA=a,0C =c,CB=3a

a OB=0C+CB
=c+3a

b AB=-0A+ OC +CB
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WORKED SOLUTIONS

ii FO=FB+ BO
Bysymmetry,OB=FA=a
so FO = FB-OB

=b-a
iii FC = FO +OE + EC
By symmetry,OF = BO =-a
andEC=FB=b
so FC=(b-a)-a+b
=2(b-a)

iv BC=BE + EC
=BO+0C + EC
=-0OB+0C + EC
=—a—a+b
=b-2a

v FD=FC +CD
By symmetry,CD =—FA=-a
soFD=2(b-a)-a=2b-3a

AB is parallel to and half the length of F'C
FD=2b-3a
AC = AF + FC (see iii)
=-a+2(b-a)
=-3a+2b
FD=AC .. FD and AC are parallel

5 OA=a,0B=b

AB=-04 + OB
=-a+b
=b-a

sinceﬁzgzg
ﬁ=g(b—a)

3

b M s mid point of O4, so

MA=104=1a
2 2
MP = MA+ AP
1, 2
=Ea+§(b—a)
=(l_§Ja+3b
2 3 3
=2p
3

_1,
6

MX = MP + PB + BX
ﬁ=1@=1(b—a)

3 3
BX=0B=b
soM—X=(§b—%a)+%(b—a)+b

-2b-la
2




d W=§b— a

MX = 2b—

N[ = O]

MX =3MP .. MXis parallel to MP

Since MX and MP share the common point
M, MPX is a straight line

Exercise 121
1 a ab=(2i+4j)(i-5j)
=(2x1)+(4%x=5)
=2-20
=-18
b b-c=(i-5j) (51~ 2j)
=(Ix=5)+(-5x-2)

=-5+10
=5
c a-a=(2i+4j)(2i+4j)
=(2x2)+(4x4)
=4 +16
=20
d c(a+b)=(-5i-2j){(2i+4j) +(i-5)]
=(—5i- 2j)[3i—j]
=(-5%3)+(-2x-1)
=15+2
=13

e (c+a)b=[(-5i-2j)+(2i+4j)](i-5j)
=[-3i +2j](i - 5i)

=(=3x1)+(2x-5)
=-3-10=-13
-1\( 4
2 a uv=|0 [|-3|=(-1x4)+(0x=3)+(5x-1)
5-1
=—4+0-5
=-9
-1\[ 4 —-(-1)| (-1)\(5
b u(v-w)=| 0}/-3 —-(3)|=|0 |[|-6
5||-1—(-6) 5115
=(=1Xx5)+(0x=6)+(5x5)
=-5+0+25
=20
-1)(-1
c uv—-uw=-9-0 |3
51(|-6
:—9—[(—1)><(—1)+0><3+5><(—6)]
=—9—[1+O—30]
=-9+29=20
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WORKED SOLUTIONS

2u-w=2(-29)
=-58 i
-1 —4||-1+(-1)
(u=v)(u+w)=| 0-(-3)|-| 0 +3
5 ~(=1)|| 5+-6)
-5\ (-2
=313
6 ||-1
=10+9-6=13
ab=(2x4)+(4x-2)
=8-8

= (0= perpendicular.

C-dZ[?J-[;J:(2xl)+(lx2):4
lel=y2+ 12 =5 |d|=+5
|C||d|=(\/§)2=5¢c-d

So neither parallel, nor perpendicular.

-8)( 4
wv=|2 [[-1|=(-8x4)+(2x~1)+(2x~1)
2 ||-1

=-32-2-2=-36

=8 +22 +2° =64 + 4+ 4 =72
V=& + 1+ = fl6+1+1 =18
|u||v|: 18x72=36=-u"-v
= parallel.

a=3i-2j+k b=3i-2j-k
a'b=(3x3)+(-2x=-2)+(1x~1)

=9+4-1

=12

la| =3 +22 +1 =9+ 4 +1=414
b|=3+22+1 =\O+4+1=14
aljb]=(V14) =14%a-b
= neither parallel, nor perpendicular
1)(0
OX-0Z=|0|{0|=(1x0)+(0x0)+(0x1)=0
0Jf1
= perpendicular
n-m = (2i - 8j)(—i + 4j)
=(2x—1)+ (-8x4)=-2-32=-34

In|=+2% +8> =4+ 64 = /68
Im|=1” +4* = [1+16 =17

Worked solutions: Chapter 12




njm|=,/17X68 =34=-n-m
= parallel.
5.5 (2) (-1
g AB'CD:[Z)-[ 1J:(2><—1)+(2><—1)
=-2-2
-4

|AB| =2 +2* =8
ICDI =[P + 1> =2
|AB|- |CD|=2x8 =16 =4=— AB-CD
= parallel vectors
4 a+3b=(i+j+2k)+3(3i+2j-k)
=(1+3x3)i+(1+3x2)j+(2+3x-1)k
—10i+7j -k
2a —b=2(i+j+2k)—(3i+2j-k)
(2(0)-3)i + (2(1) - 2)i + (2(2) - (1)
=-1i+5k
(a+3b)- (2a—b)=(10i + 7j — k) - (=i + 5k)
=(10x-1)+(-1x5)
=-10-5=-15
5 Letd=di+dj+dk
a-d=3d +(-5)d, = -9
b-d=2d +7d, =11
c-d=d +d,+d, =6
using GDC, d,= 2, d,= 1,d,= 3

2
So,d=|1
3
6 a-b:|a|-|b|c050
\/5=2\/§cos€
cos&=£=L:>9=45°
W 2

-1) \5
b

-1= \/5@ cos@

-1
6 =cos!| — | =94.8°
(\/145}

2) (2
)( ]=2><2+—1><5=4—5=—1

=22 +12 =45
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WORKED SOLUTIONS
4 -3
. =4x-3+0x1=-12

o]
(1] -

-12 = 4\/ECOSH

-3
6 =cos™! (— =161.6°
\/IOJ

=4-25

= -21
|(2i + 5.])| = m = \/E — |(2i _ 5])|

..—21=29cos@
0 =cos™ (—21) =136.4°
29
1B = 1 B 2 _ -1
9 4 5
IC - 3 B 2 _ 1
2 4 -2
. -1 1
AB - AC = . :(—1><1)+(5><—2)
5 -2
=-1-10=-11
| AB| =1 + 5> =26
| AC| =12 + 22 =5

AB- AC = | AB| | AC | cos®

-11=./5%26 cos@

_ -11
cosé’—E
-1\ (2
2| |-3|=-2-6+12=4
2] 16
-1
2| =V12 22422 =9 =3
2
2
3 ||= 22+ (-3)" +6" =\4+9+36 =7
6

so4=3x7cosO

cosf =24 0 =79°
21

Worked solutions: Chapter 12




WORKED SOLUTIONS

OA =4i+4j -4k, OB =i+ 2j + 3k

12 a
[ | =2 |=8 -6 -2 =0 = perpendicular vectors (5;{),(@):(4x1)+(4><2)+(—4><3)
=4+8-12=0
0=90° — S .

c (2i-7j+k)-(i+j-k) = 04 and OB are perpendicular
=(2x1)+ (—7><1)+(1><—1):—6 b AB=0B- 04
|(2i-7j+Kk)|=v2*+7* +1" =+/54 =(1-4)i+ 2 - 4j+(3 - (-4)k
(i+j—k)|=VI+1+1=+3 =-3i—-2j+7k

| ABI = \|(-3)" +(-2)’ +7* =/62 ~7.87
so —6=+/162cosd \/( )+( )+ V62~
6 13 Qi+ A4+k)-(1i-2j+3k=2x1)+(Ax=2)
.9:cos1[_—_j=118.1° +(3x1)
162 =2-2A+3=0
o 2 1 1 for perpendicular
10 a AB=|3|-|-1|=|4 vectors.
4 4 0 5=21
- _s
AB==+1>+4> =17 iy
2 1 1 14 a+b=0G+1Di+(-3+1)j+((7+ Ak
AC=|-1|-|-1|=| O =6i—2j+((7+ Ak
- 4) = a-b=0G-1i+(-3-1j+((7 -k
Ve 2
AC =1’ +(-5)" =~/26 =4i—4j+(7- Nk
s0 AB =17, AC =26 Now (a +b) - (a - b) = (6 x 4) + (~2 x —4)
1 1 +(A+7NT-A)
b AB- AC=|4|-| 0|=1 =24+8+49-12=0
0) (-5 A?2=81
AB - AC = | AB| | AC | cos , , A=19
+
1=\1726 cos0 : P
1 15 a+b= -pl=| 2-p
=cosf —y—
J442 ) \3) \=p=3
¢ AreadBC =1 |AB||AC |sin BAC p-2
2 a—-b=| 2+p
442 s1n[cos ) 10.5cm’® -p+3
2 442
p+2 p-2
1 (a+b)-(a—b)=| 2-p|| 2+p
11 The x-axis has unit direction vector | 0 -3 -p+3
1 1 O 2 2 2
= —4)+(4- —(9-
so|1]-]0=1 (2" -4)+(4-7")-(9-7")
1110 = p* -9 =0 for perpendicular vectors.
=9, p=13

1 1 » P

=1 =1land|| 1 |=1+1+1=3 Exercise 12J
1 a r= +1 L teR
s0 1=+/3cos® 2

1
O=cos™| — |=54.7°
(\/3]
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Worked solutions: Chapter 12




3 3
c r=| 1[+¢-2}|¢teR
-2 8

d r=2j-k+r(3i-j+k), rER.

4 3
2 a Position vectors are ( 5] and ( 2]

Line joining the 2 points has direction
3 -4\ (-1
2 -5 |7
.. 4 1
Lineis r= +1t  te R.
5 71 4 5
b Position vectors ( j and ( ZJ

Line joining 2 points has direction

5 -4\ (1
(—2 (+2))_(0)
Line is rz( 4)+ t(l),te R.
-2 0

3 2
c Position vectors | 5 | and | —4
2 5
Line joining 2 points has direction
3 -2 1
5-(-4)|=| 9
2 -5 -3
3 1
Lineisr=|5|+¢| 9|, t€eR.
2 -3
0 1
d Position vectors | 0 | and | -1
1 0
Line joining 2 points has direction
0 -1 -1
0-C-D|=] 1
1 -0 1
0 -1
Lineisr=|0 |+ 1
1 1

p
3 a Weneedavector P = L ' ) which 1s

b,
perpendicular to a
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WORKED SOLUTIONS

Then a-p =0, and line is

(D)oo 2o

Using the same technique as in part a, we see

2], . 5
is perpendicular
5 -2
. -1 2
Lineis r = +t L te R.
0 5

1 3
0 | is perpendicular to |

3 -1

4 1
lineisr=|2 |+¢£0|[reR.
1 3
b
We require p=| p, |sothat p-a=0
P
p-a=p —-3p, +4p, =0
Take p, = 0, p, = 4, p, = 3 for example
Then line is r = 5k + £(4j + 3k),te R.

‘We need to know if there is a value of ¢ for which
2 1 4
r= +t =
(1)) (s
4 2 1
Take ¢ = 2 Then = + 2
5 1 2

so (4, 5) lies on the line.

Is there ¢ so that > +t 4 = 5?
1 -3 -2

S5+t(d)=5andl1-3t=-2
t=0andt=1=nosucht.

so (5, —2) does not lie on the line.

-1 1 -3
Istherersothat| S |+¢ 0|=| 5|7
-3 -2 1

-1+t=-3=¢t=-2
5+ 0(¢) = 5 = ¢ = anything
3-2t=1=t=-2

-3 -1 1
so| 5|=| 5[-2| 0] 1ie (-3,5,1)lieson
1 -3 ) line.

Is there ¢ so that

Qi +j+k)=(Q2i—-j- 3k) + #(-2j -3k)
l1=-1-2tand1=-3 -3¢

-2 =2t 4=-3¢

Worked solutions: Chapter 12




4
r=-1 andt = — = nosucht.

3
so (2,1,1) does not lie on line.

2 -2
5 r=|4 |+t 3| teR
5 8

10=4+3t=>6=3¢,t=2
p=2-2t=2-212)=-2
g=5+8=5+8(2)=21

6 A vertical line will have direction ( 1 J

) 0
SO r = +t teR

7 a (1) Arethe 2 lines parallel?

2 _
Is there ¢ such that [ J = t( gj

Taker = =% Then | 2 |=22[~°
aet—?. en _1—3 3 SO

lines parallel.

(2) Are 2 lines co-incident?

-9
Does {10) lie on 1,7

(o) (&) ) e
()

-9).. . o
SO [10 lies on r;, = lines co-incident

b (1) Are lines parallel?
-4 1
Is there ¢ so that ( 2] = t[zJ: No such

t, so NOT parallel.

(2) Are lines perpendicular?

Take dot product of direction vectors:

-4 (1
( 2}(2]: —4 + 4 = 0 = perpendicular.

c (1) Are the lines parallel?

Is there ¢ so that 4 =t 8
-3 -6

t =2 gives

4 8 i
=2 = lines parallel.
-3 —6

(2) Are lines co-incident?

5
Does [3) lie on r?
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WORKED SOLUTIONS
5 5 4
= +s No such s =

lines NOT co-incident.

d (1) Are lines parallel?

1 1
Is there ¢ so that (2] = t[l] No such ¢

= NOT parallel.
(2) Are lines perpendicular?

Take dot product of direction vectors:

1)(1
(2]. (1] =1+ 2 =3 = NOT perpendicular.

e (1) Are lines parallel?

Is there ¢ so that

4 4
=t No such t =
-3 3

lines not parallel.
(2) Are lines perpendicular?

Take dot product of direction vectors:

i

NOT perpendicular.
1 2 1 2
4|11 |=|l4 11| cos A
0 1 0 1

2+4=J12+4222+ 12+ 12cos A
6 =17 /6 cos A

A=cos! [ ° |=536°
%)

2\ (-1 23/ -1

Of-| 3|=|| O 3 || cos A
) 1) || -2 1

—2-2=22+ (2 (-1)* + 3> + 12cos A
—4= /8 11 cos A

A=cos! | |=115.2°
(i)
-2
9 a A has position vector | -3 |. We require ¢ so
that -4
-2 -1 1
-3 |=|-1|+¢|2|Taking t = -1, we see:
-4 2 6

Worked solutions: Chapter 12




10 a

11 a
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-2=-1+(-D1
-3=-1+(-1)2
-4=2+(-1)6
—6 -2 -4
AB=|-7|-|-3|=| -4
-2 —4 2
Taking dot product,
-4\ (1
-41.12|=-4-8+12=0
2) 16

— AB perpendicular tol,

i OF =2i+5j+3k

i AG =-2i+5j+3k

i |OF|=\2+5 +3 =38

i | AG| =22 +52+32=4/38

iii OF . AG =(2i+ 5j+ 3k).(=2i+ 5j + 3k)
=30

OF . AG = |OF | | AG |cos6

30 =\/§\/3_8 cosd
6 =cosf! (EJ =79
38

AB=0B—-0A="7i-8j+ 8k

I xT7+(-5)x(-8)+2x8
B V304177
49
- B30V177
Let r be the position vector for the point P.
Thenr=(1+7wi+ (5—-8wj+ (-2 + 8wk
=({+5 -2k + w(7i - 8 — 8k)
=OA + uAB
which is the position vector of a point on

the line that passes through 4 with direction
vector AB, and hence also passes through B.

OP.AB =0
1+ 7u 7
5-8u|.|-8 |=0
-2+ 8u 8
7+ 49 — 40 + 64u — 16 + 641 = 0
49
ST

WORKED SOLUTIONS

e Use the value of u from part d to get:

520
P:% 493
38

Exercise 12K

1

Equating components of r, & 1,
4+20=11+u (1)
2-41=16+2u 2)
D=>u=-7+22
(2)=2-42=16+2(-7+2A)

2-4A =2+4A
A=0
D= u=-17

so intercept at (4,2)

Equating components:

4+8s=6+9 (1)
-2+ 2s=-3+6t¢ 2
(1)=8s=2+9¢
=1
5—8(2+9t)

(2):>—2+i(2+9t)=—3+6t
-8+ 2+9r=-12 + 24¢

6 =15¢

6

1

(1)=>s=1[2+54j=7

8 15 10

intersec at 4 + 8 _|° 48
-2 102 -3 -3
5

W=

542t=3+2s (1)
“1+t=-2+s 2)
2—-t=-4+2s 3)
2)=s=1+t¢
1) =5+2t=3+2(1+1¢)
5+2t=5+2t (so(1l) & (2) are consistent)
B)2-t=-4+2(1+1)
2—t=-2+2¢t
4 =3¢

4
=

3
Q) =s=1+ % _7
Thus l1 & l2 intersect.

Worked solutions: Chapter 12




3 2 23
r=|-2|+71]|=1 1 at(mj
3 3
—4 2 2
4 1+3r=-1 (1
l-t=s 2)
(1)=3t=-

(2):>s=1—(_32j=§

Intersectat i + gj, i.e at [—1, gj

5 If lines intersect then there are s & ¢ so that

3-t=1+s (D
t=4+s )
54+2t=s 3)
sub(2)into (3):s=5+2@ +5),s=13+2s

s=-13
in2)=t=4-13=-9
checkin (1): 3—(-9)#1-13
12#-12
so there are no such s & ¢ = skew

6 a 3-s=14+3 1)
~2+3s=-20 — 4t @)
5-55=6-3t 3)

(H)=s=-11-3¢
(2)=>-2-3(11+3r)=-20 - 4t
—35-9r=-20—-4¢
—15=>5¢
t=-3
(1)=s=-11-3(-3)=-2
checkin (3): 5 — 5(=2) =6 — 3(-3)
15 = 15 so lines intersect.
Point of intersection = 14i — 20j + 6k
—3(3i — 4j — 3k)
when ¢ = -3
=5i- 8+ 15k
b Take dot product of direction vectors:
(—i+3j—5k)- (31 — 4j — 3k)
=(-1x3)+ (@3 x—-4)+(-5x%x-3)
=-3-12+15
=0
= perpendicular.
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WORKED SOLUTIONS

6 1 5
7 a |9+t 2|=|7
3 -2 a

6+t=5=>1t=-1
3-2(-1)=a=a=5.

6 1 b
9+t 2|=]|13
3 -2 -1

9+2t=13=1¢r=2.
6+2=b=0>b=8.

6 1
b OPhas position vector | 9 [+ ¢#| 2 |for some ¢

3 -2
8 5 3
AB=|13|-|7|=| 6
-1 5 -6

6+1 3

(OP). (A4B)=0=|9+2|.| 6|=0
3-2¢t)\-6

3(6+1)+6(9+2r)~6(3-2) =0
18 +3t+54+12t —18+12r =0
27t + 54 =0
t=-2
6 1 4
soOP=|9|-2| 2|=|5]|,Pis(4,5,7)
3 -2 7

c |OP|=4+5+7 =310

8 a
AB=b-a=(3-2)i+(-2-(-1))j+(-1-2)k
=i-j-3k
lineis (2i—j+2k)+A(i-j-3k)for A eR

b 2+4=7+2s (1)
“1-A=s ©)
2-31=3+2s (3
sub(2)in (1) =2+ A =7 +2(-1-1)

2+A=5-2A
3 =3=1=1

Q) =s=-1-1=-2
(3)=2=-3(1)-1=3+2(-2)

Worked solutions: Chapter 12




X lines intersect.
pointis (2+1)i+(-1-1)j+(2-3)k
3i-2j—kie(3,-2,-1)

c a-c=(2-3)i+(-1-(-2)j+2-(-)k
=—i+j+3k

|AC|=1+1+3” =411

d Take dot product of direction vectors:
(i-j-3k).(2i+j+2k)=2-1-6=-5

Then -5 = \/ﬁ \/§COSQ

0 = cos™ ( = —120° (nearest degree)

)

Exercise 12L

1 a Position of ship relative to buoy is

60 45 15).
- = ie 10Km North, 15Km East

30) (20 (10
15
b (mj‘ = 15 +10° =5/13 km
20

. i 5
2 a velocity = displacement ljcemem =| :( ) ms™
1me — .

b t) = 20 +t >
=157 2
(S
= +6 = m
-8 -2 =20
c speed = |v(t)| = 12* +5° =13 ms™!
d S(6) = (4i— j) + (12 - 5)

s(3) = (4i — j) + 3(12i — 5j) = 40i — 16j

distance = \/40% + 162 =8 /29 m
20 5 4 12
e want +t = + s
-8 2] (-1 -5
for collision
20+5r=4+12s (1)
—8-2r=-1-5s )
(2)= -7 +5s =2t :>t=%(5$—7)

(1):>20+§(55—7)=4+125

40 + 255 — 35 =8 + 24s
s=3
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WORKED SOLUTIONS

Q)=t="(5x3-7)=4
2
40
Whenr=4,1s =20 |4 [20
8] (-8 |-16
40
Whens=3, RS = 4 +3 12 =
-8 5] |-16

Hence particles will collide.
Let A’s position be given by
a = (31 + 3j) + ¢(4i + 3j)
Let B’s position be given by
b = (4i + 3j) + s(3i + 3j)

want to find when a = b.

3+4r=4+ 3s @)
3+3t=3+3s 2
2)=>t=s

1)=s=¢t=1

They collide 1 hour after 3 pm, ie at 4 pm.
Collide at (3i+3j)+1(4i+3j)=7i+6j

11 1 1 2
r,=[ 3|+t -1 r,=[-7[+¢]1
-3 4 -2 9

V.| = 1 + (-1)* + 4> = /18 = 3J2 ms™
V,|=y2* +1* +9* = /86 ms™!

Meet if r, =r, at the same time

11 1 1 2
31+t -1|=|-7|+5s]|1
-3 4 -2 9
11+¢t=1+2s (D)
3—t=-T+s 2)
-3+4r=-2+409s 3)
(H)=t=2s-10
2)=3-2s-10)=-7+s
13-2s=-7+s
20=35,s=§

3
()= =2 ? —10=?¢s

so ships do not collide.

Worked solutions: Chapter 12




c r(10)=

r,(10) =

1

3 |+10] -1

4

1 2

+10] 1

-2 9
0

21

37
21

88

WORKED SOLUTIONS

- 1/102 + 51> =+4/2701 ~ 51.97m

Review exercise

-2) (1) (-3
1 AB=| 3|-|2|=| 1
5/ (3 2

7\ (-2 9

BC=| 0|-| 3|=|-3
-1 5/ (-6

-3 9

Now B =| 1|=-!|-3|=75¢
2 -6

Since they contain a common point (B), 4, B, C
are collinear.

2 The sides of the triangle are given by the vectors
—> —> —>
AB, AC, and BC
—>
AB = (21 + 2J) - (51—j + 6k)
=-3i+3j-6k
_> . . . .
AC = (-3i—5j + 8k)— (51 —j + 6k)
=-8i—4j+ 2k
_> _> . . . .
Now AB-AC = (=31 + 3j—6k) - (-81—4j + 2k)
=(-3x-8)+(3x-4)+ (-6 x2)

=424 12-12
=0

. _> _> .
Since AB- AC = 0, the vectors are perpendicular.

Hence, 4, B, and C form a right-angled triangle.
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5+1 6
a+b=|-1+3 = 2
-3+(-5) -8
5-1 4
a-b=|-1-3 =4
-3-(-5) 2
6 4
(a-b).(a+b)=| 2|.|4|=24-8-16=0
-8 2
= a —band a + b are perpendicular.
We need s & ¢ so that
7s =342t (D
6+3s=1+4¢ 2)
—“1+s=2-1¢ 3)
)=s=3-¢
1H)=7@-t)=3+2¢
21-7t =3+ 2t
18 =9t
t=2

B)=>s=3-2=1
checkin (2) = 6 + 3(1) =1+ 4(2)
LS =RS =9 so0 sand ¢ exist.

0 7 7
so P has position vector | 6 [+|3 |=[9
-1 1 0

Point (7, 9, 0)

BArY
b @.—~2_(g].[_3__3_6__9

a

¢ AB- AC = | AB|| AC |cos BAC
—9 = \[3% + 3% \J(=1)* + (-2) cos BAC
-9=+/185cos BAC
—9=32~/5cos BAC
cosBAC=—_
245
a Phas position vector
6 -2 6-8 -2
21+4| 2|=| 2+8|=|10
-3 1 -3+4 1
Pis(-2,10,1)

Worked solutions: Chapter 12




-2 0 -1
b Suppose| 10 |=|-12 [+ ¢| 11 |for some ¢
1 7 -3
-2=-—t €))
10=-12+11¢ )
1=7-3¢ 3)
(H)=t=2

2)=10=-12+11(2)=10
B)=1=7-32)=7-6=1
SO equations are consistent.
-2
sot=2gives| 10 | .~ Plieson L,
1
2 1
7 a Lyr=|2|+5s|3
4 2

b
0=(7||x|F4+7x+3=T7T+7Tx=>x=-1

1 7 4

c |3 |+¢t]7|=|5]|+¢q|-1
-3 3 1 1
24+t=7+4q (D
-3+7t=5-¢q ()
-3+3t=1+¢q 3)

8 Supposer =r,

-4 4 4 -12
Then + A = +u
A )
-4 +41=4-12u €))
3+174=9+5pu 2)
()= 41 =8-12u
A=2-3u
2)=172-3u)=6+5u
34 —-51u=6+5u
28 =56u

‘Ltzf

2
H=>r=2-2="1
2 2

So ships collide after ! hour, ie 12.30 pm.

2
-2

collide at -4 41 4 _
3 2\ 17 %
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—4 4 3
b At 12.15, 4 has position +1 =
3) 4\17) |2

so after 12:15, A’s position given by
3 16
r, =29 |+ t(wj where ¢ is time after 12:15

At 12.30, A’s position is

-3 . (16] 1
r =\ 29 — =1 23
vy 4117

-2 1 3
Distance is — = [ J
23

2

23 0
2 2

so ships are 3km apart.

Review exercise - GDC

1

2

HIHEH B

6—20 =\/32 + 52\/22 + (—4)*cos 4

~14
=cos 4
V34420
A=122.4 ~122°
OR=O0R-00Q
2 3 -1
=|-1{-|-1]=]| 0
5 0 5
QP=0P-0Q
3 3 0
=|-2|-|-1]=]|-1
1 0 1
b (-] 0 -1 0 A
-1|= -1|| cos POR
5 1 5 1
0+0+5=+(-1) +0*+5°
VO + (=1)? + 12 cos POR
5 .
——— =cos POR
o e
=46.1 ~46°
c %|ﬁ||@| sin 46 = Area
=% 52 sin 46
= 2.60 units?

Worked solutions: Chapter 12




3 a i OC=4j

i OB=i+y22-12k=i++3k
il OD=2i + 4j

b i BC=BO+0C

=3k + 4§ =i+ 43k

i BD=i+4j 3k

c i |BCI=\P+16+3=20=25
i |BD| =12+ 16 + 3=/20=25

i (i + 4§ — 3K) + 4§ —3k) =
-1+16+3=18

18 = 2/5 x 24/5 cos DBC

18 _ 9 5
2= 10 cos DBC
25.8° = DBC

4 a If perpendicular,a®b=0
A+ (x-2)j+k) X4 - 2xj— 12xk) =0
K x®—2x(x—2)-12x=0
-2 +4x—-12x=0
x(x*—2x-8)=0
x(x—-4)(x+2)=0
x=0,x=4,orx=-2
b Letx=-1. a=-1li+-3j+k, b=i+2j+ 12k
ab=|al|b| cos C
14+ -6+12=J(=1)P+ 37+ 1?
JI2+ 22+ 122 cos C
5= 11149 cos C

5
——— =cos C
J11/149
82.9°=C

5 a @z(ﬁ—O?

1 1 0
=|5|—-|-1|=|6
5 3 2
1\ (0
OP.PQ=|-1|.|6|=0-6+6=0
3/ 12
~.OPis perpendicular to PQ
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1 0
b ri=|-1[{+A]|6
3 2
c If intersect, r, =7,
1 0 2 1
-1|+A({6]|=|-1]|+pn|-3
3 2 2 -2

1=2+p HMu=-1
—1+6A=—-1-3p mx:—m:am:%
3+20=2-2u LH53+2><§:4
RHS2-2x-1=2+2=4
consistent values for A and p in all 3 equations

N lines intersect
1 .
LetA= ,in7,

1+0 1
Position vector=| -1 +3 | =| 2
3+1 4
d
0 1 0 1
6(-1-3|=1|6 -3 || cos 4
2) (-2 2 -2

18+ -4 =0+ 6"+ 22\ 12+ (=3) + (-2) cos 4

22 = JLTO\/ITL cos 4

=22
\/4_0—@ =cos 4 .
A =158 T2
acute angle between lines is 22°
0
a t=0 A=10
6
6
t=2 B=|-2
6
AB=0B-04
6 0 6
=|-2{-|0f=|-2
6 6 0

b Position vector = initial position + ¢
(directional vector of 4B)

3
= initial position + ¢#| —1
0

Worked solutions: Chapter 12




WORKED SOLUTIONS

c (36,18,0)
d -3
v=|—4 | speed = | v| =\/(—3)2+(—4)2+12
1
— 9116+ 1= 26
=5.10 ms™
e (36 -3 0 3
18|+t|—4|=[0]|+s|-1
1 1 6 0

36 -3t=3s 36-18=18 Ms=6
18 —4t=-s 18 —24 =-s Ks=6 consistent

t=6
t = 6 seconds
f ¢c=(36-18,18-24,0+6)
=(18, -6, 6)
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Answers s
Skills check

You should know these values,without using your
GDC.

1 a g b 3

c 3 d —g

2 6

2 a g b -1

c -1 d 05
3 a -148 b 2

a —0.182,240 b =*1.14
Investigation
1 0.1) 7

]

A
NI

sin90° = 1, cos90° = 0, tan90° does not exist

2 8
(-1,0) 180°

sin180° = 0, cos180° = -1, tan180° =0

(0,-1)

(A

sin270° = —1, cos270° = 0, tan270° does not exist 10

360°

(1,0

o

sin360° = 0, cos360° = 1, tan360° = 0
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Circular functions

i
\ 90

(01 _1)

]

sin(—90°) = -1, cos(-90°) = 0,
tan(-90°) does not exist

(-1,0)

an
-

sin(~180°) = 0, cos(~180°) = —1, tan(~180°) = 0

dh
NI

sin0 =0, cos0 =1, tan0 =0

»
N

NIy

]

N

sinf =1, cosZ =0, tan% does not exist

2 2
MO)m
sint =0, cost=—1, tanrt =0

a2
NP

0,-1)

L

.3 3 .
sin"" = -1, cosf =0, tan%” does not exist




WORKED SOLUTIONS

11 c

I
g

-
.
3

g

12

[l

R

Nk
g

sindw =0, cosdr =1, tandrmr =0

o
W
>f

v

For questions 3-8, there are many other

D D R
W,

N

Co 1N 1N

Exercise 13A
1 a b

/ \ possible correct answers.
N W 3a§3
e
0
c d
330° 120°, —240°, -300°
b

( % 250°
200°
\Z y 270°; } 340°, —20°, —160°
C

750
40°
J 255°, 285°, -105°

~

dh
180° /

.
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o) N,

65°, -245°, -295°

D DN AN DN




4 a
P
—35°, £325°
b
—130°, £230°
C
—295°, +65°
d
N
"
240°, £120°
5 a
4 X
230°, -130°, -310°
b
4
280°, — 80°, — 260°
o4

40°, -140°, -320°
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WORKED SOLUTIONS

25° :

155°, 335°, -205°

r n 3«

4’ 47 4

(4N
\J

n+3,2n-3,3—-1

an

-1, +(1-27)




—2.5,+(2.5-2n)
37
5
n Iz
5 5
8 a
/3
4 )
St _3r _Ix
4 4 4
b

S
NIDY

%
N,

2r-5,n-5,-5-1
Exercise 13B
1 a sinl10=sin70=0.940
b cos(~70)=cos70=0.342
c co0s250=-cos70=-0.342
d sin290=-sin70=-0.940
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e
f
g
h

WORKED SOLUTIONS

sin(180—A4)=sin(4)=0.8
cos(—A)=cos(4)=0.6
cos(360—A4)=cos(4)=0.6
sin(180+4)=—sin(4)=-0.8

an(A):Sln(A) 08_4
cos(4) 06 3

an( —A)=—tan(4)= -3

sin(360—A4)=-sin(4)=-0.8

[y

=
'S

W |

sin 6 _a
cosf b

tan( 80+A) tan(4)=
an0 =

sin(r—0)=sin0=a
cos(m +0)=—cos0=-b
tan(z +0)=t 9—7
sin (7 +9)=—51n0——
cos(—0)=cos0=b

sin (27 —0)=-sinf =—a

cos(@—n)z—c059=—b

Exercise 13C

1 a

60°

N

x =-300°, —240°, 60°, 120°

N

120°

Ao

x = £120°, £240°

45°

~

N

x =-315° -135°, 45°, 225°
Worked solutions: Chapter 13




d
x =-360°, —-180°, 0°, 180°, 360°
1
e COSx—iﬁ
‘é
x = x45°, +£135°, £225°, £315°
1
f tanx—tﬁ
_50°
‘
x = *30°, £150°, £210°, £330°
2 a
%ﬂ
6
11z 77 n 5x
0= "5%%
b
0=0, tm +2x
[ o4

an
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WORKED SOLUTIONS

R
M.aj

_ 7 3x
0= 22
tan?0 =3
tan@ =++/3
9_+£ +2l +4i +5l
T3 3773773
tanf =

0= 0°, 360°, 720°

45°

0= —135° —-45°,225°, 315°, 585°, 675°
tan 6= -1

N
e

6= —225° —45°,135°, 315°, 495°, 675°




d 3tan?6=9
3tan?0=3
tand = ++/3

f
\/

6= 160°, £120°, 240°, 300°, 420°, 480°,
600°, 660°

N

3
4

I+

x=xZ
4

COosx =

I+

N‘&

3
d 4cos’x=3 coszx=Z

ava

xR
Il
I+
I+
w
3
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WORKED SOLUTIONS

Exercise 13D

1 a

50
Y

2x = %30, £330
x=%15° £165°

6sin(2x) = 3

sin(2x)=l

1507

2x = —330, -210, 30, 150
x=—165° —105°, 15°, 75°

sl o)

tan(f)= 1
2

-
NI

=45
2
x=90°

Worked solutions: Chapter 13




2 a
z
6
20 = % _x Ir 1z
6 6°6 6
_ St _x Izl
127 12’127 1
b

i

LAY
2 4
0=1Z
2
d sin(@) =
3

[\e)
w|R
I
I+
]

R
NI

(2cosx + 1)(cos x=3) =0

The second factor gives cos x = 3, which has

no solution.

COSx = -1
2

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

(2sinx + 1)(sinx +1) =0

sinx = —% orsinx = -1

-

oIy

(tanx + 1)(tanx+ 1) =0
tan x = —1

sinx—6sinx+5=0
(sinx—1)(sinx—5)=0

The second factor gives sin x = 5, which has
no solution.

sinx—1=0

.
N

Exercise 13E

1 a

(2]

sin? @+ cos?6=1

(§)2+ cos’0 =1 — cos?0 = 1—(%)2= u

36
cosf = g
sin(20) = 2sin0cos6 = 2(5](JHJ -}
6)| 6 18

cos(20) = 1-2sin?6 = 1—2(%)2 -0 7

sin?x + cos?x =1
2 2
sin?x +[-2] =1 —>sin2x =1-[-2] =2
3 3 9
sinx=§

sin(2x) = 2sinxcosx =2 By 2 =45
303 9

2 _2 : 8 1

C()s(2x) = 2c0s x—l=2( 73) -1 = 79—1 = —79
(_4\/5]

t (2 ) sin(2x) 9 1\/5

cos(2x) [_é)

Worked solutions: Chapter 13




3 a sin?0+cost6=1

sin?0 + (%)2 =1—sin?0 = 1—(%)2 =1

36
sinf = g
Jit
tang = $n0 = 6 ) _ V11
cosf Bl 5
<)
b sin(260) = 2sinfcos6 = Z[f](:) = £
€ cos(20) = 2cos?0—1= 2( Jz -1= % 1: 7

4 a sin‘x+cos?x=1

2 2
(—%) +cos?’x =1 — cos’x = 1—(—%) =6

64
cosx = —@
sin(Zx) = 2sinxcosx = 2(—1) _J@] = Y63
8 8 32
ey =10 1Y —1_1 _31
b cos(2x)—1 2sin*x =1 2( 8] T
\/5
_ sin(2x) _ _J63
¢ ta'n(zx)_cos(Zx) - 31 KT
(sz)
d sin(4x) = 25in(2x)cos(2x)
— of Y63 Y31 _ 3163
32 32) 512
5 a
3 5
u [\
4
sinf = %
b cosf = %
c sin(29) 2sin6fcosO = 2( ](é) 24
5] 25
d cos(20) = 2cos29—1=2(é)2 =221
5 5 25

6 a sin?(2x)+cos?(2x)=1
(§T + cos?(2x) =1
25 2
— cos?(2x) = 1—(§) =%
25

T 625
cos(2x) = —215
24
_ sin(2x) _ |25 24
b tan(zx) - cos(2x) - (_l) 7
25
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WORKED SOLUTIONS

sin(4x) = 2sin(2x)cos(2x) = 2(%1_%) _ _%

cos(4x) = 1-2sin?(2x) = 1-2( 24| = =32
25 625

b

a

Na’ +b°
b

sinx =

Cosx =

:

a+b

) . b
sin(2x) = 2sinxcosx =2| 2
(2%) (\/a2+b2 Jat 1o
_ 2ab
a+b
b 2 2
cos(2x) = cos?x —sinx = Y
( ) (\/a2+b2) (\/a2+b2

b -a*

a’+b°

Exercise 13F

1l a

2sin x cos x = coS x
2sinxcosx—cosx=0
cosx(2sinx—1)=0

cosx=0 or 2sinx—-1=0
cosx=0 or sinx= %
x=90° or x=30° 150°
tan(2x) = 1

2x =45,225

x=22.5° 112.5°

sinx+cosx=0
sinx = —cos x
tan x = —1
x=135°

COSx = +—

N7
x=45° 135°
sin2x = ¥3

2
2x = =300, —240, 60, 120
x = —150° —120°, 30°, 60°
sin x — sin® x = cos® x
sin x =sin’x + cos?x =1
x=90°

cos’x — sin?x %
cos2x = L

2
2x = 160, £300

x = %30° £150°

Worked solutions: Chapter 13




WORKED SOLUTIONS

— fn2 — a1 . .
d 1-2sin2x=sinx b ' —sino ™ 4 cosh
2sinZy + sinx —1 =0 cosd cos6
(2sin x —1)(sin x + 1) = 0) L _sin' 4 o650

. 1 . cos®  cosO
sinx =_ or sinx = -1

=gin2 6 + 2
x=30° 150° or x=-90° 1 = sin* O + cos* 6

sinx ¢ cos*x — sin*x = (cos’x — sin%x)(cos?x + sin’x)

3 a =sinx
cosx cos2x X 1 = cos2x
sinx = sinx cosx
sinx cosx — sinx = sinx (cosx —1) =0 6 2sin3xcos3x = sin2(3x)
sinx=0 or cosx=1 = sin6x
x=0,7 =k=6
b cos2x= % 7 cosdx = cos2(2x)
) v Tn =1 — 2sin?(2x)
Y= =1 — 2(sin(2x))?
x=21 =1 - 2(2sinx cosx)?
8 8 =1 — 2(4sinx cos’x)
c 2cos’x—1=cosx =1 — 8sin?x cos’x
2cos’x—cosx—1=0 —=h=8
(2cosx+ 1)(cosx—1)=0
cosx = _% or cosx =1 Exercise 13G
x = 27” or x=0 1
d 2sin (2x) cos(2x) = sin(2x) I.'r(-\'-.. [ ﬁ
2sin (2x) cos(2x) — sin(2x) = 0

L _. K . . . @

(sin(2x))(2 cos(2x) —1) = 0 —
sin2x) =0 or 2cos(2x) -1=0 \.\/ U
1 |

sin(2x) =0 or cos(2x) = 3

2¢=0, 7,2 2x =223
¥FELmAT O 2X =5 ~346°, —194°, 14°, 166°
x=0,%7 or x=22

2 6 6 2

4 a sin’2x+ 2sin2xcos 2x + cos?2x =2

=T =
2sin2xcos2x+1=2 ,’/ \".\ ‘."/
sindx=1 . 2 2
4x=£,5l ‘f’// '."\\-/j

2’2

5

b sinx—-1=1-sin’x i27°, 333°
sinx+sinx-2=0

(sinx — 1)(sin x + 2) = 0 3
sin x = 1 or sin x = —2 which is invalid
x = E
2 . . 2
c cos?x=2cos’x—1 ] \\ /
cos?x=1
cosx = *1 [
x=0,7
d sin?x=1 244°, 296°
2
sinx =+
p
x =13
4’ 4

5 working may vary
a sin’x+ 2sin x cos x + cos? x = 1 + sin(2x)
LHS: 1 + 2sin x cos x = 1 + sin(2x) RHS
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.

NN

55°,235°, 415°

A,

A
Y

\/

—-5.33, —-4.10,0

955, 2.19

ANA

7

\

+1.71, 4.58

N

e

N

—-0.739

A

SN

/

—-0.637, 1.41

WORKED SOLUTIONS

Investigation: graphing tan x

1
Angle Tangent
measure (x) value
(degrees) (tan x)
0 0
1 1
X30, +30 -—
NEARE]
R45, +45 X1, 1
K60, +60 ®J/3 .3
120 X3
135 X1
1
150 K—
NE)
180 0
1
210 —_—
V3
225 1
240 J3
300 NE]
315 K1
1
330 -—
NE)
360 0
3 tan +90° and tan +270° are undefined. The limit of the

tangent as the angle approaches £90° or £270° is infinite.
Asymptotes are often shown on graphs for values that do
not exist.

Exercise 13H

1
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L
LIV T

—297°, —117°, 63°, 243°
| . |

J Y )

-

-107°, 73°, 253°
.
f/ J/ _/_,

Worked solutions: Chapter 13




WORKED SOLUTIONS

124°, 304° Investigation - transformations
of sinx and cosx

38°, 142°, 398°, 502°

Il
]

—-5.88, —2.74, 0.405, 3.55

vy, \_/

&

r=allny
| | {

2 2 - L
7T 7 VARV,
-1.88,1.26 3

4
4.55
| tg @
5
—4.66, 1.20, 2.28, 4.77 f{"‘-\

<

"
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WORKED SOLUTIONS

Exercise 13l 10 Sine curve shifted upwards by 1 unit. y = sinx + 1
1 Y 11 Tangent curve shifted right by %. Y= tan(x —%)
ol |- 0 ; o X 12 Cosine curve shifted right by % and downwards by
2 . B 7\ _
\ 1.5 units. y = cos(x—zj 1.5
3 Exercise 13J
2 A 1 N
/o 5
4 : 27 - /77 X
-2 - 0 oz X
T T T T 2 yk
3 N M
[ I [ [ 2
/ [ol/ / AN
27 / - \ 0 / 7 \ o X
of an | ol 2 19 x| g7 an lopX ¢
R T 4 N
| | I | | 3 Y,
M
4 Y, 2l
/ /
L 270 |- 7 ol X
. / N /
I - 0 7 o X I
1 Ly
4 Y,
5 Y, A
E: il dmlx g O\ a2 X
27 - 0 7 2 ; 5 yk -
[T\ {1\ [T\
® 5 T
27l - 0 7 2 x >
' 27 - 0 a X
a 7 I
T I / \ \/ \
“ 5 \
7 ) 3 5
AT - 0 7 o X o)
ERVER IEEVERN AN IATIAC NN
- 27 - 10 7 ’)fzrx
h /LYY AV /LY LV
8 Y,
[l T T
iy |y 7 y
[y TG
_’)’n' - 0 ’ 7 o X
[ [ 4 , 2zl 3 - 7 10 7 7|3 x
for questions 9 — 12, answers may vary. i e ~— %

9 Cosine curve shifted to the right by 2.

= _2z
y= cos(x ; j
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271 0 7 o X
N~

9 Sine graph, amplitude of functions is 7.5.
y="75sinx

10 Cosine graph, period of functions is 8.
y = cos(0.25x)

11 Tangent graph, period of functions is 4.
y = tan(0.25x)

12 Cosine graph, reflected in x-axis, amplitude is 3,

period is 47. y = —3 cos(0.25x)

Exercise 13K
1 Want to write as y = asin(b(x + ¢)) + d and
y=pcos(g(x + 1) +s

Amplitude:a=p = 2= ( 209 =3.5
Period =2m. Sob=¢g = 2” =1.
Vertical shift = 2 = —1.5 =d=5,
Horizontal shift: ¢ = _ZT” r = 5?”

Soy = 3.5sin(x = 7”) ~15,

y = 3.5cos(x+ ?j -1.5
2 Amplitude:a=p=1

Period = 2% — (4—”} =127 _ 4.

3 3 3
27 1
Sob= 9=5-=5
Vertical shift = % =-2=d=s

Horizontal shift: ¢ = 47” r = %

So y = sing(x + 7”]] _2,
y= cos[z[x + 3)) 2

3 Amplitude:a=p= 3_5_1) =2.
Period = 5 - (_SJJ =7

4
Sob=g===2.

Vertical sh1ft. d=s= 3— =1
Horizontal shift: c= 0, r = Tﬂ

Soy=2sin2x)+ 1, y = 2cos(2(x - 1)] +1

5(5)

4 Amplitude:a=p= =5.

Period = 27— (—n) =
Sob=g= —”=
3

2
3
Vertical shift: d =

s=0
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WORKED SOLUTIONS

Horizontal shift: ¢ = %, r=27

4
— Sain| 2[4 —
Soy = SSln[g(x

s -seofie-%)

Amplitude = 3, period: 27” = %’
X = ZT” = 6.

3
Vertical shift = 57 = 2, horizontal shift = %
Y/ 3

6
O

A
4

2
ra

\

Bron. - 10 L 2m N X

Amplitude = 1 period' 2—” =-2,x=-m.

Vertical shift = T = —1 horizontal shift = —%.

7

TN AN 2 7N X

L

)
Z

N

T

Amplitude = 1.5, perlod ZL=3,x=

3
Vertical shift = 0, hor1zonta1 shift = %
A

ATAV AV

0 y X

Vi VY

)
ra

Amplitude = 2, period: 2 = 7 x = 4r.

Vertical shift = 4, horizontal shift = 0.

N

A
18]

A
4

3Br 2t -r 0 @ 2m 3nX

Exercise 13L

a period:2-0=2

amplitude: 18°22 — 4 8

vertical shift: 11'8; 22 — 7

horizontal shift: 0 (first maximum)
b y=4. 8cos( ) +7

Worked solutions: Chapter 13




WORKED SOLUTIONS

¢ [ ZEE Flotz Flotz d [THEE Fletz Flotz

“WiBd. Scos{ 2o ~M1EE, 326204057 E
ARIET Q1 Fkzin . 2HIS552
~Nz=N 24362455+ 2 . 61668
wWa= A7 4B 2+15. 657
“My= F9E168126

wHe= wNe=

“WE= W=

d
AP Flotz Flobs 3 a period: 20 — 4 =16
Vi85, 8239163842 210,
lersines, 14152
+1. . 0 2140,
SEA195 1 +7 vertical sh1ft.21205 =1.3
W= horizontal shift: 4 (first maximum)
:$ﬁ§ b yzosam@gx—®]+L3
[ IME Flotz Flotz
~Y1BE. ScosC (Z2me]
GBACR—d420+1.3
~Ne=N
wHa=
“My=
e wHe=
E “Me=

2 a period: 55-25=30

amplitude: 21'92_9'3 =6.3 i
, o 219493 _ [
vertical shift: === = 15.6 A

horizontal shift: 25 (first maximum)
b y=akm@ax—%n+156

¢ | A Flokz Flot:
WY B, Zoost (2nel d jiﬂa! e e
- + - LI

§$§§ 23224136 SHl*sing . 3953953
LS a216d 745+ - B3234
WMy= ol 32255560 +]1 . 27A
“He= Q12545355
W= M=

W=

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 13 ‘




Exercise 13M
1 a

0. 5236
approximately 12 hours

b d(0) = 5.6sin(0.5236(0 — 2.5)) + 14.9 ~ 9.49m
¢ d(14) = 5.6sin(0.5236(14 — 2.5))

+149=13.5m

9 TF1etl Flotz Flotz
iR Es1NCE. 523
BLa—2.512+14.9
~vz=1
wW =
“My=
wHe=
“WE=
Haxim
Hot GOEEEiZ YEZOS |

first maximum at about 05:30

2 a T(32)=17.5cos(0.0172(32 — 187))
+12.5~ - 3.06°C

b high temp: 12.5 + 17.5 = 30°C

Flatli Flakz Flok:
<1817 . ScosCH. Al
F2LHE=—18722+12.5
~vz=1
wW =
“My=
wHe=
“WE=

=
Maxirm
n=1Hs. 55553 Y=zn

day 187 (about 6 July)

Fi
49.41BE4E V=0
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WORKED SOLUTIONS

=
ey
A=3z4.EELZE V=0
about 90 days

after 10 minutes, the wheel will be at the
maximum height, 46 m

period: 20 min

amphtude 2 =22.5

w:rticalshift:46;'1 =235
horizontal shift: 5 min

ha)=2zsgn@gr—ﬁj+zas

h(3) = 22.5sin[25(3-5)] + 23.5 ~10.3m

VAV

Intgrseckion
L T 1 e L

AV

nkerseckion
=12.:79625  Y=HO

4.8 minutes

i

:‘:H

period: 12

amplitude: 37-5 16

vertical shift: 37; > =21

horizontal shift: 1 (first minimum)
or 7 (first maximum)

gm:—Mm%zM1U+ﬂ

gu)=—wamﬁg44n+z1=mgamm

Wl

b

Intersection”
a=b.iy0Beze Y=z

Worked solutions: Chapter 13




WORKED SOLUTIONS

sin () 5 V21
cos(x) (%) 2

c sin(2x) = 2sinxCcosx = Z(ZIJ(ZJ = 421

b tan(x)=

- - - 2 2 2 2 'l 5 5 25
Interseckion 7 y
H=H.BEO0EPE V=30
early May and late August RWAT X
=S
X Review exercise N\
"1 a cosll0 = - cos70 = —0.342 &
b c0s250 = — cos70 = —0.342 Review exercise
c cos(—290) = cos70 = 0.342 1 a
2 a sinl40 =sin40 = 0.643 F
sin320 = — sin 40 = —0.643 *-]1
LY "y

c sin(—140) = —sin 40 = —0.643 ' ' '
3 a cosx=-1 \\/ \\/
2 3

x =%120°, £240°

b tanx = L 48.6°,131.4°
V3 b
x=-330°, —150°, 30°, 210°

c 2sin’x-sinx=1
2sinx—sinx—1=0

2sinx+1)(sinx—1)=0 ,."... ""'. .J'.r

sinx = —% or sinx =1 - _ A
x=—150°, -30°, 210°, 330°,
or x = —270°, 90° +129°, 231°

4 sin2x+sinx=0 c

2sinxcosx+sinx=0

sinx(2cosx+1)=0

sinx =0 or cosx=7% r : [ II.-/ Ir/

x=0n or x=%2= ||

3

5 a i amplitude:a = H-l_s
2 —70.3°, 109.7°, 289.7°

horizontal shift: ¢ = 4 2
vertical shift: d = % =6

i  5=_2"_ and the period is 8. b = 2

7
period 8
b 4<x<8
6 a sinfx+costx=1

in?x+(2) =1 — sin?x = 1-(2) = 2!
S x+(*)_1_)sm ¥ =1 ( ) 2 3.36,0.515, 2.85 , 6.06

mﬁ‘u‘
~

sinx =
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oA s
\/y\/

3 a amplitude:

vertical shift:

=Ny —>a=-4
2

7+(-1) _ 3
=

b f(x)= —4cos(%x] +3=1

L

AL

-+

st

0.667, 3.33,
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WORKED SOLUTIONS

amplitude: P = MT_6 =4

horizontal shift: Q = 10+4 =7

D(t) = 4sin(%(t—7)] +10

y
14

10

6

2

0 4 8 12 16 20 24%
£=2, at 2:00

from 2:00—6:00, and again from
14:00—-18:00

8 hours

amplitude: 4 = % =2.825
vertical shift: B = 222 = 12.175

h(x) = 2.825 sin(0.0172(x — 86)) + 12.175

n(32) = 2.825 sin(0.0172(32 — 86))
+ 12.175 = 9.91 hours




functions

Answers
Skills check
1 a cos’® =cos” = V2
4 4 2
b sin3” = —sinZ = -1
2 2
¢ tan'” = tan=" = —tan” = 3
6 6 6 3
d sm4—” =sin % = —sin” = V3
3 3 3 2
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1 + tanx = sin’x + cos’x
1+tanx =1

tanx =0
=x=0,rm 21
sin2x —cosx =10
2sinxcosx —cosx =0
coxx(2sinx — 1 =0)
cosx=0,2sinx=1=sinx =

N =

T m St 3w
6’2 6’ 2
sin?x =1+ cosx
1—cos’x=1+ cosx
—COS?x = COsx
cosx(1 +cosx)=0
cosx =0, cosx= -1
3n

=x==n,
2’ 2

f(x) = 2x%€"
Use chain rule. f'(x) = 3x2x%" + 2x3xe*
= 6x%e + 2x3%”"

=X ==

f(x) =xIn(x?)
Use chain rule. To differentiate In (x?), use the

subsitution u = x? to get 2.
X

Then, f'(x) = 1xIn(x?) + x x%

=In(x?) +2
x-5
f(x) - x2+4
Use quotient rule. f'(x) = LX6+9 (-9 x2x
(> +4)
_ x*+4-2x"+10x
(x> +4)
_ —x*+10x+4
(2% +4)

f( lnx

Use quotient rule. f'(x)=

l><x—1nx><1

’)Cz

_ 1-Inx
x2

WORKED SOLUTIONS

Calculus with trigonometric

Exercise 14A

1

10

11

12

f(x)=3sinx—2cosx
f(x)=3cosx—2(-sinx)=3cosx +2sinx

y=tan(3x)
y [cos (3x)]( )_ cos 3x
— 2 _9(cin )1
yEo o= 2(sinx)
y’=2[—(sinx)‘2(cosx)] =——zsi";’f;‘

s(t)=cos?t=(cost)?
s'(t)=2(cost)(—sint)=—2sintcost or —sin(2t)

f(x)=sinvx =sin(x):
Sf(x)= [cos ][zxi] C;’S&f
y=tan?x =(tanx)?
y= 2(tanx)(coi2 . )= Ztanx

COS2 X

2sinx

COSSX
y=Cos= +sm(4x) cos( )+sm(4x)

ot fespo

=—%sin%+4cos(4x)

flx)= Coszm =[cos(2x)]"

f(x)= —1[cos(2x)]_ [( s1n(2x))(2)] i cs);ngxi
- Sinztrx) =4[sin(zx )]_2
y= 4[—2[sin(7rx)]—3 [cos(n'x)](n)] - Sreotey

f(x)=sin(sinx)
f(x)=[ cos(sinx)](cosx)

347

a %[tan(x?’ )] =#(x3)(3x2) - cos® (x3)
b %[cos4 x] =

=—4cos’ xsinx

%[(cosx)‘l]=[4(COSX)3](—Sinx)

a y=sin(Bx—4);
jﬁ [cos(3x—4)](3)=3cos(3x—4)

b %:3[—sin(3x—4)](3)=—9sin(3x—4)

Worked solutions: Chapter 14




Exercise 14B

2
cosZ=1-0=1
2

1 f(x)=sinx —cosx; x =
T _ in® _
f[f)_ sin~
f'(x)=cosx — (—sinx) = cosx + sinx
M angent = f’(g)= cos% + sin%= 0+1=1
m =-1
normal
tangent line: y—1= 1[x - %)
normal line: y—1= —l(x - %)
2 f(x)=2tanx; ng
f[ ) 2tan( J 2(1)=2

f(x)=

COS X

— 2 _2_

M angent f( ) N _T_4
cos’| = | =
5) 2

_ 1

m = —
normal 4

Tangent line: y—2 = 4(x—%)

Normal line: y—2 =—— (x——)
4 4

3 P[£,0;y=sin(x)
=[ cos(2x) |(2)=2cos(2x)
m= 2COS(2[ J] 2cosmt=2(-1)=-2

f(x)=cos(2x)
£(5)eos(F )3

b f(x)=[-sin(2x)](2)=—2sin(2x)

e mer(5)--un()={ )-8
y+%=— S[x—gj

5 f(x)=3sinx for0<x<2rx
tangent lines parallel to the line y = %x +4=>m =%

m= f'(x)=3cosx

3cosx=3
2

4 a

—_

COSX =—

[\S)

St

x===
3

w3y

Exercise 14C
1 f(x)= 6cos(2x—fj+3x

f’(x)=6[—sin(2x—§ﬂ(2)+3 =—125in(2x—%j+3
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10

11

12

WORKED SOLUTIONS

sin x

y:

1+cosx
7 __ (14 cosx)(cos x)—(sin x)(—sin x)
V= (1+cosx)’
cosx+cos x+sinx _ cosx+1 _ 1
(1+cosx)’ " (I+cosx)’  (I+cosx)
f(x)=xe*—e*

S(x)=(x)(*)+(*)(1)—e* =xe*

s(t) = %esin 2t

(1) = %[esinzf(cos 26)(2)|=e% cos2t
f(x)=e*(sinx—cosx)

f(x)=(e*)(cosx —(—sinx))+(sinx —cosx)(e*)
=e*cosx+ersinx+e*sinx—e*cosx=2e*sinx

s(t)=ttant

SO=0[ %

y=e3*cosdx

¥'=(e¥)|(~sindx)(4) [+(cosdx)[ (€*)(3)|
=3e3* cosdx—4e3*sindx

y=+/tan2x =(tan 2x)%

y'= %(taan)i [

tj+(tant)(l =

s’ (2x) @ )j cos (2x)m
f(x)=(nx)(cosx)

f'(x)=(1nx)(—sinx)+(cosx)(j €5 _nxsinx

f(x)=In(cosx)

f’(x)=($j(—sinx)=—cosx or

a f(x)=In(3x?)
F@)=( 5 )6x)=2=2

—tanx

Ciax 1
b g(x)—smf—sm(ixj

s =[eos 3 )= eor;
¢ h(x)=InG3x?)sin’
H(x)= [ln(3x2)}[ cosﬂ+(sin§j[2)

X

= lln(3x2)cos£+ﬁsini
2 x 2
_ smx cosx(1+acos’ x +bsin’ x)
S)= 505 and f(x)= oo
sinx
f( ) " 1+cos’x
Fi(x)= (1+ cos® x)(cos x) — (sin x)[ (2 cos x)(—sin x) |

1+ cos” x)*

cosx[(1+cos2 x)+2sin? x] cosx(1+cos2 x +2sin? x)

1+ cos® x)’ 1+ cos® x)*

a=1;,b=2

Worked solutions: Chapter 14




Exercise 14D
1 f(x)=\/§sinx+cosx,0SxS27r
f’(x)=x/§cosx—sinx

J3cosx—sinx=0=>+/3cosx =sinx

= s x — 3
Cosx
=tanx=-/3
= x=r4r
3°3
signoff' + - o
T hd hd 1
x0 3 A 2z
3 3

-t

3

f [4{) = \/3 sin [47”) +cos [47”)
_ 3[_£]_1__;_1= )
22 22

relative minimum: (43” —2)'

relative maximum: (%2]

2 f(x)=2sinx+cos2x, 0<x<2x
f'(x)=2cosx +(-sin2x)(2)=2cosx —2sin2x
2cosx—2sin2x=0=>2cosx—2(2sinxcosx)=0
=2cosx(1-2sinx)=0
=2cosx=0or1-2sinx=0

=cosx=0or sinx=%

—x=L3 757
2°2°6 6
signoff + - + -+
| S S S ga—
X0 z 5% 3% 27 4
6 6 8

152 -2( 13
10 2o o2 2(3 1
f(%) 2Sln( j+c0s[2(2 ]:2(1)—1:1
5)- 251“(2J+C°S[2(3;D 2(-1)-1=-3
relative minimums: (g,l}[%ﬂ,_g,];

relative maximums: ﬁ,é , Si,é
62)\ 62

3 f(x)=~/sinx =(sinx)?,0<x<7

Sf(x)= %(Sin x)%(cos x)=_Co8%

2+/sinx

f’(x)=0:>C05x=0:>x=%

f'(x) is undefined when
24/sinx =0=sinx=0=>x=0,7
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WORKED SOLUTIONS

sign of f' | + -
T
x0

|
1
v

NN

fl(x)= %(sin x)‘% (cosx)

) =;(sinx)‘i(—sinx)+(cosx)[_jl(smx)‘g(cosx)]

=—%(sinx)% —%(sinx)_% (cos? x)
:—i(sinx)%[Zsin2 x+cos’ x| =—M
4(sin x)?

f"(x)=0=2sin’x+cos’x =0

= 2sin*x+(1-sin’x)=0

= sin? x+1=0, which has no solutions.
sign of f' - -

x0 /4

3
f"(x) is undefined when (sinx)2=0=>x=0,7
Decreasing when f"(x)<O0: %< x<rm

Increasing when f"(x)>0:0<x <%

f [gj = sin% =1= relative maximum: (%1)

Concave down when f”(x)<0: 0<x<rx

Nsinxy =0= x=0,7 = x—intercepts are (0,0)
and (7,0)

fx)

f(x)=cos?(2x)=[cos(2x)]",0<x <7z
f'(x)=2[cos(2x)][(—sin(Zx))(Z)]

=—4sin2xcos2x or —2sin4x

-2sindx=0=4x=0,7,27,37,4r
—x=0,2Z%% 1
4’2" 4"
37

decreasing: 0<x<Z E<x< n

increasing: —<x<% 37”<x<7z

signoff - + - +
X0 1z ¥ oz
4 2 4
f(g)eos(3)-0
f( ) cos?(m)=1

e
relative minimum points: (%,OM%”,OJ

relative maximum point: (%1)

Worked solutions: Chapter 14




f(x)=-2sindx = f"(x)=-2(cos 4x)(4)
=-8cos(4x)

—8cos(4x)=0=>4x =737 57 T7

concave down: (0,%} (37’5”}[7?”’”)
T
concave up: (7 7],(?7?j

Aol

- <
VY VR
N N
N—— Ne—
1
o (@)
o @)
ml\) ml\)
VY /N
.b‘\‘ »lk‘é]”
wy_./&l_l_/
1

= N = N

®[N o
NM—‘

3z 1) (5z 1) (7= 1
82l 8’2)' 872
fix) = cos? (2x)

1+ z (7,1)
&Afi
8 2

inflexion points: (

fx)

5 a f(x)=c052x+coszx =c052;vc+(cos;vc)2

f'(x)=(-sin2x)(2)+2(cosx)(-sinx)
=-2sin2x—2sinxcosx =—2sin2x —sin2x
=—3sin2x
b f(x)=-3sin2x=0= sin2x= 0= 2x=0, 7, 27
=x=0, %, wontheinterval 0 < x< 1

sign of f' - +

I * {
x 0 T Vs
2

)l 1s0-

relative minimum point: ( 1)

¢ f'(x)=-3sin2x
f'(x)= —3[(cos 2x)(2)} =—6c0s2x

d —6c052x=0:>c052x=0:>2x=%,37”
—x=23
474
on the interval 0<x<rx
signof f' - + -
T hd hd 1
x0 7z KU
4 4

el or(5) 001}
I

3r 1

n 35
inflexion points: | 35 | 3

WORKED SOLUTIONS

f(x)=r+xsinx

f'(x)=0+(x)(cosx)+(sinx)(1) ]
=XxCosx+sinx

f(x)=axsinx+bcosx

S(x)=[ (x)(=sinx)+(cosx)(1) |+ cosx
=—xsinx+2cosx =>a=—1and b=2

f(x)=0for0<x <27

Use a GDC to solve: xcosx + sinx =0
= x=2.03,4.91

f7(2.03)=-2.71<0= relative maximum
atx=2.03

f7(4.91)=5.21>0= relative minimum
atx=4.91

f(x)=x%*cosx

f(x)=(¥?)(=sinx)+(cos x)(2x)

=—x2sinx+2xCcosx

f(x)=—x%sinx+2xcosx=0=
x=1.077,3.644 on the interval 0 < x < 5
f(0)=1

f(1.077)=0.550

f(3.644)=-11.6

f(5)=7.09

minimum: —11.6 maximum: 7.09

d(0)=2cosO+~/25—4sin*6H

~2c080+(25—4sin’ O

1
d'(@)=-2sinf+~ (25 4sin” @) ?(-8sindcos )

—_2sinf- 2sin 26

J25-4sin?0
d
(5.05,2.16)
24
14
00 (0 (27,0)
0 7[7[371'71'571’371’771’27[9
1\ 7 2 4 2 4
-2+ d'(6) = -2sin6 - ‘M
5 (1:23,-2.16) V25 - 4sin’6
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The blade is closest to the center of the
wheel when d(6) has a relative minimum
or at an endpoint. There is a relative
minimum when d’(6) changes from
negative to positive at 8 = 7. Testing the
endpoints and critical numbers we find
d(0) =7, d(2n) = 7 and d(r) = 3. So the
closest distance is 3 meters and it occurs
when the angle of rotation is 7.

The distance is changing fastest when
d’(0) has a relative minimum or
maximum. This occurs when 6is 1.23
radians or 5.05 radians.

Worked solutions: Chapter 14




Exercise 14E

1 [(2cosx+3sinx)dx =2[cosxdx +3[sinxdx
=2(sinx)+3(-cosx)+C
=2sinx—3cosx+C

2 J(x2+cos(3 | dr=] e+ [ cos[ x| dx

5x3+3sm(3 )+C

3 [zsin(zx)dx =7 [sin(zx)dx
= ﬂB (- cos(;zx))} +C
=—cos(zx)+C
4 [sin(2x+3)dx= %[—cos(Zx +3)]+C
= —%cos(Zx +3)+C

5  [20x°cos(5x*)dx = u=5x%; fa =20x3
[ 2053 cos(5x*)dx = J [jxljcos(u)dx

=j cosudu=sinu+C
=sin(5x*)+C

6 [(2x-1)cos(4x’-4x)dx = u=4x"-4x,
e —gx—4= L =4(2x-1)= ( j 2x-1
[(2x—1)cos(4x? —4x)dx = Jﬂi{—”j cos(u)dx
= 1fjcosudu =Lsinu+C
4 4
= Lsin(4x2 —4x)+C
7 Jezidx = J e“‘“(-”")( )dx =y =tan(3x);
cos’(3x) cos®(3x)
du _ 1
dr  cos’ (3x)( )= ( ) cos’(3x)

e e o
cos“(3x) cos”(3x) 3\ dx

= f e'du= e” +C= 3 Loy 4 €

8 Jcos(lnx)dx Jcos(lnx)}( jdx:>u Inx; a—%
j cosln) g - J cos(lnx)}(;j

=Jcosu(%j dx

= cosudu=sinu+C =sin(lnx)+C

. . 2
9 jcosxsmzxdxzjcosx smx) dx

= u= smx d—u—COSJC
dx

[cosxsin? xdx =Jcosx(sinx) dx =J(%}u2dx
=Ju2du=§u3 +C=%Sin3x+C
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WORKED SOLUTIONS

10 Jsm dx, for cosx >0
Cosx

fﬂdx =ji(sinx)dx:>u =cosx; ¥ =—sinx
Ccos x Ccos x > dx

:—%—smx
dx

smx dx Jl( %]dx

u

sinx
Jcosx _J
=—j;du=—lnu+C=—1n(cosx)+C,cosx>O
11 a f(x)=e""*cosx
f’(x)=(e5i“")(—sinx)+(cosx)[(e““")(cosx)]
=—e*"* ginx +e""* cos® x
b jesmxcosxdx:u:sinx;dl:cosx
dx
[e”(j—:jdxzje”duze“+C=eSi”+C
12 a f(x)=In(cosx)

f'(x):i(—smx);zg:x =—tanx
COosx X

b [tanxIn(cosx)dx = u=In(cosx); jxl =—tanx
= _du =tanx
dx

(-2 )udw = [udu=—Lu +€ =Y n(cos)] +C
dx B T2 2

Exercise 14F

1 J‘Scosxdx [sinx]_% =sin(§)—sin(_%J

z
3

(L5

wlx

2

cosxdx~1.73 and ~/3 ~1.73

J:

2 j ”(ZSinx +sin2x)dx = [—2cosx —%cost]ﬂ
0 0

wla win

= —2cos(n)—1cos 2w
[ Lcos 27
—[—2cos(0)—%cos(0)]

' (2sinx +sin2x)dx =

cos{ 2= 2sn( 2]
[psnl55)3sm(300)

zﬂ

NS

>,

Lcos[ jdx 130and3*/—~130

Worked solutions: Chapter 14




lnl
4 J “e* cos(
n™
when x =1

when x =1

In
J e* COS
In

Wl

ENEY

Jl excos(ex)dx 0.159 and V3= */—~0 159

du

er )dx:>u=e" a—ex

n% then u=% and

nf then u=%

e"de‘

_ln—

|

=[smu]g = sm(f

Exercise 14G
1 y=xsinxand2x—-6

xsinx=2x-6=x=3.1
[ (xsinx —2x + 6)dx ~12.1

2 y=x2-2
4
3_
2_
1

and y = x + cosx

y=x2-2

=X+ C0SX

T T T
0

x?—2=x+cosx=x=~-1.135,1.891
[ [(r+cosx)=(x2=2)]~6.31

T/ 1T T
2 3 *

k
3 jcosxdx=l and Q<k<”
0 2 2

k
j cosxdx =
0

e =

%:[sinx}f):%

:>sink—sin0=%:sink=%

=k=

N

tan vx
x=2

T T >
1 * 3

j;tanﬁdxz3.97

ﬁjz(tanﬁ)zdxz38.3
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(d” )cos u)dx= I ) cosudu

6 y=

WORKED SOLUTIONS

f(x)=asin(bx)
The sine function has a vertical stretch by a
factor of 2 = a = 2.

Since the period of fis 47 we have

47r:>b=f
\b\

Y,
b (1,2

7 31 2N57 31 1z fhn X
-1 5
24
JZsm( jdx 8

cosx+sin2x

NI

i y=cosx+sin2x = y=cosx+2sinxcosx
= y=cosx(1+2sinx)
y=cosx(c+dsinx)=c=1and d=2

ii cosx(1+2sinx)=0=cosx=0 or sinx=—

N | —

T

:}_x:£77
26

i I%[cosx+sin(2x)]dx=2
i 2—]}’”[cosx+sin(2x)]dx=4.25

nj %[cosx+sin(2x)]2dx =9.12

Exercise 14H

1 a

s(t)=e’sint
w(t)=5'(t)=(e")(cost)+(sinz)(e")
=e’(cost +sint)
W) = e’(cost +sint)
a(t)=v'(t)=(e’)(-sint +cost)+(cost +sint)(e’)
=2e’cost
s(t)=1-2sin¢
(t)=5(t)=-2cost = v(0)=—-2cos(0)=—2 ms™!

—2cost=0 for O<t<7r:t=% S

s[zj 1- 2sm[ ] 1-2=-Im

Worked solutions: Chapter 14




3 a i v(t)=ecost during the interval
OStSZﬂ:cosr:O:n:%,%”
ii signofv — + - +
t0 7 3t orx
2 2

The particle moves left when 1(£) <0
which is on the interval % <t< 37”
b v(¢)=e"cost
V(£)= (e )(-sint)+(cost)(e™™* )(cost)
=-—sinze’™ +e*"’ cos? ¢
c s(0)=4

s(t)= [es costdt = u=sint; 9 _ cost
dr

s(t)= [e"™ costdt =Jve" (%}dt

= [erdu=e"+C=e"*+C
el +C=4=C=4-1=3
s(t)=e +3

v(t)=4sint +3cost, t =0
displacement after 4 seconds =

4
0

f (4sint+3cost)dt

b J.04(4sint+3cost)dt ~4.34m

v(t):—(t+1)sin[§j where >0

Use a GDC to evaluate a(1.5)
a(1.5)=v'(1.5)~—2.52 ms™

i v(1.5)=-2.26m

Since velocity and acceleration are both
negative at 1.5 seconds, the particle is
speeding up.

b —(r+1)sin[f2ij=0for0<r<4:>r=2.51,3.54

signofv - + -
T

t0 2.51 354 27

The particle changes direction when velocity
changes sign at 2.51 s and 3.54 s.

© ]
v(t)=exn'—1 for 0<r<12

Use a GDC to evaluate a(1)
a(l)=v'(1)=5.82 ms

dt=7.37m

—(t+1)sin [%}
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b
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WORKED SOLUTIONS

i v()=exin-1

\

34 V(t) —e»n _ 1

T T T KT T T 17T T A 17T 17T 177 |||‘
0 1 2 3455 7 8 9—to—42 13 !

~14

ii e’ _1=5=1~1.11s,2.03s,
7.39s,8.31s.

iii. No, the particle does not return to the
origin. Looking at the area between the
curve and the t-axis, there is more area
above the axis than below indicating that
the particle moves to the right a greater
distance than to the left, so it never
returns to the origin.

g2sin’ —1‘dt ~24.1m

.|~12
0

;Xq Review exercise
AN

f(x)=cos(1-2x)
f’(x):[—sin(l—Zx)](—Z)=25in(1—2x)
y=sin’x =(sin9c)3

y’=3(sir1x)2 (cosx)=3sin? xcosx
S(l-)zetant

s'(t)=eta“’(—1 )—7

f(x)=m=(sin(x2))%
f(x)= g(sin(xz))'%

[(cos(x?))(2x)] - 3”_;‘

f(x)=x%*cosx
f'(x)=(x?)(—sinx)+(cosx)(2x)
=—x?sinx+2xcosx

y=In(tanx)
’ 1 1 cosx 1 1
= or =
y (tanx J(cos2 x) (sinx )( cos? x) sin x cos x

F(x)=(Inx)(sinx)
f’(x):(lnx)(cosx)+(sinx)( )

1
x

sin x

=(Inx)(cosx)+ .

Worked solutions: Chapter 14




h y=2sinxcosx ory=sin2x
=(2sinx)(-sinx)+(cosx)(2cosx)
=-2sin’x +2cos’*x
or y'=(cos2x)(2)=2cos2x

2 a j(4x3 —sinx)dx =4Gx4)—(—cosx)+C
=x*+cosx+C

b jcos(3x)dx=%sin(3x)+C

¢ [sin(4x+1)dx=—(—cos(dx+1))+C

cos(4x+1)+C

,MH A

d [xcos(2x*)dx=u=2x%" du 4x:>4(ji] x
[xcos(2x?)dx = j (d“jcos(u)dx
=1Jcosudu=fsmu+c
4 4

=isin(2x2)+C

J sine D) g, J 1 (sinQr+1))dr =
cos” (2t +1) cos” (2t +1)

u=cos(2t +1);

_ du
E —2sin(2t+1) = — (drj

= sin(2¢ +1)
J“n@””dr le(sin(m +1))dr
cos (2t +1) cos (2t +1)

Jele)e

=+
2cos(2t +1)

j;dxsm(inx) = Jsin(ln x)(ijdx =

du _ 1
Ydx  x

J;dxsm(in iy = f sin(ln x) (i) dx

= Jsin(u)(i’j)dx

= jsin(u)du =—cosu+C

u=Inx;

=—cos(lnx)+C
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WORKED SOLUTIONS

. 2 . 2
g jxe““ cos x*dx =.[esm" (xcosx?)dx =

Q.

u=sinx?;

jx—” = (cosx2 )(Zx) =

Lhdu | ycosx?
2\ dx

.9 .2
J.xesm" cosxzdxzjes‘“” (xcosx?)dx

-Je(i(2))e

_1 u
_EJ.C du
zlesinxz +C
2
J beosx _ dx=6j%(cosx)dx:>
(2+sinx) (2+sinx)

u=2+sinx; %—cosx

(cosx)dx

6cosx

(2+sinx) ,[(2+s
=6) (ZZde
=6[udu=6 (—u*1)+C

_ -6
2+sinx

3 -
J sinx dx =[—cosx]?,
= -3

3

fi}of)

+-=0

N | —

J.:(l +sinx)dx =[x —cosx];

=[r —cos(m)]—[0—cos(0)]
—(z+1)=(0-1)=2+x

T s

—

(sinx +cos2x)dx = [—cosx + ;sian]
0

[ cos(m)+— sm(27r)] [ cos(0)+;sin(0)]
=(1+0)-(-1+0)=2

2 .
j SSm2 xcosxdx = u =sinx;

9 — cosx;
. dx

when x =0 then ¥ =0 and when x

N\:a

then u =1

Worked solutions: Chapter 14




3
J 5sin? xcosxdx =5
0

.
JH

4 y=cos(3x-6)
y(2)=cos(0)=1

y'= —ésin(Sx -6)

m,. =y'(2)= —%sin(O) =0

Therefore at (2, 1) the tangent line is horizontal,

so the normal line is the vertical line through
(2, 1) or the line x = 2
1

5 Tangent line parallel to y = ix +3=>m=1

'S

y—sm(zj 0O<x<rx
o2 (;‘] 1=
o3 (3))-os)-2

The point is (2” \/gj
372

6 f(0)=2
fl(x)=x—sinx =
f@) = [(x—sinx)dx

=1x?tcosx+C

bJ

%(0)2+cos(0)+C=22C=1
f(x)z%x2 +cosx+1

7 f(x)=psin(x)+gq, p,qe N

Y

4

24

0 T |/ T >
x n 3 X
2 2
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WORKED SOLUTIONS

The sine graph has been stretched by a scale
factor of 2 and shifted up 2.

Sop=2andg=2.

3

* (2sin(x) +2)dx

0

Area:J

3r
=[-2cosx+2x] >

Lol 3

—[~2cos(0)+2(0)]
=3r+2

Review exercise

1l a

Volume = 7

y=2cos’x+cosx+1,x=0,x=2
and the x-axis
7

=N W

o 1 2 3 2
Area = J.02(2coszx+cosx+1)dxz4.53

y=+/2sinx and y = 0.5x

V2sinx =0.5x = x=0,2.366

b/
2

1 (2.366, 1.183)

T
2.366

Area :I (V2sinx - 0.5x)dx ~1.36
0

y =sinx and the x-axisfor0 < x< 7w
Y

14

T T |‘
o AN\
2 4 4

Volume = nJ' (sinx)’ dx = 4.93

0
,x=0andx=2x

ENER

COSsx

y=€

Illllli
st 31 Im 21
4 4 2 2

(e*)" dx =45.0

18

— N[N
° §

Worked solutions: Chapter 14




WORKED SOLUTIONS
3 The area under the curve y = cosx between x = 0

and x = k, where 0 <k < 7., i5 0.942. i S’(’s’) =0and s”(’gj ~18.4>0

I: cos xdx =0.942 = [sin x]’; =0.942 = Therefore ‘py th§ sgcond derivative test s
Sin(k) — sin(0) = 0.942 = sin & = 0.942 has a relative minimum at ¢ =%.
k=123
4 a i s(t)=2e" -4
5'(£) = 26 (—sin 5¢)(5)
= —10sin(5¢)e"

i s"(£) =[~10sin(56)][ e (~sin(5£))(5) ]
+[ e ][~10(cos(51))(5)].
=50e*" sin*(5¢) — 50e°*°” cos(5¢)

s"(£) = 506 (sin” (5¢) - cos(5t) )

: — 2 3 cos(5t)
b Total distance = J.O ‘—10 sin(5¢)e dr

=142 m
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WORKED SOLUTIONS

Probability distributions

Answers
Skills check
1 7o Zh_ (3x3)+(4x5)+(xN+(6x9)+(7x6)+(8x2)
a TXF T 3+547+9+6+2
_ 176 _
=57 =955
—  (10x3)+(12x10) + (15%x15) + (17 x9) + (20 x 2)
b x= 3:10+15+972
= 3% = 14.6 (35
6)_ 6! 6x5
8) _ 81  8x7x6 _
b [SJ_F_BXZXI =56

b x—=2.5 =

c 2x=1.

Exercise 15A
1 a discrete
b continuous

discrete

.

3.2

x—2.5=048

[ od
b continuous
a

£ 55=32x ..ox=22=171875
sx=298
29-x=032 .. x=9-0.32=8.68

2 1. 2/3 |4 5|6
12|34 5|67
23, 4|5|6/|7|8
3/ 4, 5 6|78 9
4|5 6 |7/|8|9] 10
5/ 6,7 |8|9/|10/11
6 | 78 9/(10|11 12
s 2.3 |4 7 18 |9 |10(11 |12
P(S=s) | 1/ 2|3 |4|5|/6/5|4|3 2|1
36/ 36|36|36|36|36|36| 36|36 |36 | 36

o=

o|

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

i = 1 x =
6 6 P(2 sixes) = 5673
6 1.5 5
576" P(lsix) = ==
6

== x =

—1 3 = _5 1 — 5
5 6 P(1 six) 6%% 36
6' <
! 1) = E x E 7i
2 6' P(O sixes) TS

. 11 _
P(2sixes) = ¢ X g =5
1 5_35
P(1 SlX)—gxg—%
‘N5 1 _5
P(l SIX)—EXE—%
: _5¢5_25
P(0sixes) = ¢ X ¢ = 3¢
n o1 2
P(N=n) 25/10 1
36| 36 | 36
12 |3|4|5]|6
1 /111|111
2 1 /2 |2 2|22
3/1/2/3|3/3]|3
411|123 4|44
511234 5]|5
6| 1|/2|3 |4 5|6
n 1213 |4 |5 |6
11/ 9|7 |5|3|1
P(N=n) 35 36|36/36/36|36
112[(3|4|5]|6
1/1/2|3|4|5]|6
2 2|4 |6|8|10/|12
3|/3|8|9 12/15/|18
4 | 4110|1216 (20|24
5|5 ]12|/15/20|25|30
6 | 6 14/18 24/30|36
p 1123|456 /8|9 10

PP=p) 1 2 |2 3|2 |4 2|1 2
36 | 36 | 36 |36 |36 |36 | 36 | 36 | 36

p 12115|16|18/20|24|25|30 36

P(P=p) (4|2 1 2|2 2 1|2 1
36 |36 |36 |36 |36 |36 |36 |36 |36

The faces are numbered 1, 2, 2, 3, 3, 3

112|12|3]|3]3

ojlojo b~ bW

W W W NN P
AW WODN
oo b~ bW
[ORNORNONNG RGN
[N RN NG RS NI
[ORNORNONNO RN

Worked solutions: Chapter 15




t 2/ 3|4|5 |6

P(T=t) 1|4 12 12|09
36 | 36 | 36 | 36 | 36

_12 ,9 _21_7
b P(T>4)—%+%—%—E
4 a |no.ondice | 1 | 2 3|45 |6
s 2|1 /6|2 10| 3
s 112 /3|6 10
P(S=s) 1 21|11
6| 6|6 6|6
b P(S>2)=2=1
5 a ;+3+cte=
ZCZ% c:%
b P(I<X<4)=P(X=2)+P(X=3)=5++=1
6 PY=y)=cy® y=1,2,3
y 1 2 3
P(Y=Yy) c 8 | 27c
36c=1 .‘.c:%
7 2k+4k*+6k2+ k=1
10k2+3k—-1=0
(5k—1)Qk+1)=0
= % (k cannot be negative)
8 P(X=x)=k(%)ﬂ x=1,2,3, 4
X 1 2 3 4
P(X = x 1 1 1
K= 3k g0 %
1 1 1,_
k+zk+5k+ k=1
407 — Y
ﬁk—l ‘k_E
9 a x O/ 12|34 |5
P(X=x) | a|al|a|b|b|b
3a+3b=1 (1) P(X>2) = 3P(X < 2)
a+3b=06a
3b=5a (2)
substitute (2) and (1) 3a+5a =1
_1 _5
a=g b_ﬁ
— 5 _ 25 _
b P(5,3)= Xﬂ_ﬁ P@3,5) = 576
— 25 - 25 =25
PG, 4)= 2 P@4,5=2 PG5 =%

P(sum > 7) = 12
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WORKED SOLUTIONS

10 a P(C=3)=P(A=1andB=2)+

PAd=2and B=1)

o2 101
=1ly2 411
3%373%%

b P(C=2)=P(A=1landB=1)=1ixl=1

P(C=4)=PA=1and B=3)+ P(4=2and
B=2)+P(A=3and B=1)

x L
6

L

=2
=511

&l

+

W

=0
18

+
W

1,1
6 3
P(C=5)=P(A=2and B=3) +
P(A=3and B=2)
1 2 5
=X tiX3e1y

P(C=6)=P(4=3and B=3)=x+==

W=

c 2 3 | 4 |5 6
PC=¢) 1 | 5 | 6 | 5 | 1
18 18 18 18 18

Investigation - dice scores

1

6

112|3|4|5]|6
1 /0|1, 2|/3|4]|5
2/1/0|12 3|4
3/2/10|1 2|3
413 /2 |10 1|2
5143|2101
6| 5/4|3]2,1]|0
d 1 4 5
P(D=d)| 6 | 10 | 8 |6 | 4 | 2
36 36 36 36 36 36

d 0 1 2 3 4 5

Expected
frequency

6 10 8 6 4 2

Mean = (0x6)+(1x10)+(2x8)+(3x6)+ (4x4)+(5x2)
36

=170 _35

36 18
d
Expected | 150 | 250 | 200 | 150 | 100 | 50
frequency | ° 9 9 9 9 9
Mean =

150 250 200 150 100 50
(Ox 9 )+(1>< 9 ) (2 9 ) (3>< 9 )+(4>< 9 )+(5>< 9)

100

=35
18
The means are the same

35
18

Exercise 15B

Worked solutions: Chapter 15




1 | x 1| 4] 9] 16 2436
PX=x) | 1 | 1 1| 1 | 1 |1
6 6 6 6 6 6
1 1 1 1 1 1
EX) = ( E) (4><g)+(9x€)+(16x€)+(25x3)+(36x€)
=2 -152(3sf)
2 %+x+y:1 .'.x+y:% €))
E(Z):sg.-.
B M IS
Tx+1ly=4 (2)
Solving (1) and (2), x =3, y =%
3 |x 1 2 3] 5 | 8 |13
P(X = x) 1 1 1 1 1 1
6 6 6 6 6 6
E(X)=5(1+2+3+5+8+13)=1 or 51
4 x 1 2]3]als]6]7]s
P(X) 1|2 |3 |45 6|71 8
36 36 36 36 36 |36 | 36 | 36
_ 1 4 9 16 25 , 36 , 49 64
E(X)=3" 33 3635 "3 "3 "3
_ 204 _ g2
=W =52
5 a |x 1/2/3la|s5]6|7]8
P(X=x) k |2k |3k 4k Bk |4k |3k |2k |k
= . 1
25k=1 k=5

b From symmetry, E(X) =5

6 a |x 1 2 3
P(X =x) 0.2 |1-k| k-=0.2
b 0<1-%4<1 and 0<k-02<1
-1<-£<0 02<k<1.2
12k20
~02<k<1

¢ Mean=02+2(1-%)+3k-0.2)
=02+2-2k+3k-06=k+1.6

7 | x 1 2 4
P(x = x) 0.3 b
a+b=0.7 €))
mean = 2.8 La+0.6+4b=238
at+4b=22 2)
solving (1) and (2), a=0.2,6=0.5
~Px=1)=0.2
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WORKED SOLUTIONS

PR=1=3%=1
P(Rzz):%xgz%:fs
P(R=3):%x%x%_%_%
PR=4)=5xIx8x2=12-5

PR=9= fhx gt R4
P(R=6)= 15 x;xgxgx%x%z%zfs
P(R = 7)_—nggx§x%x%x%:%:435
PR=8)= {5 x5 § X 3X X5 X %555 = 35

r

P(R=r | 9 | 8

2134|506 |7|8|9
2 T|e |5 14321
45 |45 |45 | 45 |45 |45 |45 |45 | 4

o1

b

10 a

Mean = .= (9 + 16 + 21 + 24 + 25 + 24 + 21

+16+9)=32
—_ 8 2 16 _ 4
P(R=2)= XE_W_E
o [(8V w2 _ 16
P(R=3)=({) X5 =1

PR=n)=0.8"1x0.2
1
P(Z=0)+0.2+0.05+0.001 +0.0001 =1
P(Z=0)=1-0.2511
=0.7489

EZ)=0+04+1+02+0.1

=1.7
$1.70 is the expected winnings on a ticket

A ticket costs $2, but you only expect to win
$1.70. Therefore you expect to lose $0.30

Investigation - the binomial quiz

You would expect to get 2.5 questions right
P (3 right) = @ (0.5) (0.5) = 0.3125

Exercise 15C
1 X~B(4,%)

b

pec=n=(1)3 (4 =
P(X<1)=P(X=0)= (%)“zi
P(X<1)=P(X=0orl)=1

1
P(Xz21)=1-P(X=0)=1-1=

Worked solutions: Chapter 15




2 using a GDC:
a 0.329
c 0.680

3 using a GDC:
a P(X=5)=0.0389
b P(X<5)=0.952
¢ P(X>5)=0.00870
d P(X=1)=0.932

b 0.351
d 0.649

Exercise 15D

(Using a GDC where possible)
1 X~B(®40.25

X 0 1 2 3

4

P(X=x) | 0.316|0.422|0.211 | 0.0469

0.00391

Most likely outcome is 1 red face with probability

0.422

2 X~B(8,0.55)
a P(X=5)=0257

b P(atleast 5 times) = P(X < 3) =0.260

3 X~B(16,0.01)
a P(X=0)=0.851

b P (13 not faulty) = P(X = 3) = 0.000491

c P(X=>2)=0.0109
4 X~B(10,0.25)
a P(X=5)=0.0584

b P(atleast 3 free) = P(X < 7) =0.9996

5 X~B(5,0.4)
P(X<3)=0.913
6 X~B(6,0.15)
a P(X>1)=0224
b P(X=1)=0.399
7 X ~B(15,0.05)
a i P(X=3)=0.0307
i P(X=0)=0.463
i P(X>2)=0.171
b i (0.46329..)=0.215
i (0.17095....)2 = 0.0292

ili 0.46329..... X 0.17095.... x 2 =0.158

Exercise 15 E
1 X~B(n 0.6) P(X<1)=0.0256
P(X = 0)=0.0256
(0.4)" = 0.0256
nlog 0.4 = log 0.0256
n=4

2 X~B(n 0.01)
0.99"> 0.5

WORKED SOLUTIONS

P(x=0)>0.5

nlog 0.99 >1og 0.5

n< log 0.5

log 0.99

= 68.9, so the largest

sample size is 68
3 X~B(#n02) PX=>=1)>0.75

1-P(X=0)>0.75
1-0.8>0.75

0.25 > 0.8"
0.8"<0.25

nlog 0.8 <log 0.25

log 0.25
log 0.8

n>6.21
. least value of n =7

4 X~B(1,03) P(x=1)>0095

1-P(x=0)>0.95
1-0.7">0.95
0.05 > 0.7"

0.7" < 0.05

nlog 0.7 <log 0.05

log 0.05
log 0.7

n>8.399
.. least number of attempts is 9

5 X~B(n 05 PX=1)>099

Exercise 15F

1 a X~B0,0.5)
b X~B(40,é)
¢ X~ B(40,025)

1-P(X=0)=099
1-0.5">0.99
0.01>0.5"

0.5 < 0.01

nlog 0.5 <log 0.01

log 0.01
= log0.5

n > 6.64 so the coin must be
tossed 7 times.

E(X) =40 x 0.5 = 20
_ 1_

E(X) =40 X = 62

E(X) =40 x 0.25 = 10

2 X~B(n,p) mean=10 p=04 np=10

nx04=10

sn=25

3 a X~B(15,0.25
b mean=15x0.25=3.75
c P(X=10)=0.000795
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Worked solutions: Chapter 15




4 a total number of girls =
(1x34)+(2x40)+ (3 x13)=158
total number of children = 100 x 3 = 300

- Pgirl) = 2 = 0.51
b X~B(3,051) P(x=2)=0.382
expected number of families = 0.382 x 100
=38.2

Exercise 15G

1 X~B(0]

Mean = 0 X % =0

Variance = 0 x 1 X (1_i) =0
2 B(12,0.6)

Mean=12x0.6=7.2
Variance = 12 X 0.6 x 0.4 = 2.88
Standard deviation = /2.88 =1.70(3 sf)
N 1
3 X~ B40, 5)
Mean = 40 x 1 =20

Variance =40 x L x L =10

2 2
Standard deviation = /10 = 3.16 (3 sf)
4 X~ B(10, %)
a BX)=10x1=3
b Var(X)=10x 1 x 32 =2

5
6 1
c P(x<p= P(X< g) = 0.485 (3 sf)
(using binomial CDF on the GDC)
- 1
5 X B(zz, g)
_ 122
a EX)=22x 3= %
— 1y 4 — 88
b Var(X)—22x§x§_E
¢ P(X<4)=0.332 (3 sf) using binomial CDF

on the GDC)
6 X~B(np)
E(X) =4.5, Var (X) = 3.15
E(X)=np=4.5
Var(X) = npq = np(1 — p) = 3.15
4.5(1-p)=3.15
l-p= %
=0.7
p=1-0.7
=0.3
np =4.5
n=45 =455
P(X=>3)=1-P(X<3)=1-0.126828
=0.873 (3 sf)
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WORKED SOLUTIONS

X ~ B(n, p)
E(X)=17.8

=03
a EX)=mnp=1738

0.3n=17.8

_18
0.3

n=26
b Var(X) = npg = np(1 - p)
=26x%0.3x0.7
=5.46
X ~B(n, p)
E(X)=9.6
Var(X) = 1.92
EX)=nmp=9.6
Var(X) = npqg = np(1 —p) = 1.92
9.6(1-p)=1.92
9.6-9.6p=1.92
9.6p=17.68

p=0.38
_ 96
=708

n=12
P(X =6)=0.0155 (using binomial PDF on the
GDCQ)

n

Exercise 15H
Using GDC:

1

a 0.683

0.954

0.997
P(1<Z<2)+P(-2<Z<-1)=0.272
P0.5<Z<15)+P(-1.5<2Z<-0.5)
=0.483

P(Z>1)=0.159
P(Z>2.4)=0.00820
P(Z<-1)=0.159

P(Z < -1.75) = 0.0401

0.742

0.236

0.0359

0.977

0.390

0.306

0.595

0.285

o o 0

6O O 9 0 a M o o T o O o

Worked solutions: Chapter 15




7 a P(1Z]1<04)=P(-04<Z2<0.4)=0.311
b P(1Z] >1.24)=1-P(1Z] <1.24)
=1-P(-1.24<Z<1.24)
=0.215

Exercise 15I
Using GDC:
1 a 0.655
0.841
0.186
0.5
0.672
0.748
0.345
0.994
0.997
0.494

6O o 9 060 T 9 a o6 o

Exercise 15J
1 X~ N(100,20%
a P(X<130)=0.933
b P(X>90)=0.691
¢ PB0<X<125)=0.736
2 X~N(4,0.25)
P(3.5 < X<4.5)=0.9545
number of acceptable bolts = 0.9545 x 500 = 477
3 X~N(14, 4%
a P(X>20)=0.0668
b P(X>10)=0.159=15.9%
4 X~N(551.3,15%
P(X > 550)=0.535 = 53.6%
5 X ~N(500,20%
a P(X<475)=0.106
b (0.1056...)° =0.00118

Exercise 15K
1 a P(Z<a)=0.922,a=142

b P(Z>a)=0.342

S~ P(Z<a)=0.658,a=0.407

¢ P(Z>a)=0.005 .. P(Z<a)=0.995,
a=2.58
P(1<Z<a)=0.12
P(Z<1)=0.8413
sLoa=1.77
b P(a<Z<1.6)=0.787

P(Z> 1.6) = 0.0548

S~ P(Z<a)=1-(0.787 + 0.0548)

=0.1582

soa=-1.00

~ P(Z<a)=0.9613
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WORKED SOLUTIONS

c Pla<Z<-0.3)=0.182
P(Z>-0.3)=0.6179

~P(Z<a)=1-(0.182 +0.6179) = 0.2001
~oa=-0.841
3 a P(-a<Z<ag)=
~P(Z<a)=0.65 ~.a=0.385
b P(1Z| >a) =0.109
~P(Z<a)=0.9452 soa=1.60
4 a P(Z<a)=095 . .a=1.64
P(Z<a)= =0.842
Exercise 15L
1 X~N(.502%) P(X>a)=0.235
P(x<a)=0.765 ..a=5.64
2 M~ N(420,10%
a PWM<a)=025 .. a=413
b PM<b)=09 .. b=433
3 X~N(502,1.6%
a P(x<500)=0.106
b P(500 < x < 505) =0.864 or 86.4%
c P(x<b)=0975 b=5051 a=498.9
a=499 b=505
4 X~ N(550,25%
a P(520<X<570)=0.673
b PX>a)=01 .PX<ag)=09 .. a=582

5 a X~N(55,15), P(x>d)=0.05d=79.7
b P(x<f)=090, f=358

Exercise 15M

1 X~N(30,0%) P(X>40)=0.115
— 40-30 _ 10
Z==5==5
- 0=12004 - c=833

2 X~N(g,4) P(X<205=09
2 P(Z<B5) 209
o 258 = 128155
su=154

3 X~N(u 0) P(X>5839) =
P(X < 41.82) = 0.0287

59.39— 4 41824
(o Z_ o

p(Z2>32=4) _ 0217

P23 2 09783

p(Z<224] 0 0287

=499

_ 205-u
Z= 4

0.0217

7=
. B839-u 50198

L A8k - 19003

c=4.23
Worked solutions: Chapter 15




4 X~N(g o) P(X<89)=090 P(X<94)=0095
89— # _ 94—
Z= z= %o
P[Z<89;”]:o.90 o Bt 2108155
P[Z<94 “) 095 - 24 — 164485
o
wu=714 =138

5 X~N(136,62) P(X>145)=0.12

7 145-130 _ 9
e e

P(Z2>2)=0.12 ~P(Z<2)=0388
~2=1175 . 0=7.66cm
6 X~N(u20° P(X<500)=0.01
_ 500~
Z= 20ﬂ

x+4=+/19
" =-2.326

P(Z<2554) = 0.01

s u=>546.50r547¢g
7 X~N(0.85 0% PX<1.1)=0.74

7= L1-085 _ 025
o o

P(Z<%2)=0.74 . 92 =0.6433

.. 0=0.389 kg
b P(x>1)=0.350=35.0%

8 XNN(,u 72 P(X> 68) =0.025
68

7=

P [Z>687‘ “] =0.025

o P [Z<68 “j 0.975

L B£=1.95996  .opu=543cm
9 X~N(29,06) PX>3)=035
(e}

~P(Z<Y)=0.65

~21=03853 . 0=0260m
10 a X~N(u 6)P(X<10.8)=0.3P (X>154)=0.2
7 _ 108-u 7 _154-u
Px= ‘7”— =03 - 1 = 05044
P [Z>154—‘”) =02 . P(z<2s]=03
o
154 -
—~ =0.8416
=125.7 o©=33.67
u=126  ©=337
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WORKED SOLUTIONS

b P(X>117)=0.605=60.5%
yes, this is consistent with the normal

distribution

X~N(y 09 P(X>495)=0.95

P (X > 490) = 0.99

495— 4 490 1

P(Z>%4)=095 . P(Z<EH] =005
495—-pu

L A o 1 64485 (1)

P(Z>%204)=099 - P(Z<E4)=0.01
490 — u

: = -2.32635 (2)

Solving (1) and (2) simultaneously gives
w=>507.1,0=7.34

Review exercise

1

4

1,2 _
a 0'3+E+E+0'1+2'1_1

=05 .. k=6

b E(X)=(-2x03)+ (—lx

+(2%0.1)

-
15

%)+(1 x 0.1)

a |x 1 2 3 4
P(X = x) 5c 8c 9c 8c 5c

35¢c=1

—1
..C—3

b from symmetry, E(X) =3

1,1.,.1 = © =3
statgtx 1 Sx=g

P(6)=P(2,4)+P(3,3) + P(4,2)

_1.3,1,1,3_1_13
=13 Tss s i@
a 212 |4 4
112|214
214 4|88
3|66 12|12
4 | 8 | 8 16|16
possible values of Pare 2,4, 6, 8,12, 16
b X 214 | 6 | 8|12 16
oyl 222211
P(X=x)  5/58 5 8 8 8
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WORKED SOLUTIONS

—2.8,6.16_,12.,6 4 a X~B(0,0.2
c E(P)—§+§+§+§+?+§ . ( )
i PX=4)=0.0881
=15 i P(X>5)=0.00637
d | x £10 | £5 b P(X=0)=0.107 P(X=1)=0.268
P(X=2)=0.302
P(X=x) % % P(X=3)=0.201 the probabilities continue
to decrease after this
E(X)=10x L +5x2=6.25 . most likely number is 2
After 10 weeks, expected total = 6.25 X 10 c X~B(n02 PX=1)>095
= £62.50 1-P(X=0)>0.95
; ) 0.05>P(X=0)
~ 1 — 2y — (5) (1) « (2
s X~B(53] P&=3)=(3x(3) <3 P(X=0) < 0.05
_ 1, 4_ 40 n
=10x L x2=20 (0.8)*< 0.05
nlog 0.8 <log 0.05
6 X~B(2,0.1) E(X)=nP=2x0.1=0.2 J, 1og0.05
log 0.8
7 a 0 n>13.4

.. need 14 points in this sample
5 P(Z]|=a)=0.85
P(-a<Z<4)=0.85
0.954 ~P(Z<a)=0925 .. a=144
6 a X~N(71,0%) p(x<80)=0.85
7=80-71_9

o (e

65 7 a P(Z<2)=085 ~2=10364 . o=868
P(X<65)=P(X>a) ?

From symmetry, a = 85

b P(X>a) =1024=0,023

9 /

b P(X>65)=0.755
7 X~N(,o?) P(X<30)=0.15 P(X>50)=0.1
7= 30-u 7= 50— u

<} o
Review exercise P(Z<24) 15 . 2= 1 03643
1 a X~B(3} P&x=D=3 ) )
( 3) 27 P(Z>¥) 0.1 .'.P(Z>¥) ~ 0.9
b |x -5 1 .
P(X=x) 8 | 19 o 08 = 128155
27 27

1= 38.9 hours o = 8.63 hours
c i EX=-5xL+1x2=-$20r-$078 8 a X~N(x2) P(x>35)=02

. lose $0.78 (or $ 1) = 234
i Ix9=7 . lose$7 p(Z>24) 202 - p(Z<24] =03
2 X~B(8,03) 35—
- 3524 = 08416
a P(X=3)=0254 2
b P(X=3)=0448 fu=333

b X~P(5,02) P(X=0)=0.328

3 X~B(6,3 P(X=23)=0.05358
P(X > 2)=0.263

Y ~B(5,0.05358)  P(Y=2)=0.0243
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